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Abstract Budker parameter = N,q*/mc? for the beam is small
Test particle motion is analyzed for a matched intens%ompared.w'tmb; (b) th'e axial momentum spr('aad of the
Qeam particles is small in comparison withmgyc; (c) the

charged-particle beam in a periodic focusing solenoid ! ) : NG .
magnetic field to assess the effects of beam intensity %ﬁa am is axisymmetrit/06 = 0); and (d) the beamis per-

inducing chaotic particle motion and halo formation. ectly matched into the focusing .f'eld with uniform density
profile over the beam cross section,

1 INTRODUCTION (7, 8) = {(J)Vb/mg(s), S E : é;b(s)’ A3)
Halo formation and control in intense charged-particle ’ v
beams has been the subject of recent vigorous theordti Eq. (3),r = (22 + y?)'/? is the radial coordinate,
cal, computational and experimental investigations [1]. It;(s) = (s + .5) is the outer envelope of the beam, and
is of fundamental importance in the development of nexty, = 27 fooo nprdr = const. is the number of particles
generation high-intensity accelerators for basic scientifiger unit axial length. The periodic outer beam envelope
research in high-energy and nuclear physics as well as fey(s) = r,(s + S) corresponds to a special solution of the
a wide variety of applications ranging from heavy ion fu-beam envelope equation [2,3]
sion, accelerator production of tritium, accelerator trans- 2 5

. . d Ty K e
mutation of nuclear waste, spallation neutron sources, and —— + Ks(8)ry — — — _g =0, 4)
high-power free-electron lasers. In these high-intensity ac- ds o T
pe!erators, beam halos must bg controlled in order to Migyhere — 242N, /72 B2mc? is the normalized perveance,
imize beam losses and activation of the accelerator strug;(s) = [¢B.(s)/27Bymc?]? = [Q(s)/2Bsc]? is the fo-

ture. cusing parameteg; = const. is the total unnormalized

emittanceg andm are the particle charge and rest mass,
2 THEORETICAL MODEL respectively, and is the speed of lighin vacua The trans-

. . . . . yerse phase-space distribution that self-consistently gener-
We consider a thin, continuous, intense charged-partlcY P b y9

o L : o Ates the density profile in Eq. (3) is the rigid-rotor Vlasov
_beam propagating m.thedlre_ctlon with chgracterlstlc ax- equilibrium distribution with angular rotation velocity;
ial velocity 8,c and kinematic energy,mc* through the

o . . g [2].
periodic focusing solenoidal magnetic field In cylindrical coordinatesér, 8) in the Larmor frame, the

ol 1, equations of motion transverse to the direction of beam
B™(x) = B.(s)e: — 5 B.(s)(zes +yey). (1)  propagation can be derived from the normalized Hamilto-
nian
Here, e, ande, are unit Cartesian vectors perpendicular ] P2 1
to the beam propagation direction= z is the axial coor- H | (r, P,, P, s) = 3 (Pf + —g) + 5/@2(5)7«2 +1(r, ),
dinate,xe, + ye, is the transverse displacement from the T

; e 5)
beam axis afz,y) = (0,0), the superscript ‘prime’ de- . ) . . .(
notesd/ds with B'(s) — dB.(s)/ds, and the axial com- \k/)vhere the normalized self-field potentia(r, s) is defined
ponent of magnetic field satisfies y

K1 =12 /r2 ()] + K In[ry /13 (s)],
Bi(s + ) = Bx(s), @ =" 0<r<ryls), (6)
Kln[rw/r], Tb(s) <r < ry-

whereS is the axial period of the focusing field.
To_determlne the self-electric _and self-ma.gnet.lc fields 3 ANALYSIS
consistently, we make the following assumptions: (a) the
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where 1
Hy = 51372 + Vo(r, Pp)
1 1 P
= §P’r‘2 =+ EKZZTQ + ﬁ + w(r7 S) rp(8)=Fp>s (8)
1 _
H1 = §[KZ<S) — RZ]TQ + 1/)(7'; 5) - d)(ra S)""bsz' (9)

In Egs. (7)-(9)#(r, s) is defined in Eg. (6), and the effec-
tive mean beam radiug is defined by
7y = (e7S/a) /2, (10)

where ¢ = ETf;+Sds/r§(s) is the space-charge-

125 1.50

rolr,

1.75 2.00

depressed phase advance for the rigid-rotor Vlasov equilifigure 1: Locations and full widths of the primary reso-

rium. The effective mean focusing parametgroccuring
in Egs. (8) and (9) is defined by

K £
_Z = — —_ 11
& 2o (11)

Physically, the HamiltonianH, provides a good ap-

nances of order, = 3 to 6.

