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Abstract
A prototype FerroElectric Fast Reactive Tuner (FE-FRT)

for superconducting cavities has been developed, which al-
lows the frequency to be controlled by application of a po-
tential difference across a ferroelectric residing within the
tuner. This technique has now become practically feasible
due to the recent development of a new extremely low loss
ferroelectric material. In a world first, CERN has tested
the prototype FE-FRT with a superconducting cavity, and
frequency tuning has been successfully demonstrated. This
is a significant first step in the development of an entirely
new class of tuner. These will allow electronic control of
cavity frequencies, by a device operating at room tempera-
ture, within timescales that will allow active compensation
of microphonics. For many applications this could eliminate
the need to use over-coupled fundamental power couplers,
thus significantly reducing RF amplifier power.

INTRODUCTION
Almost all RF cavities require some form of tuning in

order to operate at the correct frequency. Superconducting
cavities will often employ a mechanical tuner to correct large
scale frequency deviations due to, for instance, He bath pres-
sure fluctuations. However, mechanical tuners are generally
too slow to correct fast frequency deviations from processes
such as microphonics and dynamic Lorentz force detuning.
Although progress is being made with ’fast’ mechanical
tuners employing piezo-electrics [1, 2], these present other
difficulties such as the self-excitation of unwanted mechani-
cal vibrations in the cavity affecting the frequency.

At present the most common way to overcome fast fre-
quency shifts is to simply overcouple the fundamental power
coupler in order to broaden the resonance. This is simple and
effective but results in a large amount of wasted RF power.
This is seen as particularly critical in ERLs and heavy ion
accelerators were there is very little beam loading.

In this paper we present a new type of tuner, the FerroElec-
tric Fast Reactive Tuner or FE-FRT. This new tuning method
could offer frequency tuning orders of magnitude faster than
what is currently available, with low losses, no moving parts,
large tuning range and wide applicability across SRF.

∗ nicholas.shipman@cern.ch

HISTORY OF REACTIVE TUNERS

Reactive tuning is the controlled change of a cavity fre-
quency by coupling to a tunable reactance. The control is
electronic and no mechanical motion is needed so the change
can be fast. Two types of reactive tuner already exist: pin
diode based reactive tuners and ferrite based reactive tuners.

Pin diode based reactive tuners were first developed at
CalTech in 1972 [3]. Later they were successfully used for
several applications including: the ATLAS Linac in Argonne
[4]; the Superconducting Proton Linac in Karlsruhe [5,6];
and PIAVE at LNL-INFN [7,8].

Pin diode tuners work by either shorting or leaving open a
transmission line which is coupled to the cavity, presenting
one of two possible reactances to the cavity. The average
frequency of a cavity is controlled by adjusting the duty cycle
between a high frequency and low frequency state. However,
the RF frequency at which they can operate is usually limited
due to the lumped nature of the diodes. The binary on-off
switching also introduces phase ripple and modulating them
at a high rate can be challenging.

Ferrite tuners have been studied since the mid 1950s, ini-
tially they were used to tune klystron cavities and were placed
within the cavity structure [9]. They are now also used as the
dielectric within a shorted co-axial transmission line cou-
pled to a cavity [10]. Changing the biasing magnetic field
of the ferrite changes its permeability and hence the electri-
cal length of the transmission line. Varying the magnetic
bias field thus alters the reactance seen by the cavity and so
controls the frequency. Ferrite tuners typically suffer from
fairly heavy losses particularly when operated below satura-
tion or with biasing parallel to the RF magnetic field [11].
Their speed is limited by the difficulty in changing the cur-
rent through the high inductance of the coil generating the
magnetic field.

Ferroelectric phase and amplitude control was developed
during the 1990’s [12], in 2003 V. Yakovlev proposed RF
switching by changing the frequency of a ’switching cavity’
containing ferroelectric material [13]. In 2006 Ilan Ben-Zvi
initiated FE-FRT reasearch at BNL whereby the frequency of
a cavity would be controlled by an external ferroelectric tuner.
The first FE-FRT prototype was developed in 2011, but was
never tested with an SRF cavity. Significant improvements
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in the ferroelectric material have now been achieved and a
new prototype has been tested with an SRF cavity at CERN.

