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Abstract
A theory of bunch lengthening and energy spread increasing in electron storage rings is established by introducing
the concept of collective random excitations. Analytical
formulae are established to calculate the equilibrium bunch
length and the energy spread in the whole current range.
Some experimental results are compared with those predicted by the theory and the comparison results are quite
well.
1

INTRODUCTION

The phenomenon of bunch lengthening as a single bunch
effect in an electron storage ring was first observed in ACO
[1] at Orsay and later in other machines.
The first empirical formula [1] found in ACO to describe
the variation of the bunch duration (στ ) with respect to the
average bunch current (Ib ) and the beam energy (E), written


Ib (mA)
2
2
−3
στ (ns) = στ 0 (ns) 1 + 2 × 10
E 4 (GeV)στ (ns)
(1)
had a great impact on the potential well distortion (PWD)
theory of longitudinal instabilities in electron storage rings
established afterwards [2] [3]. The theories largely used
to describe the bunch lengthening phenomenon are potential well distortion and microwave instability [4] theories.
However, as stated by Chao [5] and Gareyte [6] the field
of bunch lengthening is still an open area to more detailed
investigations and analytical explanations.
In this paper, we try to give a theory which describes
the variations of the bunch length and the energy spread
with respect to the bunch current covering the whole current range.
2

NATURAL BUNCH LENGTH
AND ENERGY SPREAD

It is well known that in an electron storage ring [7] an
electron will lose its energy due to synchrotron radiations.
Since this radiation is compensated by the rf cavities in the
ring there exists a damping effect on the synchrotron oscil0
lation with the corresponding damping time τε = 2T0 / dU
dE ,
where T0 is the revolution period, U0 is the synchrotron
energy lost per electron per turn, and E is the electron
energy. In reality, the synchrotron radiation energy loss
is in the form of randomly emitted photons, and this random quantum excitations together with the previously mentioned synchrotron radiation damping effects result in the
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single particle equilibrium energy spread, σε0 , and single
particle ”bunch length”, σz0 , expressed as
σε20 =

τε
< Np < u2p >>
4

and
σz20 =



cα
Ωs E

2

σε20

(2)

(3)

where Np is the total number of photons emitted per electron per second at a dipole of bending radius R, up is the
photon energy, α is the momentum compaction factor, γ is
the normalized electron energy, Ωs is the synchrotron oscillation angular frequency, and
Np < u2p >=

55e2 c2 h̄γ 7
√
96 3π0 R3

(4)

What is very important to realize is that the physical meaning of single particle ”bunch length” σz0 which describes
the range of the uncertainty of the longitudinal position of
the particle due to random quantum radiation excitations.
3 BUNCH LENGTHENING AND ENERGY
SPREAD INCREASING
3.1 Potential well distortion
It is known that the mechanism for the potential well distortion which affects the bunch length, mainly due to the
imaginary part of the impedance, is a static one, and the
energy spread of the bunch is not affected [5]. It is useful to recall the corresponding general formulae from the
potential well distortion theory, which are expressed as follows [2] [3]
C0
Ib
R2z = 1 + P W D
(5)
Rz
Rε = 1

(6)

The author of this paper, however, would believe that eq. 5
should be modified as follows:
R2z = 1 +

CP W D Ib
R1.5
z

(7)

where Ib is the bunch current, Rz = σz /σz0 and Rε =
σε /σε0 . The analytical expression of CP W D and the physical reason for the modification from eq. 5 to eq. 7 are
given in ref. 8.
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3.2 Collective random excitations
In this paper, we want to show that the resistive part of the
impedance can lead to bunch energy spread increasing and
bunch lengthening, and we will introduce this mechanism
step by step.
• A bunch of length σz with Ne particles will lose a kinetic
energy W over one turn, and W = e2 Ne2 K||tot (σz ), where
K||tot (σz ) is the longitudinal loss factor of the machine for
one turn, which depends on the bunch length σz .
• The position of each particle inside the bunch is totally
unpredictable. No matter where the particle is, after one
synchrotron oscillation period Ts , each particle has experienced all the longitudinal positions in the bunch and
each particle will lose in average an amount of energy
Uw = e2 Ne K||tot (σz ) per turn.
• The rf accelerating cavities in the ring will compensate
W for the bunch and Uw for each particle per turn in average.
• At the time t = ti , a particle will find its longitudinal random position inside the bunch at zi which corresponds to a
synchrotron phase φi . Since the longitudinal wake potential varies with respect to the longitudinal position, a particle at one longitudinal position will lose an energy Ui after
one turn.
• Since rf cavities provide each particle with an average energy gain Uw after each revolution, the net energy gain of
the particle after one turn will be ∆Ei = Uw − Ui . Apparently, if the particle is located at the very front of the
bunch (denoted position 1) after one turn it will lose nothing due to the collective wake potential, however, it gets
from rf cavities a gain of energy Uw , and its corresponding
∆E1 = Uw . The second characteristic position for the particle in the bunch is ∆E2 = 0 which means the energy lost
due to the wake potential is exactly compensated by the
rf cavities. The third characteristic case is ∆E3 = −Uw
which corresponds to the longitudinal position where the
particle feels the maximum wake potential. It is easy to
know that −Uw ≤ ∆Ei ≤ Uw . As stated above, after one
synchrotron oscillation the average of ∆Ei over Ts will be
zero, and ∆Ei can be reasonably written as
∆Ei = Uw sin(Ωs t − φi )

