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Brief History of plasma acceleration s

Nuclear Physics

In 1956, Veksler and Budker proposed using plasma collective
fields to accelerate charged particles more compactly.

In 1979, Tajima and Dawson showed how an intense laser pulse can
excite a wake of plasma oscillations through the non-linear
ponderomotive force associated to the laser pulse.

In 1994, at the RAL, using the 40 TW powerful Vulcan Laser,
hundreds of GV/m _gradients have been generated and used to
accelerate electrons to few tens of MV/m over only 1 mm distance.
In 1985, Chen and Dawson proposed to use a bunched electron
beam to drive plasma wakes with GV/m accelerating gradients.
In 2009, Caldwell, Lotov, Pukhov and F. Simon proposed to drive
plasma-wakefield acceleration with a proton bunch, and the authors
demonstrated numerically that TeV energy levels could be
reached in_a single accelerating stage driven by a TeV proton
bunch.
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Basic Properties of Laser Plasmas  [llls\

Muclear Physics

To gain 1nsight into the basic laws and properties of laser induced
plasmas, consider the following simple non-relativistic model
oin+ d,(nv,) =0

e
0;V+ 1,0, v =— — |E +e,(v-0,A) —v,0,A]

e _
0xExy =——Mn—Zny)
€o

This model describes the plasma response to an external
perturbation propagating longitudinally along the x-axis and
specified by the electromagnetic vector potential A.

Neglecting the time variation of the transverse components v |

of the current velocity, it follows that

eA
VJ_Z_

m

04.10.2018 XXVI RuPAC-2018, Protvino, Moscow Region, Russian Federation



Basic Properties of Laser Plasmas el

COIltin ued Nuclear Physics

Thus, the momentum balance equation can be rewritten as

2
ek, e
0V + =0, V2 = ——= — ad, A*
tYx 2 XX m zmz X
Linearize the continuity equation, the Poisson p :
) ] — onderomotive
equation and the one above with Zn; = n, and force

n =ny+n. Applying the traveling wave approximation by
introducing a new variable { = x — ut, we obtain

€ kZ Harmonic oscillation of the
0™e aZ AZ ———3 clectron density modulation
$ driven by the gradient of the

ponderomotive force.

(0% + ko) = —

_ We L 6271() Electron plasma frequency
k, =— w, =
e u e

meo
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Basic Properties of Laser Plasmas 0 eli

C on ti nue d Nuclear Physics

For sufficiently short driving laser pulse of the form
2
A2 = (mC“O) exp (_ iZ) ap ~ 0.855A[um]y/I1[1018W cm—2]

e oF
L The driving laser pulse is resonant
by ) LY T Y |

f. I|illl II.|| I|||I‘-I:l Il!l | |=|I I|i| 20 ||:|I Ilill I!I :'IJI|I ;|I| I||||I 20 e for keo-l — \/E Here aO — 1 3
oz | [ |
AL @e~1.8x 101 He
: I-, I.'I II'. .I Illullll 'UI IIUI| Illll II|
: ||'II III', flﬁl'. .\'ul fﬁ" ,'rllll I,-'z".I . .
(Y Iy I i v Electron density evolution for a

\ ftf :\ ’ e non resonant value of k,o; = 5v2.
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Basic Properties of Laser Plasmas

Continued

Apply now the traveling wave approximation to all basic
equations. Manipulating the result, we obtain a single equation
for the scalar potential (Ex = —6§<p)

2 ~1/2

en 2e e
2 =011+ 2% (42 -43)| -1

€o mu? m?u?

