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4 ABSTRACT h

Symmetry properties of 6D and 4D one-turn symplectic transport matrices were
studied. A new parameterization was proposed for 6D matrix, which is an extension
of the Lebedev—Bogacz parameterization for 4D case. The parameterization is fully
symmetric relative to radial, vertical and longitudinal motion. It can be useful for
lattices with strong coupling between all degrees of freedom.
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4 BASIC DEFINITIONS A
The only condition is that transport matrix M is M’S M =S, S 0 0
symplectic. Therefore, its eigenvalues form 3
reciprocal pairs. The idea originally suggested by ¢ _ 0 1) S=/0 50
Mais and Ripken is to add M with its inverse: -1 0 0 0 S,
My, =Av - . _
1 _ 1 (M+M_1 )Vl (31 + A4 ) Mv, =Av, Here M is
My, =4y, = - -1 ~ N 3 recurrent matrix
A, =1 (M+M W, =(4+4)v,  |Mv, =,
Transport matrix, its inverse and recurrent matrix can be written in a blockwise form:
TNt N ) 5 )
/Mll M12 M13\ /Mll M21 M31 /bII R3 R2
M=M, M, M,|, M'=M, M, M, |. M= R, bl R, |,
\M31 M32 M33/ \M13 M23 M33/ \Rz R1 b3I)
where R, =M_.+M,,, R, =M, +M,., RA =M,, +M21 b,=TrM
and «*» is pseudoinversion: for any 2x2 matrix A =—SA’S.
\therefore, A+A=(TrA)l, AA = ‘A‘I : N
4 )

EIGENVALUES

Each eigenvector of M can be splitted into 3 two-component subvectors X, Y, Z :

(X) (X (b /1)X+R Y+R,Z=0
MY|=4Y|= {IRX+, /1)Y+RZ 0 ()
\Z) \Z, RX+RY+(b /I)Z
Each eigenvalue of M is at least twice degenerated, therefore, | M-Il isa perfect

square of some polynomial with real coefficients. Then characteristic equation is:
PUA)= Rl — )+ R b, = )+ R [lb, = A)= b, Ao, 2o ~ 2)-Tr(R R R.)= 0

3 roots ﬂ, can be found using Cardano formula. Motion is stable if and only if all of
them are real and lie in the region (-2; 2). In non-degenerated case all /1 are
different, therefore all p; are non-zero:

4 W-MATRICES, 6D CASE

All W-matrices can be expressed in terms of W,,, W,,, W,, :

lW13 = Mzgwu W33W22 r: (J22J23 _J32J33) 13 — J23( 11J32 _J22W11

lle — _u32W11 + W33W22 Tr J22J23 _J32J33) 12 — Jzz (W11J33 _J23W11

lWZl = M31W22 W11W33 Tr J33J31 _J13J11 - J31(W22J13 _J33W22 + W22J13 _J33W22 )J11
)

) ( 11J32_J22W11)J33
)+ (
JW,, )+ (
S Or <
33J31_J13J 1) 23 _J33(W22J11_J31W22)+(W22J11_J31W22 J13
JW,, )+ (
)+ (

W11J33 _J23W11 )J32

(

(
IW,. =—u,,W,, + W, W,, |Tr(J
W, = u,W,, ~W,, W, |Tr(J, J, =T, )Ws, =3, (W, J, =3, Wa, )+ (WooJ,, =, W, )0,
Wy, =1, Wy + W, W, (Te(, 3, =350 50)Wa, =0, (Waad o, =3, Wy )+ (W J 5, = 3, Wo T,
Each W].j can be parameterized with 1 parameter @;:
(Wn:’”11(ICOS¢1+lesin¢1)(~]21+~]31) ,,11:\/
sz:r22(1C03¢2+J3zsin¢2)(J3z+J12)a -

U

\W33 — I3 (I SOk ¢3 +J13 sin ¢3 )(J13 +J23) G \/2_TI(J32J12)

Some additional notations are needed to express ¢; (formulae only for ¢, are
presented here, for ¢, and ¢, cyclic permutations of indices should be applied):

A; — r33((,]13 +J23)J21 _J11(J13 "J23))> A;, : r33((J13J23 _I)J21 _J11[J13J23 _I))
B,s — r33((J13 +J23)J22 _le(J13 --J23)), B,s, — 1”33((.]13.]23 _I)Jzz -J5, [J13J23 _I))

C; — J12A; T A;Jzzv C;, = leA;’ T A;,Jzzs {3 = Ujply, (Tr(Jnle —Jd ))2

_|_

Uy Us,

2— Tr(J21J31)

\.

s \/Z_Tr(J13J23)

D,3 :JnB; B;lea D,S,:JHB;, B;,sz q; :u11u21(Tr(J11J12_leJzz))2

f3:C,3,_Q3» 83:C; —q;, hy=Tr C;C;,) b, = f383 f383 | ( 1}[
/ ” / / / / ’ A % 3 !

f5=D5—q5, &3 =D3|—q;, h=Tr D3D3) h3f3 hf3 2 2

There are 3 ways of treating these «+»:

1. Include @, @,, @, into the parameterization as dependent parameters.

2. Introduce 3 boolean parameters to indicate signs of ¢,

3. For each «+» change signs of corresponding u;, a;, B; and then change «+» to «-».

3 u;and /.