(8)

where φi is a random variable. The time interval to have
∆Ei and ∆Ei+1 is the revolution period T0 . Eq. 8 decribes a stationary random collective excitation process on
the energy of a particle in the bunch.
Including now the synchrotron damping effect, the effect
of the random kick on the particle energy can be written as


t − ti
∆Ei = Uw exp −
sin(Ωs (t − ti ))
(9)
τε
Having revealed the random process, we will calculate the
rms value of the corresponding energy spread. This can be
done by using Campbell’s theorem [9] which gives
2
σε,w
=

Uw2
τε
4T0

(10)

Combining the effects from the quantum radiation and the
collective random excitations (both random processes are
statistically independent), one gets finally the resultant energy spread
2
σε2 = σε20 + σε,w


Uw2
2
= σε0
1+
(11)
T0 < Np < u2p >>
The bunch length connects with the bunch energy as follows
2

cα
2
σz =
σε2
Ωs E


Uw2
2
= σz0 1 +
(12)
T0 < Np < u2p >>
Defining Rι = σι /σι0 , where ι represents either the bunch
length or energy spread, for an isomagnetic ring one gets
!
1440 (eRNe K||tot (σz )2
2
√
Rι = 1 +
(13)
55 3h̄cγ 7
The dependence of K||tot on the bunch length can be expressed as

ς
σz0
tot
(14)
K||tot = K||,0
σz
tot
where K||,0
is the longitudinal loss factor at σz = σz0 , and
σz0 is the natural bunch length. If SPEAR scaling law [10]
is used (for example), ς ≈ 1.21 (each machine has its own
ς), and eq. 13 can be written as

R2ι = 1 +

tot 2
C(Rav RIb K||,0
)

γ 7 R2.42
ι

where

576π 2 0
√
55 3h̄c3

C=

(15)

(16)

Ib = eNe c/2πRav and Rav is the average radius of the
ring.
Now it is time for us to combine the effects from both
potential well distortion and collective random excitations.
Including eqs. 7 and 6 into eq. 15, eq. 15 (ι = z) becomes
R2z = 1 +

tot 2
C(Rav RIb K||,0
)
CP W D Ib
+
R1.5
γ 7 R2.42
z
z

(17)

and eq. 15 (ι = ε) remains
R2ε = 1 +

tot 2
C(Rav RIb K||,0
)

γ 7 R2.42
z

(18)

What should be pointed out is that C is a positive number,
however, CP W D can be negative if the momentum compaction factor, α, is negative. The procedure to get the
information about the bunch lengthening and the energy
spread increasing is firstly to solve eq. 17 and find Rz (Ib ),
and then calculate Rε (Ib ) by putting Rz (Ib ) into eq. 18.
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When the bunch current is high enough to neglect the effect of PWD, one has Rε ≈ Rz which means that energy
spread increasing and bunch lengthening are almost correlated.
To finish this section, we point out that the third term in
eq. 17 might correspond to the so-called turbulent bunch
lengthening observed in the experiments.
4

COMPARISON WITH EXPERIMENTAL
RESULTS

In this section we use the theory developed above to explain
the experimental bunch lengthening measurement results in
the storage rings of BEPC and Super-ACO. In the following, we shall fit the experimental bunch lengthening curves
by eq. 17 and extract the information on the total loss factor
at the natural bunch length for the corresponding machines.

corresponds K||tot = 1.65 V/pC at σz = 4 cm by using
SPEAR scaling. The recent experimental result [12] shows
that K||tot = 1.5 V/pC at σz = 4 cm which agrees quite
well with the theoretical result.
Secondly, Super-ACO [13] is considered and the comparison results are shown in Fig. 2. From the experimentot
= 3.6 V/pC at σz0 = 2.4 cm.
tal curve one finds K||,0
The total loss factor of the machine at σz = 3 cm is calculated as 2.22 V/pC by using TBCI [14], and the K||tot
obtained from the experimental bunch lengthening curve
is 2.76 V/pC for the same bunch length by using SPEAR
scaling. What should be mentioned is that the experimental results shown in Fig. 2 correspond to the case of positive
momentum compaction factor α = 0.0148.
More comparisons results can be found in ref. 15.
5

10

In this paper a bunch lengthening theory is established
and it is demonstrated that the longitudinal resistive part
impedance of the machine (loss factor) increase the bunch
length and the energy spread due to collective random excitation effects. Some comparisons between experimental and theoretical results are made and the agreements are
quite well.
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Figure 1: Comparison between BEPC (R = 10.345 m and
Rav = 38.2 m) experimental results and the theoretical
results at 2.02 GeV with σz0 =2 cm. The continuous line is
the fitted curve of the theory. The dark points are the BEPC
2.02 GeV experimental results.
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