Expanding the square root on the right-hand-side, we obtain

2

2 _ ekg
(0 + K2)E, = — o d:A>
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Basic Properties of Laser Plasmas 0 eli

Muclear Physics

Continued

Evolution of the longitudinal electric field E,, for the resonant
and the non-resonant case, where ap = 1.3 and w,~1.8 THz

: _ .1'. f \ A ”'| Ilfﬁ" 0.1 - N N\ T
: /Ill | II Il' : H‘ ﬁl" f’ \\". i ;';. II' /\\". j -" i b

For typical plasma number densities of the order of 10%* m ™3,

the impressive acceleration gradients of the order of several

gigavolts per meter can be reached.
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NONLINEAR WAVES AND COHERENT ) E -I

STRUCTURES IN QUASI-NEUTRAL PLASMAS REEIes

Quasi-neutral plasma comprised of electrons and 1ons in an
external electromagnetic field depending on the scaled
coordinates x = (x,y, s) and the scaled dimensionless time t.
Nonlinear Vlasov equation

P1 — ZaAJ_ Ps
Otfa + Y Vifa+ Y Os fa
+(ZoF — .uaasya)apsfa =0
Here U, = Ma/ = mass aspect ratio with respect to the
electron mass.
Electric force = F=—-0,P— 0;A;
Spatial variations are one-dimensional in nature, so that the

partial derivatives d, = d,, = 0, while d; 1s generally nonzero.
Transverse canonical momenta p, are integrals of motion.
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Continued NONLINEAR WAVES AND COHERENT ) E 'i

STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

The full Vlasov equation 1s then reduced to the one-dimensional

0uFy + 2 0.F, + (ZoF — ptads¥a)dy Fy = 0

HaVa
where now y,(s,pg;t) = Jl +— [ps + Z2A%(s;t)] and A% =
A; + 45
Consider a class of water bag distributions solving exactly the
one-dimensional Vlasov equation, which are given by

Fa(s: Ps) t) = Cq {G) [ps — pc(l_) (5; t)] — 0 [ps — pc(l+) (5; t)]}

We introduce an important quantity I',, which can be written as

1 72 1/2
r, = 1+— A2
: [(1 — Vaz)(l — ZUOZLTTLCZJ ( Ha )]
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Continued NONLINEAR WAVES AND COHERENT

STRUCTURES IN QUASI-NEUTRAL PLASMAS

Remarkable Lorentz invariant EXACT hydrodynamic
closure of macroscopic equations for each plasma species
coupled with the wave equations for the self-consistent fields

0;(ngIy) + 9;(n,IV,) =0
Z
0;(Valy) + 0T, =F, = __a(asq) + 0,4;)

Ha
P 1 Z,n, I,
O = —— n
neo a"™a
A 1 Z,n, IV,
O0Ag = —— n
S ne() a’™a

OA, =

2
Z2n,|1+=v2mn2 |+ 0A,
neoz a( 3 al a)
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Continued NONLINEAR WAVES AND COHERENT

STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

Ions comprise a heavy plasma background, so that their effect

on the formation and the dynamics of the plasma wakefield is

neglected. Using the Lorentz gauge 0, + V- A = 0 we have
OF = d;(nl’) + 9,(nl'V)

Thus, instead of the hydrodynamic closure, the basic equations

to be analysed become

d,(nl') +9d,(nI’'V) =0
n[az(TV) + 8,0,T| = —o(nrv)

2
DAJ_ :n(1+3an >AJ_
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Continued NONLINEAR WAVES AND COHERENT ) € -i
STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

Standard procedure of the multiple scales reduction method.

The electron density n, the current velocity V' and the
transverse vector potential A are expanded in_a formal small
expansion parameter.

Then, the corresponding perturbation equations are solved,
such that secular terms are eliminated order by order.

As a result, the evolution dynamics of the hydrodynamic and
field variables 1s being split on different spatial and time scales
— fast ones involving rapid wave oscillations and slow scales
on which coherent motion of certain wave amplitudes occurs.
For the case of constant phase-space density distribution,
the macroscopic fluid description 1s fully equivalent to the
nonlinear Vlasov-Maxwell equations and the corresponding
wave equations for the self fields.
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Continued NONLINEAR WAVES AND COHERENT

STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

Hydrodynamic and field variable can be written as

k 1 -

_GZ.Q [B(S; t)el(P(S;t) + B*(s; t)e—up(s;t)]
0 1 -

V(S; t) = B(S; t)el(P(S;t) + B* (S; t)e_up(s;t)

AJ_(S; t) — cA(S; t)eilp(S;t) + dq*(S; t)e_i‘/’(sit)

n(s;t) =1+

where Gy = (1 — 2v2)~1/2
@ =ks—Qt Y =ks— wt

Q0 =/1+ 2k2v2 a)=\/1+k2+§v%
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Continued NONLINEAR WAVES AND COHERENT ) € -i
STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

Key result
_ _ 1dv, 5 5 5
10; A+ iv,0,A = _EW 0f A + Ty A“A* + T |Bl*A
1 dvﬂ

latB + iUQasB — 638 + FbaluqlzB + belBlzB

2 dk

A? = A - A is complex, while |A|? = A - A" is real.

