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Abstract conceptually simple because a variety of effects can

: . . . ) . be added to them in a more or less self-consistent way.
The simulation of spin precession and orbital motion iBnfortunately, it seems very hard to produce explicit

Siberian Snakes in RHIC based on the calculated Qmpjectic integrators for a non-ideal magnetic field, the
measured numerical magnetic field has been done.

> . ) ) mplexity is compounded by the absence of an
(Differential Algebraic) approach was introduced 1Qna tical representation for the magnetic field.
calculate the or_bltal map of full Siberian _Snakes t‘?herefore, we have opted here to keep using an ordinary
second order in the phase space variables. The.orator, from which we extract a map. This has a
symplectification was done for the maps obtained hy5) advantage: because the integrator is not
DA. The symplectified maps that satisfy exactly thgympjectic, any violation of the symplectic condition
symplectic conditions will be presented in this paper. i pe a reflection of the integration accuracy or of the
non-Maxwellian aspects of the fields. In other words it
gives us an idea of the absolute error before any
1 INTRODUCTION symplectic "fudging" algorithm masks it.
During the acceleration of polarized proton beam imhe DA (Differential Algebra) approach [3][4] pioneered
RHIC, it is necessary to preserve the spin orientation td% Berz in beam physics permits the calculation of a
high degree. For this reason, we must include spifdncated Taylor map of an arbitrary element to any
tracking and the effect of the proposed Siberian snakesdffler, and the Taylor coefficients of the resulting
simulations. Spin precession of the proton depends #Hncated map will be accurate to machine precision.
the ambient magnetic field and thus it is coupled withlowever, since the magnetic field given numerically and
the orbital motion. The spin matrix, a rotation in spifnterpolated by spline function is smooth in the first
space, provides the required rotation of the spin and tflerivatives and continuous in the second derivatives, it is
correct angle of the precession axis. The Siberian Snakessible to introduce DA methods to calculate the map
was designed to turn the direction of spin by°18@h  of the full snake to the second order in the phase space
minimal effect on orbital motion. variables without refitting the fields.
The laws of physics require that the spin matrix bé@ fact, the matrices calculated from a field map are not
unitary and the orbit matrix be symplectic. In fact, théymplectic in general. This is a problem resulting not
entire non-linear orbit map must be symplectic. I@nly from the method we used, but also from the
general it is not clear that an approximate solution féleviation of the magnetic field from the Maxwellian
the spin matrix and the orbital map will produce unitarproperty. The symplectification for the maps obtained by
matrices for the spin and symplectic maps for the orbitle DA approach will be introduced and symplectified
part. The violation of the (unitary/symplectic) conditiormaps that satisfy exactly the symplectic conditions will
becomes unacceptable whenever the simulation codedspresented in this paper.
used in an iterative mode, i.e., whenever several turns of
a machine are tracked. A violation of the condition then
leads to a growth or shrinkage of the phase space;2 6-D MAP OF ORBITAL MOTION BY
occasionally it leads to more complex but still DA APPROACH
unphysical behavior. It is this issue that motivates the
present paper. . . . .
The issue of symplectic integration has been address-lértlje DA(Differential Algeb_ra) approach is a tec_hnlque to
by several authors [1][2]. Grossly speaking, sympIectﬁ):r()pagatfa the derivatives o_f a functlori(x)
. o . Iy -~ Systematically through mathematical transformations on
integrators can be divided into the explicit and |mpI|C|fb implv apolving the familiar sum. product and chain
types. Most accelerator physics codes, of the "kick-code y simply applying P

variety, are explicit integrators. These codes are fast ahuc]es of differentiation[4]. The derivatives of any
Y P 9 ' complicated function, which may be obtained by

successive mapping, can be calculated by extending any
functionf to a vectorf called “DA-vectors”. For map-
tracking, all phase-space coordinagebecome the DA
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vectorsz. The first element of contains the current
value of the coordinates, and the subsequent elements
contain the derivatives with respect to the initial values
of z. The vectorsz are initialized by setting the first MT = 7 0.00001740 - 0.00013731. 0.00008627
element to the initial value of, the element which : o e
contains the first derivative with respect to tfignitial 0 o 0.00000009 0.
coordinate is set to be unity, and all the other elements H o 0. 0.

are zero. Each mathematical operation that involves

[10.99987402 12.2799388 0.00007164
[} 0.0002035 0.99987606 - 0.00000085
_ [ 0.00002987 0.00014282 0.99947619

