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Abstract

In this article some problems of optimizing the output

beam of particles from the circular accelerator are dis-

cussed. In particular, we consider some problems of match-

ing the booster, Nuclotron and collider in the NICA project.

The main attention is paid to matching of the extraction

beam systems. The proposed approach allows providing

qualitative and quantitative analysis of the impact of vari-

ous factors of the corresponding control systems.

INTRODUCTION

The problems of long time evolution of particles in

cyclic accelerators arise not only in the implementation of

the extraction of the particles. As an example, we should

mention the problem of injection of particles into the ac-

celerator, and also the problem of long time evolution (over

millions of revolutions) of the particle beam in the storage

rings and colliders. Let us look at the main types of prob-

lems that arise in similar types of tasks:

• construction of closed orbits in ideal and non-ideal ma-

chines;

• the problem of stability of the closed orbits in the frame-

work of the linear and non-linear approximation of the con-

trol fields including possible deviations from the ideal pa-

rameters;

• problems of the beam injection and extraction from cir-

cular accelerators

It should be noted that when modeling of the long-time

evolution (more than one billions revolutions) it is neces-

sary to perform huge number of steps of integration and

guarantee preserving both the energy of the particles and

property of the symplecticity of corresponding mapping.

It is known that knowledge is information about control

elements allows you to find the stable fixed points and ar-

eas (islands) with steady evolution in its neighborhoods.

Knowing the location of these areas and their character-

istics allows managing (using additional controls) during

of extraction or injection processes using the information

about topology of the corresponding closed orbits. Con-

trolling by the corresponding classes of stable orbits can

be carried out regardless. In particular, it allows not to use

septum-magnets, which are traditionally used for extrac-

tion of the beam (see, eg, [?]). Note that the trend of devel-

opment of modern circular accelerators leads to the need

to include among the objects of control nonlinear control
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field with increasingly nonlinearity. The transition to an es-

sentially nonlinear dynamics leads to the need for new and

effective methods of mathematical modeling of long-term

evolution of the beam in the accelerator channel. Increas-

ing order nonlinear effects on the one hand allows you to

”improve the quality of the beam” but to a significant com-

plication of corresponding mathematical models and as a

consequence corresponding algorithms and programs.

The purpose of this paper is to present the basic princi-

ples that not only form the basis of the proposed approach

but and realized as special software and demonstrated ef-

fectiveness for a number of tasks [2]. The problems of

extraction and injection of beam particles in cyclic accel-

erators included in the NICA complex, should be consider

accurately enough, due to the peculiarity of the complex

[3].

A study of the dynamic system in this case is carried

out in terms of the map Mk, generated by the control ele-

ments on the k-th step iteration Xk+1 = Mk ◦Xk, where

Xk is the phase vector on k-th step of the iterative process,

where Xk is phase vector on k-th step of the iterative pro-

cess wich generated by the periodic dynamic system, where

Mk is an operator of the evolution of a dynamical system

corresponding to k-th period.

If Mk = M, then for any k we can talk about periodic

mapping. In this case, the full map for k-th turns (for peri-

odical channel) one can write

M(s+ kL|s) = M◦ . . . ◦M︸ ︷︷ ︸
k times

= Mk,

where M = M(s+ L|s).

Before constructing the computational process for evolu-

tion of the beam, we should not only carefully examine the

properties of the map M, but also to ensure the fulfillment

of these conditions in all stages of the computational exper-

iment. Here we have in mind the preservation of the prop-

erties of symplecticity for the map M throughout interval

solutions of the problem In particular, namely similar ap-

proach is implemented in a rather numerous modern works

on the generation of symplectic difference schemes or inte-

grators for Hamiltonian systems. In a number of previous

works (see for example [4]) we considered the method of

symplectification of block matrices included into the ma-

trix solutions of Hamiltonian dynamical equations. Similar

approach allows not only use unified mathematical tools,

but create efficient algorithms and derive interpretable re-

sults.
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MATHEMATICAL MODELS

The Main Types of the Tasks for Long-Term 
Evolution

Let us point out the following (related) types of beams 
physics problems arising in the study of the evolution of 
the long beam in cyclic accelerators:

1) search periodic orbits of the beam control systems and

studying of their stability;

2) study of resonances (especially nonlinear): search reso-

nance regions, the separatrices construction , the determi-

nation of their configuration, and so on;

3) the construction of the dynamic aperture, its maximiza-

tion by introducing non-linear correctors;

4) the study of the conditions of formation of the beam halo

and its characteristics.

