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SECOND ORDER METHOD FOR BEAM DYNAMICS OPTIMIZATION *

O.L. Drivotin, D.A. Starikov, St. Petersburg State University, St. Petersburg, Russia

Mathematical methods of beam dynamics optimization
was developed in the works of D.A. Ovsyannikov (see [1]).
These methods are based on numerical calculation of the
first derivatives on accelerator structure parameters of func-
tional estimating quality of a beam. They allow to find ac-
celerator structures with satisfactory parameters and also to
improve existing structures. The present paper is devoted to
new method based on numerical calculation of the second
derivatives of the functional. This method can be consid-
ered as an extension of the methods of first order.

BEAM DYNAMICS CONTROL PROBLEM

Consider a beam describing by the particle distribution
density o(x) in the phase space Q, = € Q. Let at the ini-
tial moment ¢, the particle distribution density [2] is given
on some p-dimensional surface S : o(to, ) = 0(0)(z) =
200y 1..p(x) dz' A. . AdzP,p < dim Q, where 27,5 = 1, p,
are coordinates on Sy which can be taken also as some of
coordinates in the phase space.

Assume that the particle trajectories are described by the
differential equation

L Tr—

dt

where t is trajectory parameter, ¢t € [to, 7], u is control
function, u(t) € U C R”. Assume that vector f is de-
fined in a domain [to, T] x Q x U, and that the solution of
the Cauchy problem for this equation with initial condition
x(to) = xo uniquely exists for any xo under consideration.

Let introduce functional characterizing quality of the
controlled process

B(u) = / g(er)e(T, or), ()

Q

where g(z) is a piecewice continuous function, and inte-
gral on ) means in fact integration over image of initial
surface Sy of corresponding differential form satisfying to
the Vlasov equation [2]. The problem of minimizing of
functional (1) on control function « from U is called the
terminal problem of beam control with account of particle
distribution density.

METHOD FORMULATION

Equation for the first variation of « has the form

doat  Of ‘
6xd + 6, f 0x*(tg) =0 1
dt d j f ( 0) ) ( )
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where

Suf? = f(sk

(summation is meant on c01n01dent indices). The solution
of the problem (1) can be written as

t
N / Gi(t, )0, 7 (t')dt!
to

where G(t,t') is the Green matrix of the system (1), satify-
ing to the equation

7 ! i
de;t) _ of GR(t. 1),
dt Oxk Y
and to the condition G(¢,t) = E, where F is identity ma-

trix.
Then variation of the functional (1) can be written in the
form

T
o= [ [ %9 Ger 5 olt w) a1
Q

Let introduce the differential form

9g
= r=rT Ta ’
U(t,2) = =52 e, GIT )
satisfying to equation and condition
dip of 99
) = Y5 T) = r=xT-*
dt Ox’ () 8x|

Then the functional variation (1) takes the form

_7/¢(t7x)6uf(t,$)9(tvm) dt
to Q

Assume that u is a piecewise constant vector function

U = Uq, tE[ti,hti% 2'217]\4'7 tar="1T.

Then fuctional (1) can be considered as function of rM
control parameters. The derivatives on these parameters

are
T
[
to Q

Passing to the summation on macroparticles within the
framework of the method of macroparticles, write the func-
tional derivatives in the form

/Z#Jt%) (%fa(t%)h
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where x(;y denotes position in the phase space of the j-th
particle.

Consider second derivatives of the functional on the con-
trol parameters. For simplicity assume that » = 1 (one
scalar control function). Let us consider second derivatives
only on the same parameters 92®/Ju?. As

0
/G (t.0) 2t 0

336]
6ul

the expression (1) can be rewriteen in the form

o> [ 0D dad

Q

(T)o(T). (1

Assume also that 92® /(92'0x7) = 0if i # j. Then

0%® 0® 927 0*® Oxf
oz /Q(T) {63@3 ou? z(T
Q

)+ el (O]

Passing to the summation on macroparticles we get

K2

9’ :i 99 Py e Oy e
Ouf |02 Ouf A(x7)?" Ou; ’

where the first derivatives are expressed by (1).
It can be shown that when f7 are linear on control pa-
rameters u,;, second variation of x has the form

t 4 N
#a3(0) = [l (6035 + Gt 8 Sp

to

t/
x( / GL S, f™ (") at")dt’,
to

where components of the tensor D satisfy to the system of
differential equations

oD;, (t, 1) P*fm
ot’

and the condition

= 2D}, (1.0) I ) v )

Dj(t,t) =0, i,j,k=Tm.