THE FERROELECTRIC MATERIAL
Ferroelectrics have unique intrinsic properties that make

them extremely attractive for high-energy accelerator appli-
cations. Their response time is ≈10−11 s for crystalline and
≈ 10−10 s for ceramic compounds. High dielectric break-
down strength, low gas permeability and easy mechanical
treatment make ferroelectric ceramics promising candidates
for the loading material in tuning and switching RF devices
for accelerator applications. Typical representative ferroelec-
tric materials are BaTiO3 or a BaTiO3 - SrTiO3 solid solu-
tion (BST). The BST solid solution can be synthesized in the
form of polycrystalline ceramic layers and in bulk [14–16].

Euclid Techlabs LLC have developed a BST(M) mate-
rial [17] (BST ferroelectric with Mg-based additives) that
allows fast switching and tuning in vacuum at a high bias-
ing electric field of 50 kV/cm [18–20]. Initially this mate-
rial was developed for the X-band frequency range [13, 21]
(11.424 GHz) and demonstrated loss tangents of 5 × 10−3

at 10 GHz. Tunability, time response and loss factor mea-
surements for large bulk ferroelectric samples have been
presented and published recently [22].

A new BST-based material has been developed with a tun-
ability of 6 − 8% at a 15 kV/cm biasing field to be applied
in air [23–25]. Development of this type of material was
a challenge; there are no other materials available with a
tuning range and loss factor close to those listed above. It
was demonstrated recently that by introducing a linear (non-
tunable) Mg-based ceramic component into the BST solid
solution one can enhance the tunability factor of the entire
composition while keeping the loss tangent below 10−3 at L
band [24,25]. This counter-intuitive property (by increasing
the non-tunable ceramic content of the ferroelectric-ceramic
mixture one can enhance the tunability of the resulting ma-
terial) opens important new possibilities in designing the
specific class of microwave ceramic materials that will en-
able tuning at low magnitude biasing fields. In particular,
an unprecedented low zero-field permittivity, non-linear ma-
terial that retains tunability has been developed [23–25]: a
BST ferroelectric and Mg-based additive composite with a
dielectric constant in the range of ≈150.

THEORY OF REACTIVE TUNING
Circuit Model

The equivalent circuit model of a cavity and reactive tuner
system is shown in Fig. 1. We model the cavity as a con-
ductance, capacitance and inductance, with values 𝐺𝑐, 𝐿𝑐
and 𝐶𝑐 respectively, connected in parallel. The cavity-tuner
coupler is modelled as a lossless transformer of ratio 𝑁. The
tuner, and the transmission line connecting it to the cavity,
has an admittance 𝑌 ′

𝑡 ; the real and imaginary parts of which
are the conductance 𝐺′

𝑡 and susceptance 𝐵′
𝑡 respectively.

The cavity parameters 𝑄0, 𝑅/𝑄 and 𝜔0 can be calculated
from the circuit element values 𝐺𝑐, 𝐿𝑐 and 𝐶𝑐 as follows [26]:

𝑄0 = 1
𝐺𝑐

√𝐶𝑐
𝐿𝑐

(1)

𝑅/𝑄 = 2√ 𝐿𝑐
𝐶𝑐

(2)

𝜔0 = 1
√𝐿𝑐𝐶𝑐

(3)

Figure 1: A parallel equivalent circuit representation of a
cavity coupled to a reactive tuner. The transmission line is
not shown but included in the value of 𝑌 ′

𝑡 .