These and other tasks require the creation of efficient meth-

ods, algorithms and computer codes. First of all we should

pick out several levels of increase of efficiency of computer

modeling (namely computer modeling as symbolic and nu-

merical, is the main means of solving the problems stated

above). Methods of the first level are based on the use of

effective (from computational point of view) mathematical

methods. Methods of the second level are based on algo-

rithms that efficiently implement the selected mathematical

methods. From the point of view of the used matrix formal-

ism, it is primarily the various accelerators” matrix algebra.

We also should use parallel algorithms and computation

distribution, intended for realization on high-performance

computers. The third-level methods are based on the use

of various types of data and knowledge bases, allowing the

use of the knowledge gained in the study of similar sys-

tems. Of great importance at this stage of play the methods

and means of artificial intelligence, such as computer al-

gebra, graph theory, computational intelligence and so on.

It should be noted that this ideology should be included in

the computer simulation circuit at an early stage selection

of mathematical methods and appropriate software.

The Equations of Motion

Before derivation of the equations it is necessary to do 
some number of assumptions. In particular, in this article 
we will suggest: 1) absence of any interaction between the 
particles in the beam;

2) for external fields we limit ourselves to magnetic fields

and and will consider the adiabatic nature of the magnetic

field changes with time;

3) the development of resonance occurs in the median

plane, as evidenced by preliminary calculation non-linear

equations taking into account experimental data along the

reference trajectory.

The computational experiments demonstrated that the

initial transverse phase portraits circulating beam in the

horizontal plane x, x′ and the vertical plane y, y′ are im-

ages that differ little from the ellipse. But in the process

resonance the phase portrait of the beam is in the horizon-

tal plane x, x′ radically deformed, although in the verti-

cal plane the deformation is negligible. Thus, the resonant

members practically no effect on the phase portrait of the

beam in the plane y, y′. This is confirmed by calculations

carried out in view of the experimental data. All our as-

sumptions correspond to the real processes taking place at

resonant multi-turn (slow) extraction, and thus provide suf-

ficient adequacy of the approximating model under con-

sideration. Given the above assumptions the equations of

motion of particles in a magnetic field up to terms of the

second order have the form

x′′ + (1− n)h2x = (2n− 1− β)h3x2 + h′xx′+

h

2
(x′)2 +

1

2
(h′′ − nh3 + 2βh3)y2+

h′yy′ −
1

2
h(y′)2 +O(3), (1)

y′′ + nh2y = 2(β − n)h3xy + h′xy′ − h′x′y+

hx′y′ + O(3), (2)

where ′ = d/ds, s is the independent variable which mea-
sured along the reference orbit, O(3) are members of the 
third and higher orders on the variables x, x′, y, y′. Here 
we are considering the monoenergetic beam and that the 
equilibrium trajectory is a reference orbit. In equations (1) 
and (2) used standard for this class notation tasks.

N o t e 1. The curvature of the base curve (equilibrium 
trajectory in our case) is h and the maximum value of x, de-

fined by the position of the septum magnet. We should note 
that In our case the members of the third order of smallness 
give about a few percent compared to the second order.

The Investigation of Motion Equations

Preliminary there was carried out computing experiment 
using for several hundreds of turns in two planes (that en-

sures a reasonable global error under using conventional 
numerical methods, such as Runge-Kutta methods). The 
results showed that resonance phenomena develop mainly 
in the plane {x, x′}, so henceforth consider the equation 
for beam evolution only in this plane:

x′′+(1−n)h2x = (2n−1−β)h3x2+h′xx′+
h

2
(x′)2+O.

We should note that the terms containing x′ no effect on

development of resonance, and only lead to slight defor-

mation of the beam phase portrait during slow extraction

(in particular, there is a certain rotation around a center

point). Therefore, these members may also be discarded.