The above equations comprise a system of a nonlinear vector
Schrodinger equations for A _coupled to a scalar nonlinear
Schrodinger equation for B. They describe the evolution of
the slowly varying amplitudes of the generated transverse
plasma wakefield and the current velocity of the plasma
electrons.
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Continued NONLINEAR WAVES AND COHERENT ) E 'i

STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

of A = A, = CA,
C = p is real. The incident p = 0 corresponds to the case of
linear wave polarization.
C = =i. This corresponds to circular wave polarization.
We shall analyse circularly polarized plasma waves

1dv
iatoqx + ivwasc/lx — —Eﬁa cﬂ + I blBlzcﬂ,x

1 dvg
i0,B + ivgd,B = _EEOZB + 2T g | A |2B + Ty, | BI2B

We shall describe traveling wave solutions through the ansatz
dClx — el(ﬂ€+v1n)?(n — uf) B — el(ﬂf'H/zn)Q(n ué—’)
§=d(s —vpt), n=-als—vqt), a=wWa—vy)""
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Continued NONLINEAR WAVES AND COHERENT ) E 'i

STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

The resulting equations for P and @ have been solved by the
method of formal series of Dubois-Violette. Their solution i1s
represented by a ratio_of two formal Volterra series. It is
compact and elegant and very useful for practical applications.

Evolution of the traveling wave amplitudes P (left) and Q for
the case k = 1.543613, v4 = 0.1 and u = 1.0.
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STRUCTURES IN QUASI-NEUTRAL PLASMAS Nuclear Physics

A remarkable property of the formal series solution 1s the fact
that near a resonance the denominator is divergent at least as
much as the numerator, so that their ratio gives a reasonable
and relevant for applications result. This property 1s
demonstrated in the figure.

Evolution of the traveling wave
amplitude P close to a linear
resonance wq; — Wy = 0. The
values of the corresponding
parameters are k = 1.543613,

v2 =0.1and u = 2.0245.
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NONLINEAR WAVES AND COHERENT ) ell

STRUCTURES IN MAGNETIZED PLASMAS KEEEEES

We analyse the properties of a plasma comprised of electrons and
ions immersed 1n an external constant magnetic field B, = Bje,.
The dimensionless Vlasov-Maxwell system of equations 1s

OtfatV-Vfg—veer, Xv-Vyfo +Z,(E+vXB) - V,fs =0

oA == Aq | d*pvfaxpi)
a

00 == o | Epfax i)

a
d,E=V(V-A)—d?A B=VxA
__ ZaNa _ HaWg __QqqBy
Aa_ e Vg = W, Wq = mg
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear Physics

Hvydrodynamic substitution

fa(x: p; t) = Qa(X; t)63 [p — ‘ui]/a(X; t)va(X; t)]

Substitution in Vlasov equation leads to cold hydrodynamics pic

atQa + V- (Qava) =0
at()’ava) + Vg - V(Yava) + wgey XV, = Maza(E T Vg X B)

OA = _z/lagava U@ = _Z AqQq
a a

Wq

D, =
a (Ue
w, 18 the electron plasma frequency.
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S T R [] (1 T l] R E S l N Nl A (; N E T l Z E D P L A S [\l f\ S Muclear Physics

A special case of plasma wave anisotropy, implying that the
longitudinal and the transverse plasma waves depend on the
longitudinal (in the direction of the applied external magnetic
field B,) x coordinate only. This assumption is not essential,
however 1t simplifies the analytical treatment considerably.
Simplified notations and new complex valued variables