The tuner admittance as seen by the cavity is:

𝑌𝑡 = 𝐺𝑡 + 𝑖𝐵𝑡 =
𝑌 ′

𝑇
𝑁2 (4)

A prime is used to indicate a tuner quantity before it has
been ’coupled into the cavity’ through the transformer. In
addition, where it is necessary to indicate that a quantity
corresponds to a given tuner state1, a subscript is used with
’𝑛’ denoting an arbitrary state and ’1’ and ’2’ being used to
denote the ’end’ states between which the maximum tuning
range occurs. 𝑌𝑡𝑛 for example would denote the admittance
of the tuner, as seen by the cavity, in state ’𝑛’.

Frequency Shift
The resonance of the cavity-tuner system, 𝜔𝑛 fulfils the

condition:

𝜔𝑛𝐶𝑐 − 1
𝜔𝑛𝐿𝑐

+ 𝐵𝑡 = 0 (5)

After multiplying Eq. (5) through by 𝜔𝑛𝐿, substituting
in Eq. (2) and Eq. (3), defining the normalised frequency
�̃�𝑛 = 𝜔𝑛

𝜔0
, and re-arranging we get the following equation:

�̃�𝑛 = −
𝐵𝑡

𝑅/𝑄
4 ± √1 + (

𝐵𝑡(𝑅/𝑄)
4 )

2
(6)

As �̃�𝑛 must be positive, we ignore the negative-sign solu-
tion in Eq. (6). Also, for small changes in frequency �̃�𝑛 ≈ 1,
therefore:

∣
𝐵𝑡

𝑅/𝑄
4 ∣ << 1 (7)

which implies:

�̃�𝑛 ≈ 1 −
𝐵𝑡

𝑅/𝑄
4 (8)

1 The state of an FE-FRT, for example, would be different for different
voltages applied to it.
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From Eq.(8) the maximum tuning range is therefore given
by:

Δ𝜔12 =
−𝜔0Δ𝐵𝑡12

𝑅/𝑄
4 (9)

where Δ𝐵𝑡12 = 𝐵𝑡2 − 𝐵𝑡1. The size of the tuning can
easily be made smaller or larger, by increasing or decreasing
respectively, the size of the transformer ratio 𝑁. This is made
clear by re-writing Eq. 9 as:

Δ𝜔12 =
−𝜔0Δ𝐵′

𝑡12
𝑅/𝑄

4𝑁2 (10)

The tuning range also depends on the transmission line
length as this affects Δ𝐵′

𝑡12.

Power Dissipation and Bandwidth
The power dissipated by the tuner in state 𝑛 is given by:

𝑃𝑡𝑛 = 𝐺𝑡𝑛𝑉2
𝑐

2 (11)

where 𝑉𝑐 is the cavity voltage. We also know that the
stored energy in the cavity 𝑈𝑐 is given by:

𝑈𝑐 = 𝐶𝑐𝑉2
𝑐

2 (12)

Using Eq. (11) and Eq. (12) we can eliminate 𝑉𝑐 to obtain:

𝑃𝑡𝑛 = 𝑈𝑐
𝐺𝑡𝑛
𝐶𝑐

(13)

The reactive power 𝒫𝑡𝑛 is calculated in a similar fashion
as:

𝒫𝑡𝑛 = 𝑈𝑐
𝐵𝑡𝑛
𝐶𝑐

(14)

From Eq. (2), Eq. (3), Eq. (8) and Eq. (14) it can be shown
that for case where the tuning range is centred on 𝜔0, the
peak reactive power is given by:

𝒫𝑡1 = 𝒫𝑡2 = 𝑈𝑐Δ𝜔12 (15)

The increase in the bandwidth (in rad/s) of the cavity-tuner
system due to the tuner in state n, ΔBW𝑛, can be written as:

ΔBW𝑛 = 𝑃𝑡𝑛
𝑈𝑐

(16)

From Eq. 13 and Eq. 16 we can write:

ΔBW𝑛 = 𝐺′
𝑡𝑛

𝑁2𝐶𝑐
(17)

Like Eq. (10), Eq. (17) depends on the coupling ratio 𝑁
as well as the line length connecting the tuner to the cavity.

State Ratio and Figure of Merit
We now define the ’State Ratio’ or SR as the full tuning

range divided by the increase in bandwidth in state ’𝑛’.

