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Abstract

In this work an axisymmetric diode electron-optical sys-

tem based on a field emitter is simulated. The field emitter

in the form of a thin filament of finite length is located on

the flat substrate with the dielectric layer. The anode is a

plane. The electrostatic potential distribution was found in

an analytical form — in the form of Fourier-Bessel series

in the whole area of the system under investigation. The

coefficients of Fourier-Bessel series are the solution of the

system of linear equations with constant coefficients.

INTRODUCTION

The field emitters as a nanostructured materials with

nanometer-scale sharp tips are extensively applied in the

various domains of nano-scale electronic devices [1]– [3].

This article is devoted to the modeling of the axially

symmetric emission diode system on the field emitter ba-

sis [4]. The field emitter is a thin filament of finite length

on the flat substrate [5]. The cathode substrate is coated

with a dielectric layer. The anode is a plane. Fig. 1 shows

a schematic representation of the diode system. The poten-

tials of the emitter and substrate are zeros.

To find the distribution of the electrostatic potential

U(r, z) the variable separation method in the cylindri-

cal coordinates (r, z) for the axially symmetric system is

used [6].

The problem parameters:

r = R1 — the radius of the system region,

z = 0 (0 ≤ r ≤ R1) — the surface of the emitter substrate,

z = Z1 (0 ≤ r ≤ R1) — the boundary between two di-

electrics,

Z2 — the emitter length,

z = Z3 (0 ≤ r ≤ R1) — the anode surface,

U(r, 0) = 0 (0 ≤ r ≤ R1) — the boundary condition at

the substrate,

U(0, z) = 0 (0 ≤ z ≤ Z2) — the boundary condition at

the emitter,

U(R1, z) = f1(z) (0 ≤ z ≤ Z3) — the boundary condi-

tion at the surface r = R1,

U(r, Z3) = f2(r) (0 ≤ r ≤ R1) — the boundary condition

at the anode.

∗ e.m.vinogradova@spbu.ru

MATHEMATICAL MODEL

The electrostatic potential distribution U(r, z) is the so-

lution of the boundary value problem for the Laplace equa-

tion

△ U(r, z) = 0;

U(r, 0) = 0, 0 ≤ r ≤ R1;

U(0, z) = 0, 0 ≤ z ≤ Z2;

U(R1, z) = f1(z), 0 ≤ z ≤ Z3;

U(r, Z3) = f2(r), 0 ≤ r ≤ R1.

(1)

The conditions on the the boundary z = Z1 between two

dielectrics with the the dielectric constants ε1 and ε0 can be

written as:

— continuity conditions of the potential distribution

U(r, z)
∣

∣

∣

Z1−0

= U(r, z)
∣

∣

∣

Z1+0

, (2)

— the normal derivative of the electric displacement vector

continuity conditions

ε1
∂U(r, z)

∂z

∣

∣

∣

∣

Z1−0

= ε0
∂U(r, z)

∂z

∣

∣

∣

∣

Z1+0

. (3)

SOLUTION OF THE BOUNDARY – VALUE

PROBLEM

To solve the boundary value problem (1)–(3) the interior

of the diode system can be divided into three subdomains:

1 — (0 ≤ r ≤ R1, 0 ≤ z ≤ Z1) with dielectric

constants ε1,

2 — (0 ≤ r ≤ R1, Z1 ≤ z ≤ Z2) with dielectric

constants ε0,

3 — (0 ≤ r ≤ R1, Z2 ≤ z ≤ Z3) with dielectric

constants ε0.

Then the potential distribution U(r, z) for 0 ≤ r ≤ R1

can be represented as:

U(r, z) =















U1(r, z), 0 ≤ z ≤ Z1,

U2(r, z), Z1 ≤ z ≤ Z2,

U3(r, z), Z2 ≤ z ≤ Z3.

(4)
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Figure 1: Schematic representation of the diode system.

According to the variable separation method functions

(4) Ui(r, z) (i = 1, 2, 3) are the Fourier-Bessel series:

U1(r, z) =

∞
∑

n=1

An

sinh (µ1,nz)

sinh (µ1,nZ1)
J1 (µ1,nr)+

+

∞
∑

m=1

Bm

I1 (νmr)

I1 (νmR1)
sin (νmz) ,

(5)

U2(r, z) =

∞
∑

n=1

[

An

sinh (µ1,n(Z2 − z))

sinh (µ1,n(Z2 − Z1))
+

+Cn

sinh (µ1,n(z − Z1))

sinh (µ1,n(Z2 − Z1))

]

J1 (µ1,nr) +

+

∞
∑

m=1

Dm

I1 (ξmr)