. . . -0.00029680 0. 0.00000018§ ]
phase-space variables is replaced by a vector operation. 0
Then, a truncated Taylor map -0.00012853 0. 0.
12277728 0. 0.00000012]
_ Ji 0.99946440 0. 0.0000000%]
Zfinal =, . 2 A i HE 0
jptio*+insN 172 i -0.00000006 1. 0.0002093
0. 0. 1
can be obtained. The LBNL version of the DA package Table 1. Th tri btained by DA bef
written by Berz was introduced, and Program DA- | at'ft.a d. e matrM, obtained by elore
SSSTRA was witten to do the simulation. In order toSYMPectified.
make use of DA, the magnetic field was reconstructed
again to the second order,
oby, (X,Y,8s)
BW(x,y,s)=bW(x,y,s)+W—D< (10 1d
ax = %I OE
. oby (X, y,8) Oy + 1 azbw(x, Y,S) D<2
7 7
ay 2 ax2 Here each entry in J israxn matrix, | denotes tha xn
22 (x.y.9) 1 92 (x.y.9) identity matrix, and all the other entries are zero. It
¢ L PwiX ¥, 8) Oky + — DW—Z,y Oy2 + ... follows that a symplectic matrix has a unit determinant.
oxay 2 ay The check of the symplecticity for maps of the snake
W=X, Yy, S was done, and the results show that it does not satisfy the

symplectic conditions completely, although a deviation
] ] of the determinant ofM,; from 1 is as small as

Where by, (xy,s) as well as its first and second g199.10™ The maximum error among the matrix
derivatives are expressed by spline interpolatioelements is —1.285310°. The Maxwellian property of
functions [5] fitted from the numerical field data. Sincghe magnetic field around the central ray was checked
the spline function is smooth in the first derivatives anand it was found that the maximum error is aroung 10
continuous in the second derivatives, the truncatdéde same order as the symplectic property of the orbital
Taylor map to the second order can be obtained aroummtrix.

any ray started from the entrance of the snake. .
3.2 Symplectification

The magnetic field strength of Siberian Snake waphe Dragt-Finn factorisation states that a map near the
optimized first in order to make the spin precession tuifientity can be expressed as follow [1]:

180 and the spin matrix of the snake close to unitary as
possible for the particle with the energy E=250GeV MKzexp(ﬁ.D) I,
(storage mode)[5]. Then, six-dimensional map with the

variables of X, p, y, p, -ct, p) [7] to the second order wherel, is identity map. The Poisson bracket operator,

around any ray can be extracted automatically for theg], is a special case of the general vector field operator
particles with the energy from E=25GeV to E=250GeV.

Linear matrixM, for the motion at E=250GeV around ~ T ~ -
the central ray was listed in Table 1. cfrg=[f,gl=0f DG = —ﬂﬂg,
E
3 SYMPLECTIFICATION Whereg is an arbitrary vector function of phase space.
Then,

3.1 Symplectic condition checking

X —
A 2nx2n matrix, M, is said to be symplectic if f _J; J [F X
M« J+ M =], where M is the transpose of M, and J isif F is symplectic, then this computation involves an
the matrix integral of a curl free function. Thus, the functibiis
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unique. If F is slightly non-symplectic, then the
function f is one of possible symplectifications of the

vector field F, and it will depend on the path of the []0.99987402 12.2799388 - 0.00000235
integration. [7- 0.0002035 0.99987606 - 0.00000912
We know that the maM (including second order) from [} 0.00004410 0.00020831 0.99947619
the entrance to exit of the snake is nearly the map for'\AT_sym = [ 0.00000913 - 0.00010970 - 0.00008626
drift of the length equal to the full snake. Therefore, one 0 o 0.00000013 - 0.00000001
needs to construct a new miglp H o 0. 0.
1L 1L -0.00036238 0. 0.0000001 ]

M, =D (E) (M [D (5), -0.00015614 0. oo 0O
WhereD(L/2) is a drift of half-length of the full snake. P ggggggggg
So the linear part of thd, is a matrix near the identity. ) 6 00000018 1' 0'000209315
In the program DA-SSSTRA, a possible syemgic ' 0. 0_' ' N
matrix M, .for M, was computed by an iterative process
as follows. First, we compute the vectér in such a
way that Table 2. The matrix after symplectifed

Meexp(F -0) 1,
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Once, f: is obtained from F, the resulting

symplectified map is

vectorm=exp(- F -0) -M- |,

as a correction of and check whetharectormis close
enough to zero. If not, then we set

F..O F, +vectorm

L -1,L
1 II)l

M =D (E)D\Ak_sym >

sym

_~—1,L . -1,L
=D () exp(f )1, D7)

The maps for the Siberian Snake generated by numerical
magnetic field including second order were
symplectified, and the symplectified linear matrix was
listed in Table 2.

The symplectification results show that there is a little
adjustment for every element of the linear map of the
snake calculated by DA to be symplectic, but for the
second order map, the elements corresponding to the
cross terms such agep,, change significantly.

Further work is being done to put the symplectified map
into the full lattice of RHIC for spin tracking. The
accuracy will have to be gauged in an actual run.
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