SR𝑛 = Δ𝜔12
ΔBW𝑛

(18)

Substituting Eq. (10) and Eq. (17) into Eq. (18) we obtain:

SR𝑛 = Δ𝐵′
𝑡

2𝐺′
𝑡𝑛

(19)

From Eq. 19 and Eq. 4 we see the SR is independent of
both 𝑁 and the cavity parameters, but still a function of both
the state and transmission line length. It is a useful quantity
to calculate the increase in bandwidth for a given state from
the tuning range.

Next we define the figure of merit FoM for the tuner as
the geometric average of the SR of the two end states:

FoM = √SR1 × SR2 (20)

By substituting Eq. (19) into Eq. (20) we obtain:

FoM = √(Δ𝐵𝑡)2

4𝐺1𝐺2
(21)

For the case of a practical tuner where the modulus of
the tuner’s reflection coefficients as seen by the cavity, Γ1
and Γ2, are close to one it is shown in the Appendix that the
FoM can be well approximated as:

FoM ≈
2| sin Δ𝜃12

2 |

√(1 − |Γ1(𝑙)|2)(1 − |Γ2(𝑙)|2)
(22)

where Δ𝜃12 is the difference in phase between Γ1 and
Γ2, and:

|Γ𝑛(𝑙)| = |Γ𝑛(0)|𝑒−2𝛼𝑙 (23)

where 𝑙 is the length of transmission line and 𝛼 the real part
of the propagation constant [27]. The FoM depends only
on the tuner and losses in the transmission line which may
be neglected if small. If the line length is chosen such that
SR1 = SR2 and provided the tuner is not operated across
the short position in the smith chart, the FoM directly relates
Δ𝜔12 with the maximum ΔBW𝑛.

Figure 2 (left) shows how SR1, SR2, and the FoM with and
without losses (Eq. (21) and Eq. (22) respectively), would be
related as a function of line length for an exemplar FE-FRT.
Figure 2 (right) shows corresponding values of Γ1 and Γ2.

PERLE CASE STUDY
A preliminary investigation of the application of an FE-

FRT to the PERLE project is now presented. The aim is
not to develop a complete design, but to use the RF prin-
ciples developed in the previous section together with the
ferroelectric material parameters to realistically estimate the
performance benefits that could be achieved.
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Figure 2: The theoretically derived relations between SR1, SR2 and the FoM with and without losses for an exemplar
FE-FRT model as a function of line length (left) and selected corresponding values of Γ1 and Γ2 (right).

The Powerful Energy Recovery Linacs for Experiments
(PERLE) is a proposed energy recovery linac (ERL) aimed
at developing and demonstrating ERL technology in the high
energy, multi-turn and large beam current regime [28]. The
cavity parameters are shown in Table 1.

Table 1: PERLE SC 5-cell Cavity Parameters

Parameter Value

𝜔0 801.58 MHz
𝑄0 2 × 1010
𝑅/𝑄 393 Ω
𝑈𝑐 141 J
𝑄𝐹𝑃𝐶 107

𝑃𝑅𝐹 45 kW
Max. Δ𝑓𝜇 40 Hz

The RF cavities of an ERL typically have almost no beam
loading. In this case, the RF power required to maintain the
cavity voltage can be calculated from [29]:

𝑃𝑅𝐹 = 𝑉2
𝑐

4𝑅/𝑄𝑄𝐿

𝛽 + 1
𝛽 [1 + (2𝑄𝐿

Δ𝜔𝜇
𝜔0

)
2
] (24)

Δ𝜔𝜇, 𝑄𝐿 and 𝛽 are the peak detuning, loaded Q and
the fundamental power coupler’s coupling parameter respec-
tively. Equation (24) was used to infer the expected peak
detuning, also shown in Table 1, from the 𝑄0 and 𝑄𝐹𝑃𝐶
specified in the PERLE CDR [28].