/]’
Finally, the parameterization has 25 parameters: 3 My 9 a9 ,8,-j,
21 of them are independent, and there are 4 identities:

Tr\W, J ;s Wi d o, =W d, Wi J s ) (u23u33 — Uyl )Tr(J 0oy =dand s )
Tr W22J11W22 33 W22J13W22J31 ) (u31u11 — Uszly3 )Tr(J33J31 -J:Jy )
Tr W33J 22W33 11 W33J 21W33J12 ) (ulzuzz — U Uy )Tr(Jllle - J21J22 )

==l - -A). =)0 -2 A2, =P~ i-2).

EIGENVECTORS

System (1) can be rewritten as follows:

" ;¥ = W X 0r<u2jZ:W1jY,or<u3jX:W2jZ, where
ljZ—szX Uy, X=W, Y u;; Y =W, . Z
lezi(ﬁ3ﬁ2_(b1_ij)R1)a sz:pi(ﬁlﬁ3_(b2_2j)R2)’ W3] 1 (ﬁ ﬁ (b ;L )R )
J J J

_’ij)_‘R3‘)

uljzi((bz_ijxl%_ij)_ 1)’ u2j:L((b3_inbl_2j)_ 2)’ “3j:i((b1_/iijz
J J J

So, 3 matrices can be formed, whose columns are eigenvectors of M :

7 ) [ N 0 )

( u L Wy, W, u,l Wy W, ( u L W, Wy,

W =W, w,l Wi, W= W, u, Il W, I, W= W, ul W,
KW21 W, o ugl ) \sz Wi ouyl y KW23 Wi ugl y

u, are coupling coefficients. W and u;; have the following properties:
W2]W3]—u1]W W, W, =u, W W W, A

1j 2j7 =y, W,
‘ 11‘ = Uy lts55

= W, +W,+W, =1

_ 1 2 3 = L6
W3j‘_u1ju2j’wil+wi2+wi3_O

Uy F Uy H Uy =Uy +Uy Uy, =1 = Uy —uy =uy —uy =uy —u,, =1, coupling asymmetry.

So, all u; can be expressed in terms of u,,, u,,, u;; and [.
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f TWISS PARAMETERIZATION k
Matrices WJ. reduce transport matrix to the block-diagonal form:
(T, 0 0) ‘T, 0 0) ‘T, 0 0)
T=W MW =0 T, 0| T=W,MW,={0 T, 0| T,=W, MW.=| 0 T, 0
0 0 T, L0 0 T, 0 0 T,

Well-known Twiss parameterization can be introduced for each diagonal block:

| a, p, l+a,
Tij:Icosyj+Jijs1nﬂj, Jij: | Y = 7
] ij

- .y =argh,

There are commutation rules for J- and W-matrices:
J3] —sz 1j o szJ —J3] 2j W3jJ2j :Jle3j

Now closed expression for transport matrix can be found: ™M = W,T, + W,T, + W.T,

\_

4Tr(W11W22W33)— (l‘l'”u Uy T U3 )(l‘l'”zz — Us; _”11)(1"'”33 — Uy _uzz)_lz(1+”11 T Uy, +u33)

\- Y,
& )
W-MATRICES, 4D CASE
4D case can be deduced M, M, 0 (uy, wy, wuy) (lI=u  u 0
from 6D case. W-matrices M= M, M, 0 | = |uy, uy uy|=| u I-u 0
have the following properties: L0 0 M, Uy Uy Uy ) (O 0 1,

Wl =J,W, WJ,=J,W, |W|=ull-u), W=W,=-W,, other W, =0
If ‘W‘ # 0, then this system can be solved only in case of Tr(JHJ12 —J21J22):

So, 1611712 T 1312711 —20,,0y, = 1621722 T :B22721 —20,,Qy, is an invariant.

: e 1]
And the solution is: W—+\/‘J ] () (I:t]) _J )J ‘(Jn(le_Jzz)‘l'(le_J22)J21)
S|gnS Of a”, 021, ﬁ”, ,621, 11 12 22 12 2279 21
\OF 0y Oz B2 Boos o, should be changed in case of «-», then «+» should be omitted.)
4 )

LEBEDEV—BOGACZ PARAMETERIZATION

There is a correspondence between Lebedev—-Bogacz's (left) and our notation (right):

= My sgn Hay = H sg0 Py ), = (1 u) & Sgn((l_u)ﬂn) &, = U, Sgn(uﬂu)

=\l—u)sgn = |usgn
p. _‘( ) 2 '8“‘ 'Bly _‘ S '821‘ «,, —(1—u)0(22 Sgn((l_u)ﬂzz) Gy =05y Sgn(uﬁzl)
Bo, =|(l=u)sgn By,| p,. =[usgn B, Our notation:

LebedeV—BogaCZ,S hotation: e IS independent parameter,
* udepends on a; and 3; but there is one invariant involving a; and 3;

*B;i>0 » B; may be negative
- 2 additional boolean parameters « No additional boolean parameters y
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SECOND MOMENTS, EMITTANCES
Second-moments matrix ¥ meets the following condition: ¥ = MXM"
It can be expressed in terms of W :
T=WX +WX +WX,
Here f‘.j are block-diagonal matrices:
(50 0) (5. 0 0) (5., 0 0 5 —a
=0 X, 0 [, =0 X, 0/, X=/0 X, O ,i,.j:gj(_; /)
0 0 E 0 0 I 0 0 =, )
€ ; are emittances of normal modes, they can be calculated from beam sizes:
-1
(‘91\ /unﬁn Uy, Py u13:813\ /61\
E, |=| unfor Upby Uy O,
E u u u (0
\\ 3) \ 31:631 32:632 33:633 J \Y3) Y