Then

ti
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- [ e %
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Numerical optimization process can be implemented as a
sequence of steps of numerical calculation of first and sec-
ond derivatives of the functional, and changing of control
parameters according to the expression

oy =———=—> t=1,M
BT YR
while the functional is decreasing. If at some step it will
be turned out that 92®/du? = 0 for some i, one should
combine this method with method of gradient descent or
another first order method.

OPTIMIZATION OF RFQ CANNEL

Assume that longitudinal component of electric field in
the RFQ channel is

4T r
E, =Uy—— cosncoswt, n(z)= /k(z’) dz', (1)
m

20

Here 2Uj is intervane voltage, w is frequency of the field
oscillations, a is aperture of the cell, k = 7/ L, L is the cell
length, which varies along the channel, n(z) is the phase of
electrode modulation, 7' is acceleration efficiency.

Within the framework of this model, the longitudinal
motion does not depend of the transverse motion. It allows
us to consider logitudinal motion separately. For simplicity,
consider optimization problem accounting only longitudi-
nal motion.

Take reduced energy v and phase of the particle ¢ = wt
as the phase coordinates. Initial distribution in the phase
space of longitudinal motion can be set in various manner.
For example it can be taken in the form g(g), = (27)7 ",
@o € [—2m,0], v = 0. Here g(q) , is p—component of the
initial distribution density, ¢y and g are initial phase and
energy of a particle.

Consider the difference between phase of the syn-
chronous particle ¢, and the phase of space modulation

n
@:%—/Mc (1)

Here ( = z/\, k = M, A = 2mc/w. Take function
u1(¢) = d®./d¢ as the first control function. Let 7" be
the second control function: us(¢) = T'(A().

The equation of longitudinal dynamics for low intensity
beam can be written in the form

de 2 -1/2
ac 2my(y" = 1) ) (D
d’Y - 1/2 .
dC C’L(27ws(*y 1~ up)ug cosncosp, (1)
where Cp, = 2eUy/(mmc?). Equation for 7 has form [3]
d
d—Z—27ws( —1)7Y2 .
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Then equations for ¥ can be written in the form

P
d—Cn = Z ¢(i),YC’LEu2 sin 7 cos @,
i=1
d(s)y _y 2m n
IRV
+¢(s)¢ 3/2 lei )'y 3/2 C'Lug cos 1 cos p;,
di; _
% = CL Y iyykT cosnsin p;, i=1,N,
dw(z)'y 21 L —
dC _/(/)(i)SDW’ Z—].,N.

Here ¢ is number of a macroparticle. It is written in paren-
thesis at 1) to avoid confuse with indices. Let control func-
tions are constant inside cells: u;(¢) = wij, ¢ € [(j—1,(j),
j=1,M. Then

0P
8U1j

Cj N
= / (v + Z Y(3)yCruz cosn cos @;) d,
Ci-1 =1

0P
6u2j

G N
= / Z zp(mCLE cos 1 cos @; d(.
i=1

j—1
Restrict ourselves to the case of one scalar control function
u = T'. Then equation for Green functions and for compo-
nents of tensor D are

aGg = —GYCLkT cosnsin g, 95 =G? &l )
dc v ¢ Y (32— 1)3/2
Cf_g’ = —GzCLET cos nsin ¢, d(;? =G (72 37;)3/2’
aD%ié/C’CI) = (2Dg, sinp — G¥ cos ©)CLET cosn,
W)WTEICC) = (2D}, sinp — GJ cos ©)CLkT cosn,
aDigég, ¢y _ (é”_l)f)s;/? +2D% CpLkT cosnsin g,

Second derivatives of the functional are §°® /9T =

N 2
=3 {54l /Gv (Gar, ¢ YR cosn(¢) cos p(¢') d¢']*+
i=1 Ci-1
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9 G
31 [ G ¢ Feosn(¢ycoso(¢) ¢+

Gi—1

/ DE,(Cr, ¢V cos (¢ cos p(¢')

C/
< / GE (¢!, " cosn(¢") cos p(¢") d¢"] d’
Ci-1

G
+g—i [ D2 ¢ conn(¢) cos(¢)
Ci—1

’

<[ [ G3¢ ¢ Teosnlc”) cos ol e de

Gi-1
/D (Car, ¢k cosn(¢’) cos (') x
CI
<[ [ G ¢ Reosn(c) coseel") g de
Gi—1

G
o [ D3¢ eosn(¢) cos ')
Gi-1
¢
<[ [ (¢ ¢ Reosn(¢") coso(c") de") dc'} .
Gi—1
Particle number i at G, D, ¢, 7y is omitted for brevity. Anal-

ogous expressions can be obtained in 6-dimensional gen-
eral case with 3 control functions [3].
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