Table 2 shows the ferroelectric material parameters at
801.58 MHz and copper conductivity which were used in a
co-axial transmission line model (TLM) of an FE-FRT to
calculate the expected performance. A Monte Carlo method
was used to estimate the physical dimensions which opti-
mised the FoM, Fig. 3 shows these results for the outer
diameter and length of the ferroelectric section.

Once the optimum physical dimensions of the tuner model
were found, the correct line length between the cavity and FE-
FRT needed to be chosen. As the stored energy of the cavity

Table 2: Material Properties at 801.58 MHz

Parameter Value

Max. 𝜖𝑟 140
Min. 𝜖𝑟 131.6
tan 𝛿 9.1 × 10−4
Δ𝜖𝑟

𝐸 0.6 kV−1cm
𝜎Cu 5.96 × 10−7 S/m

(a) The FoM vs. outer radius of ferroelectric section.

(b) The FoM vs. length of ferroelectric section.

Figure 3: Selected results of the Monte Carlo method applied
to the physical dimensions of a co-axial TLM of an FE-FRT
operating at 801.58 MHz.

is large we chose a line length with 𝜔0 in the centre of the
tuning range in order to minimise the reactive power flowing
in the tuner. Two such positions exist, roughly corresponding
to, position ’B’ and ’D’ in Fig. 2, i.e. around the short
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and open positions in the Smith chart. In this case it is not
feasible to operate around the short position as the dissipated
power in the tuner would increase enormously in the centre
of the tuning range. Therefore the open position was chosen.

After including the additional dissipation from the correct
length of transmission line the FoM was found to be approx-
imately 30 from Eq. (21). With the correct line length in
the TLM and given that the total tuning range must be twice
the expected peak detuning, it was possible to calculate the
transformer ratio from Eq. (10). The State Ratios, dissipated
and reactive powers could then be calculated from Eq. (19),
Eq. (13) and Eq. (14) respectively and are shown in Fig. 4.

Figure 4: State ratio, dissipated and reactive powers as a
function of ferroelectric permittivity and tuning.

Figure. 5 shows the dependence of the required forward
power on the external Q of the fundamental power coupler
with and without a tuner. The effect of a small residual
detuning Δ𝑓𝑟𝑒𝑠 caused, for example, by a non-perfect tuner
control system is also shown and found to be negligible.

Figure 5: Dependence of forward power on the external
Q of the fundamental power coupler for the PERLE 5-cell
cavity with and without an FE-FRT. The effect of residual
frequency detuning Δ𝑓𝜇 are also shown.

The expected tuner performance is summarised in Table 3.
The peak RF power requirement is reduced by more than
an order of magnitude to 3 kW. Due to the relatively high
expected peak detuning and large stored energy of the cavity
the power dissipated in the tuner itself, 𝑃𝑡 is non-negligible
and as part of a full design thermal simulations would need
to be performed to consider how best to meet the cooling
requirements. However, considering this power is dissipated
at room temperature, even relatively small water coolers can
easily provide the necessary cooling power.

Table 3: Properties of FE-FRT for PERLE

Parameter Value

FoM 30
Δ𝑓𝑡 80
𝑄𝐹𝑃𝐶 3 × 108

𝑃𝑅𝐹 3 kW
𝑃𝑡 2.4 kW
Max. 𝒫𝑡 71 kVar

Whilst this case study has already demonstrated the pos-
sibility of huge performance benefits, it should be noted
that these are relatively conservative estimates. For exam-
ple a permittivity tuning range of 6% was used but it is
believed, that with careful tuner design to avoid high volt-
age breakdown, 8 − 10% could be achieved with no further
material development. In addition the PERLE cavity oper-
ates at ≈ 800 MHz and the loss tangent is known to scale
proportionally to the frequency over a wide range. The di-
electric losses are therefore proportional to the square of the
frequency as can be seen from Eq.(25) [27].

𝛼𝑑 = 9.11 × 10−8𝑓√𝜖𝑟 tan 𝛿 (25)

FE-FRTs designed for cavities operating at lower frequen-
cies therefore have the potential for even larger performance
benefits. For a cavity operating at 100 − 200 MHz FoMs in
the order of a few hundred are realistically achievable.

