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Abstract and flux loop measurements [5]. The currents from the
npoloidal field coils are also needed to compute the value

Big physics control experiments require enormous com- . .
g phy P d 8f 1 on the spatial grid.

putational power to solve large problems with demandin
real-time constraints. Sensors are acquired in real-tane t
feed mathematical routines, which then generate control
outputs to real-world processes. For tokamak control, a
non-linear PDE needs to be solved in real-time with a cy-
cle time of less than 1 ms.

We report on an alternative approach based on LabVIEW
that solves the critical plasma shape and position control
problems in tokamaks. Input signals from magnetic probes
and flux loops are the constraints for a non-linear Grad-
Shafranov PDE solver to calculate the magnetic equilib-
rium. An architecture based on off-the-shelf multi-core 7
hardware and graphical software is described with an em-
phasis on seamless deployment from development system
to real-time target. A number of mathematical challenges
were addressed and several generally applicable numerical
and mathematical strategies were developed to achieve the
timing goals. Several benchmarks illustrate what can be
achieved with such an approach.

N

INTRODUCTION

The magnetic equilibrium for a tokamak is described by
the Grad-Shafranov equation :
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wheres is the poloidal flux functionj is the current den- Figure 1: The cross section of the ASDEX Upgrade toka-
sity, R is the radial component and is the axial compo- mak showing the flux surfaces of the magnetic equilibrium
nent ( see figure 1). This problem is commonly solved byred dotted lines) and plasma separatrix (red solid line).

a cyclic reduction algorithm [1, 2, 3]. A magnetic equi-
librium for discharges with plasma current is reconstrdcte
on a 33 x 65 grid using 40 magnetic probes and 18 flux
loop difference signals. The right hand side current den- REAL TIME GRAD-SHAFRANOV
sity term is calculated by a weighted least squares fit to the SOLVER
measurements which yields coefficients for the basis cur-

rent_densny profiles [.2’ 3, 4].' Three basis current densit rad-Shafranov equation in an unbounded domain. The
profiles were chosen in the first round of development a

found to ad telv fit th . tal " b ew algorithm adapts a method commonly used to solve
ound fo adequately Tit the experimental magnelic probge pojsson equation in cylindrical coordinates. The use

* Louis.Giannone@ipp.mpg.de of discrete sine transforms (DST) along the Z-axis and a

We report on a new spectral-based algorithm to solve the
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tridiagonal solver [6, 7] is an alternative to the cyclic re-a reduced inverse DST can be performed to calculate these
duction algorithm to solve the Grad-Shafranov equation foralues. The columns af inside the boundary edge are :
poloidal flux,. NZ_2

2 . mik
Yik = Gi jsin ( ) (6)
Spectral Method PNz -1 ; / NZ —1

A uniform mesh with constant spacidd: anddZ inthe wherei = 1 and NR — 2, and the rows inside the bound-
R and Z directions is assumed. The grid points are labeledy edge can be calculated in a similar fashion wkits 1
from 0toNZ —1 and 0 toNR — 1, whereNZ is the number andNZ — 2. All these four edges can be computed using
of grid points in the Z direction, and/R is the number of matrix-vector multiplication. This avoids the unnecegsar
points in the R direction. The five point difference equatiogomputations performed by a traditional inverse DST op-
with indexi in the R direction and indexin the Z direction  eration applied to the entire grid. The gradientgjimor-
can be written as : mal to the grid boundarypvy/0n)soundary, are the inputs

required for the next solver step. These are the shielding

Yivrj = 2ij + Y1y 1 iy —Yic1y currents that are necessary to force the zero boundary con-
dR? R; 2dR dition of the first solver step. They are used to calculate the
Vijr1 —2¢ij +v%ig—1 Ri @) Green'’s functions fot) generated by a current hoop of ra-
dz? = THofuli dius, a, carrying current/, for each grid point with radial
) ) ) . coordinate R, and a vertical distanceZ, on the boundary
Introducing the discrete sine transformyfind; : [1,9,10]:
Nz—2 ; VY = poI\/(a+ R)2 + Z2)((1 — k*/2)K (k?) — E(k?
=3 viin (255) - (@t RF+ (1~ /DR (%)~ BG)
=1 wherek? = 4aR/((a+ R)*+ Z?)), K (k*) is the complete
elliptic integral of the first kind andZ(k?) is the complete
Nz_2 ) ik elliptic integral of the second kind [11, 12]. The actual
Jik = Z; Jij st (NZ _ 1) 4 calculation of the resulting on the boundary is performed
=

as a matrix multiplication with pre-calculated coefficient
times the vector of shielding currents.