V=, V=v,+1v, E=E,
E=E, +iE, A=A, A=A4,+1i4,
B,=0 B=B,+iB, = i0,A
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear Physics

The basic equations to be analysed can be written as

atQ + ax(Qv) =0
1
d,(yv) + vo,(yv) = —E — > Vo, A" +V*a,A)

a,(yV) tiw,V +vd,(yV) = 0;A + vd, A

OA = ov OA = oV d0:E =0OA

Linearize the above equations about the stationary solution
0s = 1 and manipulate the resulting equations in an obvious
mannetr.
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear Physics

00 + 14, =0 (0L—-09;)A, =0 L=0;+iw,

A and A, are the linear parts of the vector potential.

Solution of the first equation A; = Be'' + B*e™% =
electrostatic plasma oscillations. These do not couple to the
whistler modes so one can set B = 0.

The second equation yields the dispersion relation for the
transverse whistler waves

D(k,w)=w-0,L, 0O,=w?—-k*® L,=w-—ad,

It can be easily verified that for #ypical values of the electron
cyclotron frequency w, the dispersion equation possesses three
distinct real roots.
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear F’hysic.!

The transverse part of the electromagnetic vector potential reads

A(x;t) = Z C,, (x; t)e¥n(xt) Y, = kx — w,t

The amplitudes _C'n satisfy the following system of three
coupled nonlinear Schrodinger equations

i0,C,, + iV,,0,C,,
1dv
->—ate, +Zﬂmcn|cm|2 D TunCalCul?

m+n
Transverse components of the current velocity

3
V= 2 0,,C,e¥n
n=1
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear Physics

System_of three coupled nonlinear Schrodinger equations
for the envelopes C, of the three whistler wave modes
determined by the roots of the dispersion equation.

Terms with m = n are excluded from the second sum on the
right-hand-side.

This 1mplies that the matrix of coupling coefficients I3,
represents a sort of a selection rule, according to which a
generic mode n cannot couple with itself.

This feature 1s a consequence of the vector character of the
nonlinear coupling between modes and is due to the
nonlinear Lorentz force.

The first term (not present in the non relativistic case)
involving the coupling matrix I1,,,,, allows self-coupling and is
entirely due to the relativistic character of the motion.
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear Physics

Straightforward evaluation of the dispersion coefficients v, =
dvy,/dk shows that in a relatively wide range of plasma
parameters one of them, say v, is several orders of magnitude
smaller than the other two. Thus, in a good approximation
i0,C1 +iv410,C4
'

1
- _%0561 + (My11C11? + Z211C21* + Z341C31%) €4

i0,C; + iV420,C; = (212]C1|* + Mpz|C2|* + 232]C31?)C

i0t6’3 + ivggaxC?,

!

Vg3
= —%6%63 + (Z131€C11? + Z23|C2|* + M33|C3/*)C3
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STR[](VFLIRES IN NIA(;NET[ZED PLAS[\I#\S Muclear Physics

The equation for C, possesses a simple solution of the form
C, = g,e Y™t with g, = const. The phase W satisfies
0;W + V520, ¥ = 215|C1|* 4+ 195 + 233]C3/?
Ymn = Umn + Uin m#*n
This implies that our initial system can be reduced to a simpler
system of two coupled nonlinear Schrodinger equations

iatcl SR ivglaxel

v
g1
- _76561 + (M111C1|* + 22195 + 2311C312)C4

iateg —+ ivggaxC?,
vl

3
- —%6%63 + (Z131€C1|% + Z2395 + M33|C3|%)C3
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear Physics

We shall describe traveling wave solutions through the ansatz
C, = elas+u2amp, (), C,y = eHsE+MPp, ()

& = —Ei(x — vglt), n = Ei(x — vggt), a= (vg1 — vg3)
The characteristic frequencies

- 2 1 25
Vi = BOF.E H1 2%1&2 T 92221

— (U3 + 95223)

are real, provided
1
us >0 My < 207 a2 — 95221

Here we describe this particular case.
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The resulting equations for P; and P5; have been solved by the
method of formal series of Dubois-Violette.