EXPERIMENTAL RESULTS
A prototype FE-FRT was built by Euclid and later ac-

quired by CERN. The prototype FE-FRT together with a
3D rendering and simplified TLM are shown in Fig. 6. RF
power from the cavity flows through the transmission line
(T1) and into the left of the tuner (T2), through the ferroelec-
tric material shown in light blue (T3) before being reflected
by the RF short (T5). The high voltage bias is applied to the
inner conductor at the right.

VNA measurements of the tuner made before and after
brazing the ferroelectric to the outer and inner conductors re-
vealed that the brazing significantly increased losses. These
losses coupled with the long transmission line needed to
reach the cavity positioned near the bottom of the ≈ 4 m
deep cryostat significantly impaired the performance of the
tuner. The tuner was tested with the UK 4-rod crab cav-
ity [30] operating in it’s lower order mode of ≈ 374 MHz.
Unfortunately a super-fluid leak prevented cooling to 2 K.
As such the antennas were not well coupled and limited
transmitted signal was available reducing the signal to noise
ratio of the frequency measurements. Nonetheless it was
possible to both demonstrate frequency tuning and obtain
an upper limit for the speed at which the tuner can operate.

Results of a TLM are compared to VNA measurements of
the tuner and finite element analysis in Fig. 7. The agreement
between the measured results and finite element analysis are
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Figure 6: The equivalent circuit model used to model the FE-FRT and Cavity system compared to a cut-away rendering of
the tuner. Corresponding transmission line segments have the same labelling.

close to perfect and the TLM results also show good agree-
ment considering the many simplifications made, but why
the resonance at ≈ 410 MHz predicted by the model is barely
visible in the measured data needs further investigation.

Figure 7: The magnitude of S11 against frequency: mea-
sured with the VNA (red); derived from a simplified TLM
(blue); and calculated with CST Microwave Studio (green).

A simplified schematic diagram of the experimental setup
is shown in Fig. 8. The cavity is placed in a cryostat and
driven via a self excited loop (SEL). The FE-FRT is posi-
tioned vertically above the cavity and clamped to a mechani-
cal stage allowing different lengths of cable to be inserted. A
chiller is used to control the temperature of the FE-FRT and
Nitrogen gas is inserted into the space between the inner and
outer conductors to increase breakdown resistance. High
voltage pulses can be applied to the FE-FRT by charging a
bank of capacitors and closing a relay.

Three methods of recording the frequency were available:
an analogue phase detection circuit read by an oscilloscope,
a signal analyser (SA) and analysis of the transmitted I and
Q signals recorded by the SEL. The first direct observations
of tuning were made using the signal analyser and are shown
in Fig. 9. The left most and right most red lines correspond

Figure 8: Schematic diagram of the experimental setup.

to the FE-FRT with 0 kV and 3 kV applied respectively. The
drift of both lines from bottom right to top left is caused by
slow fluctuations of the helium pressure inside the cryostat.

Figure 9: Direct observations of the frequency shift caused
by the FE-FRT made with the signal analyser.

Figure 10 shows an example of the measured frequency
whilst a high voltage pulse was applied. The frequency was
calculated by converting the transmitted I and Q to phase and
obtaining the gradient via linear regression. The 10 − 90 %
fall time was calculated by fitting an error function.

Increasing the size of the regression window used to cal-
culate the frequency reduces the error on the frequency mea-
surement but decreases the time resolution, this is shown in
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Figure 10: Measured frequency and fitted error function
against time.

Fig. 11. When the window becomes too small it is no longer
possible to accurately fit an error function to the data.

Brazing and transmission line losses decreased the loaded
Q from 109 to ≈ 2 × 107. The cavity time constant was
therefore ≈ 46 ms whilst the frequency shift occurred in
<≈ 50 𝜇s. It has therefore been shown that the timescale of
the frequency shift for a reactive tuner is not limited by the
time constant of the cavity.