The second step of the solver is carried out with bound-
ary conditions from the first solver step but without current
source terms on the right hand side of the Grad-Shafranov

wk 5 = 1 equation. Because only the first and last elements are
20NZ-1))" " nonzero, it is possible to use an optimized DST to reduce
dR/(2R;) ,vi =1+ dR/(2R;) andS = dR/dZ. the computation effort. The faster DST is carried out by the
BLAS functiondger producing :

151N (Ngj,l) + i, Nz 251N (%)

The tridiagonal matrix equation is solved with a tridi-Dij = — 72
agonal solver using an LU decomposition algorithm. The Yin — (=1)7iNz_2 j
LU decomposition generates two bidiagonal matrices sub- — T sin ( ) (8)

. . - - dz NZ —1
sequently used in the iterative procedure to solve the- tridi
agonal equations. By using LU decomposition, operations The DST of the boundary conditions at the inner and
are reduced by a factor of 2 compared to the direct solveuter radial positions are added to the first and last
algorithm [8]. columns. The tridiagonal solver is applied to this result

and is added to the result from the first solver step. The
Unbounded Domain solution of the Grad-Shafranov equation is then calculated
by an inverse DST.

The solver for the Grad-Shafranov equation in an un- Under equivalent boundary conditions, an implemen-
bounded domain is composed of two fast solver steps [1fation based on the cyclic reduction algorithm computes
The new algorithm reduces the computing time dramatall elements on the grid in both solver steps. The Grad-
cally by utilizing a spectral method at each step. Shafranov solver algorithm described here achieves a sig-

The first step of the solver uses zero as the condition faificant performance improvement in comparison to cyclic
all grid boundaries with a right hand side current distribureduction by employing two optimized DST implementa-
tion on the flux surfaces from the previous iteration givertions. The first implementation exploits the ability to aloi
by the weighted least squares fit to the magnetic probe andnecessary calculations. The second implementation ex-
flux loop measurements. In this step, it is only necessaploits the fact that the right hand side term is zero except at
to computey at points neighboring the grid boundary andhe boundary to greatly reduce the number of operations.
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leads to the tridiagonal matrix equations :
Bibis1k — akdik + Vidi—1x = —poRidR*Jix.  (5)

wherea;, = 2 + 45%sin?
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The 1) generated by the external poloidal field coils andgteady state conditions are not relevant for practical dis-
passive stabilizing loop on the grid is also realized as eharge control [2].
matrix-vector multiplication using factors calculatedthvi
Equation 7. The poloidal field coils and passive stabiliz- CONCLUSION
ing loop are simulated as a finite number of filaments, with
each filament carrying an applicable number of turns. Vac- A real-time Grad-Shafranov solver based on a discrete
uum field shots with current pulses successively in each §fne transformation of the difference equation rather than
the poloidal field coils are carried out to ensure that thé begyclic reduction has been realized. The resulting tridiago
possible estimates of the magnetic probe and flux loop pH2l equations are solved with a specially developed subrou-
sitions and calibration factors of the integrators are ueed tine based on LU factorization. This tridiagonal solver re-

reconstruct the tokamak magnetic equilibrium with plasmguces the number of operations with respect to the iterative
current [5]. direct solver by pre-calculating the reciprocal of the diag
onal elements. A reduced inverse DST is required in the
first solver step as only the relevant terms for those neigh-
BENCHMARKS bors of the grid boundary need be calculated. A simplified
A Dell T5500 with two PCl-e x16 slots wired as x8 (half DST can used for the second solver step where only the first
length), two PCl-e x16 Gen 2 graphics slots up to 150 wattnd last elements are non-zero. In this way the full inverse
each, a PCI-X 64bit/100MHz slot with support for 3.3V orDST of the first solver step is omitted and the DST of the
universal cards (half length) and a PCI 32bit/33MHz 5\Wsecond solver step without current source terms can be cal-
slot (half length in desktop orientation) has been deligdereculated with a smaller number of operations. The real-time
with LabVIEW RT 2009 installed. A dual port Gigabit Eth- Grad-Shafranov solver cycle time of 0.63 ms on the de-
ernet card, a x4 PCle VMIC 5565 PIORC reflective memlivered Dell T5500 platform satisfies the ASDEX Upgrade
ory card and a NI PCle 8362 interface card for connectioreal-time processing requirements.
of 2 PXI 1045 chassis for data acquisition of up to 256
channels were installed. Floating point benchmarks indi- REFERENCES
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The achieved cycle time for the Grad-Shafranov solver |
therefore satisfactory for the real-time processing negui
ments of neoclassical tearing mode stabilization experj-
ments where the cycle time of the discharge control syste Eng. Des. (2008), http://dx.doi.org/10.1016/3.
is 1.3 ms [14]. It should be noted that these benchmarksare |

. . . . . usengdes.2008.12.059
for a single cycle iteration for the PDE solution. A deteuled14 WT LGi K Liddeck | Eusi
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