Under the influence of the perturbatidiy,, a variety
of nonlinear resonances occur due to the coupling of the
(slow) betatron oscillations and the (fast) oscillations in the
focusing parametet, (s) and associated modulation in the

proximate description of the (slow) betatron oscillationsP&am envelope, (s). The locations and widths of the non-

whereas the perturbatiof/; describes nonlinear reso-
nances induced by the (fast) oscillationir{s) andr; (s).

linear resonances are analyzed.
Making use of the action-angle variablgs .J), we ex-

To determine the betatron oscillation frequency, we enf2ress the total Hamiltonialf formally as

ploy the Hamilton-Jacobi method and perform a canonical

transformation from(r, P,.) to the action-angle variables

(¢, J). LetW(r,J) be the characteristic function satisfy-

ing the partial differential equation

(

As discussed below, the dependenc@06n J is uniquely
determined because of the one-to-one correspondence

1
2

ow

2
o ) + Vo(r, Py) = Hy = const. (12)

H(p,J,Py,s) = Ho(J, Py)+ Hi (¢, J, s). (18)

ExpandingH; in a Fourier series representationimnds,
we obtain

Hi= Y Y au(J)expli(ng +2lrs/S)], (19)
n=—oo l=—o0

where the Fourier coefficients,;(J) are determined nu-
beerically. Of particular interest in the present analysis are

tweenH, and.J [see Eq. (16)]. A formal expression for thethe primary nonlinear resonances that satisfy the resonance

angle variableb is given by

b = OW/dJ. (13)

The action variablg/ can be expressed as

J

1
= o P Prdr = ;/L {2[Hy — Vo (r, Py)|}/2dr,
(14)

where the turning pointsy. solve the algebraic equation

HO = ‘/O(Tzl:vpe)a (15)

andry > r_ is assumed. Because the action variable
increases monotonically with increasiify, Eq. (14) can
be inverted to yield a Hamiltonian of the form

Hy = Ho(J, Py). (16)

The betatron oscillation frequency can then be expressed

wg(J, Pg) = 6H0/8J, (17)

which, in general, must be evaluated numerically.

condition
nwg(Jn, Pp) = 27/S, (20)

whereJ,, determines the location of the primary resonance
of ordern in the phase spad®, J), i.e., atJ = J,. The
full width of the nth-order primary resonance is estimated

to be
( ) { 32lan 1 () }“2 (21)
Pyg=r, L(Ows/0T) =y,
in the radial coordinate.

Figure 1 shows the locations and full widths of the pri-
mary resonances of order = 3 to 6 obtained for the
choice of system parameters corresponding.to= 80°
(S%k, = 8.712),n = 0.2, 0 = 26.2° (SK/er = 3.8),
wp = 0 and Py = 0. Here, a step-function lattice is used,
andy is the filling factor. In Fig. 1, the solid lines corre-

S Sond to the analytical estimates given in Eqg. (21), whereas
the dotted lines are obtained by integrating Eq. (5) numeri-
cally.

Use is made of the Poin@asurface-of-section method
to examine extensively the phase-space structure described
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Figure 2: Poincae surface-of-section plots in the phaseFigure 3: Poincar surface-of-section plots in the phase
space (r, P.) for 15 test particle trajectories moving space (r, P.) for 15 test particle trajectories moving
through the periodic step-function lattice frospS = 0.5 through the periodic step-function lattice fropS = 0.5

to 1000.5. Here, the parameters are;, = 80°, n = 0.2, to 1000.5. Here, the parameters are; = 80°, n = 0.2,
o=11.4° (SK/&T =10),wp =0, andPy/er = 0. o =114° (SK/er = 10), w, = 0.9, andPg/eT =—-0.9.

by the Hamiltoniar# in Eq. (5). Of particular interest are (P,), beam intensity (as measured BY< /e or o/0,),

the nonlinear resonances and chaotic particle motion of tagicuum phase advaneg, or beam rotation.) is varied.
particles outside the boundary of the phase space occupiést an intense beam with nonrotating KV equilibrium dis-
by the interior beam particles making up the rigid-rototribution (w;, = 0), it was shown that the chaotic regions ap-
Vlasov equilibrium distributionf, [2]. The phase-space proach the phase-space boundary of the equilibrium distri-
boundary of the rigid-rotor Vlasov equilibrium is a closedoution as the canonical angular momentBgrdecreases in
surface in the three-dimensional phase sgacg., P») at  magnitude. For an intense beam with a rigid-rotor Viasov
any given axial distance A projection of such a boundary equilibrium distribution ¢, # 0), it was found that the

onto the phase spa¢e, Py) can be determined from presence of beam rotation reduces the degree of chaotic
behavior in phase space. Finally, foy < 80°, the test-

Pyry(s) ot ? F(1—wd) 2 |- W (22) particle analysis showed that at very high beam intensities,

epr brb(s) b r2(s) b the chaotic layers associated with the separatrices of non-

linear resonances are still divided by the remaining invari-

where the parameter, (|wy| < 1) is a measure of beam gnt (KAM) surfaces and do not overlap completely to form
rotation in the Larmor frame. For a KV equilibrium distri- 3y extended chaotic region.

bution,w, = 0.

Detailed results of the phase-space analysis are dis- 5 REFERENCES
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4 CONCLUSIONS

Test particle motion has been analyzed for matched in-
tense charged-particle beam propagating through a periodic
solenoidal magnetic field. The betatron oscillations of test
particles in the average self fields and applied field were
analyzed, and the nonlinear resonances induced by peri-
odic modulations in the self fields and applied field were
determined. It was found [4] that the phase-space structure
changes significantly as the canonical angular momentum
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