The complete equations in the plane x, x′ can be written in

the matrix form

X(s) = M
2(s|s0)X

2
0 = M

11
X0 +M

12(s|s0)X
[2]
0 , (3)

where M
2(s|s0) is the full matrix of the evolution of non-

linearities up to second order, M11 is a matriciant of lin-
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earized equation, M12 is the matrix corresponding to non-

linear second-order fields. Adiabatic changes of coeffi-

cients ν2 and α1 allow replacing them by piecewise con-

stant functions. Then on the entire interval of permanence

for the equation (3) we can obtain a solution manually or

by using one of the systems computer algebra codes (in this

paper were used Reduce system codes, Maple V and Wol-

fram Mathematica). In the calculations we also used an-

other (smoothed) representation of the motion equations.

The results showed that a smooth approximation is a very

workable model, while the computing speed many times

more than the speed of calculations with using other mod-

els. We note that usage of other models for computation of

the full cycle is almost impossible due to a time-consuming

and the unacceptable exactness of the numerical calcula-

tions [2]. Thus, the desired solution can be represented in

the form

M
11 =

(
C1 S1/ν

−νS1 C1

)
,

M
12 =

α1

6ν4

(
κ

1
11 κ

1
12 κ

1
13

κ
1
21 κ

1
22 κ

1
23

)
+

α2

ν1

(
κ

2
11 κ

2
12 κ

2
13

κ
2
21 κ

2
22 κ

2
23

)
.

Here, the matrices M
11 and M

12 can becalculated in , in

particular, symbolical form (see, [4]) that allows you to

not only significantly reduce the computing time, but also

to realise study of the effect of control parameters on the

beam dynamics. We should note that there occur reso-

nance phenomena, however it can be shown that the ele-

ments of the matrix M
12 have a finite value on the reso-

nance, but there appear secular terms. In a periodic struc-

ture of cyclic accelerators we should for each turn to repeat

calculations very large number of times (in particular more

than 109 times). But the procedure of exponentiation al-

lows (given the structure of the accelerator) significantly

reduce the time required of computing. The matrix M is an

upper triangular block-matrix consisting of M11, M12 and

M
22 = M

11[2], and is responsible for translating the beam

for a single turn. Since 109 = ((10)3)3 then the number

of required operations is significantly reduced. We note

to further speed up the computation we can calculated the

matrix M
(3) in advance in a symbolical form, to store in

a special database and then use on demand for numerical

computation of the corresponding matrices.

According to the [3] the optical structure of the booster

has FODO periodicity and consists of four superperiods,

each of which consists of 5 regular periods and a interval

which does not contain the dipole magnets. Regular pe-

riod includes quadrupole lenses, two dipole magnets and

four free period, designed to accommodate multipole cor-

rectors, collimators and special diagnostic equipment. The

beam injection system from the Nuclotron into the accel-

erator complex consists of two parts. The first part pro-

vides output of the beam from the booster into the matching

channel and then the beam is injected into the Nuclotron.

The matching channel (represented in Fig. 1, see [5]), and

performs the beam focus using six quadrupoles. The turns

in the horizontal and vertical directions are realized using

dipole magnets. The channel also has elements of exer-

cising ”stripping” beam and separators for spurious charge

states.

Figure 1: Injection system layout and beam orbits and en-

velopes: 1 - injected beam, 2 - bumped one, 3 - circulated

beam after first turn injection, 4 - after accumulation; BM

1 ÷ 3 - magnets for the bump formation, SM - injection

septum magnet.

The second variant of the beam output (slow extraction)

used for medical-biological and applied research on the

beams from booster. This problem also makes special de-

mands on the beam. In this case the operating point of

the booster shifts into the area of nonlinear resonance. It

should be noted that this process takes place over a large

number of turns. Thus, both types of output beam makes

it necessary to ensure the implementation of restrictions of

the beam at the stage of its evolution from booster. We

note that similar restrictions also lead to the need for de-

tailed investigation of the formation of the beam in the case

of multiturn evolution.

CONCLUSION

In this study we conducted a testing of different regimes

of beam extraction from the particle accelerator. Results

of the study demonstrated high efficiency from a computa-

tional point of view and the correctness of the results.
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