Figure 11: The dependence of the measured time of the
frequency shift (black) and std. of the frequency (red) on
the regression window.

A summary of the prototype FE-FRT performance is
shown in Table 4. As already mentioned this was severely
limited by both brazing and transmission line losses. Based
on measurements of the ferroelectric material the next itera-
tion of FE-FRT is expected to far exceed these numbers.

Table 4: Prototype FE-FRT Performance

Parameter Value

Δ𝑓𝑡 ≈ 12 Hz
ΔBW ≈ 17Hz
𝐹𝑜𝑀 ≈ 0.7

CONCLUSION
The first ever FE-FRT test with a superconducting cav-

ity has been performed and successfully demonstrated fre-
quency tuning. The timescale in which the FE-FRT is able to
shift the cavity frequency across the entire tuning range was

measured to be <50 𝜇s, this is significantly faster than any
other cavity tuning device. This measurement was limited
by the signal to noise ratio and the true timescale could well
be more than an order of magnitude lower still. A maximum
frequency tuning of ≈ 12 Hz was observed with an applied
voltage of 3 kV, this could easily be increased by coupling
more power to the tuner (see Eq.(10)).

Important contributions to the theory of FE-FRTs and
reactive tuners in general have been made which allow a
much deeper, and more intuitive, understanding of their
behaviour. A case study of an FE-FRT applied to PERLE
show RF power could be reduced by a factor of ≈ 15.

APPENDIX
The 𝑌 ′

𝑡𝑛 is related to Γ𝑛 as shown below [31]:

𝑌 ′
𝑡𝑛(𝑧) = 𝑌01 − Γ𝑛(𝑧)

1 + Γ𝑛(𝑧) (26)

Neglecting transmission line losses, the transformation of
Γ with distance 𝑧 along a transmission line is:

Γ(𝑧) = Γ𝑒2𝑗𝛽𝑧 (27)
We can thus define Γ𝑛(𝑧) as:

Γ𝑛(𝑧) = |Γ𝑛|𝑒𝑗(2𝛽𝑧+𝜃𝑛) (28)
From Eq. (26) and Eq. (28) we can obtain equations for

𝐺𝑛 and 𝐵𝑛 in terms of |Γ𝑛| and 𝜃𝑛:

𝐺𝑛 = 𝑌0 1 − |Γ𝑛|2

1 + 2|Γ𝑛| cos( ̃𝑧 + 𝜃𝑛) + |Γ𝑛|2
(29)

𝐵𝑛 = 𝑌0 −2|Γ| sin( ̃𝑧 + 𝜃𝑛)
1 + 2|Γ𝑛| cos( ̃𝑧 + 𝜃𝑛) + |Γ𝑛|2

(30)

Substituting Eq. (29) and Eq. (30) in Eq. (21) we obtain
after some algebra:

𝐹𝑜𝑀 = √(2|Γ1||Γ2| sin(𝜃1 − 𝜃2) + 𝐽12 − 𝐽21)2

(1 − |Γ1|2)(1 − |Γ2|2)𝐾1𝐾2
(31)

with:

𝐽𝑛𝑚 = |Γ𝑛|(1 + |Γ𝑚|2) sin( ̃𝑧 + 𝜃𝑛) (32)

𝐾𝑛 = 1 + |Γ𝑛|2 + 2|Γ𝑛| cos( ̃𝑧 + 𝜃𝑛) (33)
If |Γ1| and |Γ2| are close to one the FoM becomes:

√(sin(𝜃1 − 𝜃2) + sin( ̃𝑧 + 𝜃1) − sin( ̃𝑧 + 𝜃2))2

(1 − |Γ1|2)(1 − |Γ2|2)𝐿1𝐿2
(34)

with:

𝐿𝑛 = (1 + cos( ̃𝑧 + 𝜃𝑛)) (35)
After some algebra we obtain Eq. (36) as desired.

𝐹𝑜𝑀 =
2| sin Δ𝜃12

2 |

√(1 − |Γ1|2)(1 − |Γ2|2)
(36)
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