. | #y
2 L
| |
| all |
3 I |
| 1
-I I|'
| — ! . F III-..-. 'lr':-.-\-\l.‘l' ‘HII -
1 F | S § - o .‘.\ JI| I II.' I'I . I |I. J # "\\ :
! — :.,;l. FEN \[ 2\ A B
_-i_ I I 'l-\"'\_'..
! | =13 |
. |+ |
|

Evolution of the non relativistic traveling ~ Evolution of the non relativistic traveling

wave amplitude P; for the case w, = 1 wave amplitude P; as a function of i for
k=I1,u =-1,u3=1andg, = 0. thecase w, = 1, k=1, uyy = -1, u3 =1
and g, = 0.
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Relativistic case

LK

.l-|. 'lI -Ii’l [l &Y I’i: Ill' -Il-'“"“u_ ; =

WIVARYN
| 17 F
Evohition of the relativistic traveling Evolution of the relativistic traveling
wave amplitude P; for the case w, = 1 wave amplitude P; as a function of 7 for
k=I1,uy =-1,u3=1andg, = 0. thecase w, =1, k=1, uy = -1, u3 =1

and g, = 0.
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STRUCTURES IN MAGNETIZED PLASMAS Nuclear Physics

Traveling wave solution represents 1/m -damped quasi-
periodic_oscillations of the whistler amplitudes, which fade
away with respect to the travelling wave variable 7.

The solitary-like wave crests (positive, as well as negative)
with respect to the spatial variable for both P; and P; are
almost monolithic structures, which are stable in time and are
symmetrically located on both sides of the line x = v 3t.

The plasma response to the induced whistler waves consists in
transverse velocity redistribution, which follows exactly the
nonlinear behaviour of the whistlers. This means that the
electron current flow 1s well confined and localized in the
transverse direction, such that on a scale 3 ~ 4 ¢/w, the tails
of the electron density distribution can be considered as
practically completely subdued.
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Nuclear Physics

STRUCTURES IN MAGNETIZED PLASMAS

In both the non relativistic and the fully relativistic case, the

whistler mode amplitudes P; and P; at a fixed location in the
longitudinal direction x decay rapidly in time.

F

gH

Time evolution of the fully relativistic traveling wave
amplitude P, for a particular value x = 1.835 of the

longitudinal coordinate x. Here w, = 1, k=1, u; = -1, u3 =
1 and g, =0.
04.10.2018
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CONCLUDING REMARKS

The principle of generating super-strong electric accelerating fields has
been demonstrated using a simple and illustrative physical model.

An exact relativistic hydrodynamic closure of equations describing the
dynamics of various species in a quasi-neutral plasma has been obtained.
The set of equations for the macroscopic hydrodynamic variables coupled
to the wave equations for the self-consistent electromagnetic field is fully
equivalent to the Vlasov-Maxwell system for a special type of
relativistic water-bag solutions of the Vlasov equation.

A system comprising a vector nonlinear Schrodinger equation for the
transverse envelopes of the self-consistent plasma wakefield coupled to
a_scalar nonlinear Schrodinger equation for the electron current
velocity envelope has been derived.

Damped gquasi-periodic_traveling waves possess a_solitary (shock) and
multipeak structure and are possibly related to recent experiments on the
so-called "shock acceleration®.
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CONCLUDING REMARKS

Utilizing a technique known as the hydrodynamic substitution, a
relativistic hydrodynamic system of equations describing the dynamics of
various species in a cold quasi-neutral plasma immersed in an external
solenoidal magnetic field has been obtained.

A system comprising three coupled nonlinear Schrodinger equation for
the three basic whistler modes has been derived.

An intriguing feature of the description is that whistler waves do not
perturb the initial uniform density distribution of plasma electrons. The
plasma response to the induced whistler waves consists in transverse
velocity _redistribution, which follows exactly the behaviour of the
whistlers.

The electron current flow is well localized in the transverse direction,
such that on a spatial scale of 3 ~ 4c/w, the tails of the electron density
distribution can be considered as practically completely faded away.
This property may have an important application for transverse
focusing of charged particle beams in future laser plasma accelerators.
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