I1 (ξmR1)
sin (ξm(z − Z1)) ,

(6)

U3(r, z) =

∞
∑

n=1

[

En

sinh (µ0,n(Z3 − z))

sinh (µ0,n(Z3 − Z2))
+

+Fn

sinh (µ0,n(z − Z2))

sinh (µ0,n(Z3 − Z2))

]

J0 (µ0,nr) +

+

∞
∑

m=1

Gm

I0 (ηmr)

I0 (ηmR1)
sin (ηm(z − Z2)) ,

(7)

where Ji (µi,nr) — Bessel functions of the first kind,

µi,n = γi,n/R1, γi,n — the zeros of Bessel functions:

Ji (γi,n) = 0 (i = 0, 1),

I1 (νmr), I0 (ξmr), I0 (ηmr) — modified Bessel functions

of the first kind,

νm = πm/Z1,

ξm = πm/(Z2 − Z1),
ηm = πm/(Z3 − Z2).

The coefficients Bm, Dm and Gm for the potential dis-

tributions Ui(r, z) (5)–(7) from the boundary conditions (1)

at the surface r = R1 can be calculated as:

Bm =
2

Z1

Z1
∫

0

f1(z) sin (νmz) dz,

Dm =
2

Z2 − Z1

Z2
∫

Z1

f1(z) sin (ξmz) dz,

Gm =
2

Z3 − Z2

Z3
∫

Z2

f1(z) sin (ηmz) dz.

(8)

The coefficients Fn for the potential distributions

U3(r, z) (7) from the boundary conditions (1) at the anode

surface z = Z3 can be calculated as:

Fn =
2

R2
1 J

2
0 (γ0,n)

R1
∫

0

r f2(r) J0 (µ0,nr) dr. (9)

To find the coefficients An, Cn, En the continuity con-

ditions can be used. The condition (2) is satisfied automat-

ically with the formulas (4)–(6).

The normal derivative continuity of the electric displace-

ment vector continuity conditions (3) can be written as

ε1
∂U1(r, z)

∂z

∣

∣

∣

∣

z=Z1

= ε0
∂U2(r, z)

∂z

∣

∣

∣

∣

z=Z1

. (10)

The additional conditions at the boundary z = Z2 are:

U2(r, Z2) = U3(r, Z2), (11)

∂U2(r, z)

∂z

∣

∣

∣

∣

z=Z2

=
∂U3(r, z)

∂z

∣

∣

∣

∣

z=Z2

. (12)

Making use of the orthogonal systems of eigenfunctions,

the formulas (10)–(12) lead to the system of the linear al-

gebraic equations in the unknown coefficients An, Cn, En.
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CONCLUSION

In this article the axially symmetric emission diode sys-

tem on the field emitter basis is presented. The diode sys-

tem is defined as field cathode — a thin filament of finite

length on the plane substrate and a plane anode. The cath-

ode substrate is coated with a dielectric layer. The variable

separation method is used in the cylindrical coordinates to

find electrostatic potential distribution. To solve the bound-

ary value problem (1)–(3) the interior of the diode system

can be divided into three subdomains (4). The electrostatic

potential distributions for each of the subdomain is found as

the Fourier-Bessel series (5)–(7). Some of the coefficients

(8), (9) are determined from the boundary conditions (1).

The continuity conditions (10)–(12) on the subdomains in-

terfaces are applied to calculate the remaining coefficients

of Fourier-Bessel series as the solution of the linear alge-

braic equations system with the constant coefficients.

REFERENCES

[1] K. Heo et al., “Carbon and metal nanotube hybrid structures

on graphene as efficient electron field emitters,” Nanotech-

nology 27 (2016) 275301 (7pp).

[2] D. Ye et al., Nano Lett. 12 (2012) 1265.

[3] E.M. Vinogradova et al., Vacuum 127 (2015) 45.

[4] E.M. Vinogradova et al., Tech. Phys 60(2) (2015) 176.

[5] E.M. Vinogradova and V.O.Sergeev, 20th International Work-

shop on Beam Dynamics and Optimization, BDO 2014, Saint

Petersburg, Article number 6890095.

[6] E.M. Vinogradova and N.V. Egorov, Journal of Communica-

tions Technology and Electronics, 49(2) (2004) 232.

TUPSA064 Proceedings of RuPAC2016, St. Petersburg, Russia

ISBN 978-3-95450-181-6

344C
op

yr
ig

ht
©

20
17

C
C

-B
Y-

3.
0

an
d

by
th

e
re

sp
ec

tiv
e

au
th

or
s

Ion sources and electron guns


