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PARTICLE DISTRIBUTIONS FOR BEAM IN ELECTRIC FIELD *

O.l.Drivotin, D.A.OvsyannikoV St.-Petersburg State University, St.-Petersburg, Russia

Abstract of Ermakov systems [2]. They have well known Ermakov

In the present report an approach for determination of part'f]tegrals 9

cle distribution density in analytical form for beam in elec- I? = (xR, — #R,)* + E—;”xz, (6)
tric field is presented. It was applied previously for beams Rf

in magnetic fields [1]. The purpose of the report is to ex- 9 . . y

tend this approach on beams in electric field. For low cur- I = Ry = §R,)* + R_gyg' )
rent beam, the expressions for particle density are obtainedAssume that the beam cross sectﬁon is bounded by the
in various cases. For intense beam, the integral equatigﬂipse:
for particle density in the space of first integrals of motion

T P ?/R2+y*/R2 < 1 8
equations is proposed. The well known KV distribution is ) v/ Be+y7 /Ry < v ) ®
one of its solutions. and find such set of, andI, that this assumption would

be true. Maximal value of the coordinatés reached when
1 ERMAKOV SYSTEMS AND THEIR the first term in (6) turns to zero:

INTEGRALS 22, =I’R/E2.
Consider stationary beam of charged particles in RF ele&imilarly, A
tric field, transverse components of whieh, E, are linear Ymax = I, Ry | E}.
functions of the corresponding coordinates: The point(zmax, ¥max) Must lie inside the ellipse? / R2 +
2 2
B, = kox, B, =kyy. (1) y*/R; = 1 and we get
. . 2 I?

Let assume that in each cross-section of the beam all par- -5 + —yZ <1, I,>0, I,>0. (9)
ticles have the same longitudinal velocity This assump- E: By
tion is realized, for example, for beam in initial part of RFQSp, the set of admissible valueslof I, is bounded by the
channel. ellipse (9) and coordinate axes.

Further we will consider distribution of particles of some
infinitely thin layer moving along—axis with the veloc- 2 DISTRIBUTIONS IN THE SPACE OE
ity Z and restricted by two infinitely closed planes mov- INTEGRALS
ing with the same velocity. Let us assume that initially (in
the beginning of the channel) particles fill ellipsoid in four-Let us consider particle distribution of the moving infinitely
dimensional space: thin layer introduced above. Taking into account that the
thickness of the layetz varies when the layer moves along

X*BoX =1, X" =(2,%,9,9), (2) . _axis, we normalize all densities dividing them by con-
By is diagonal matrixBe = diag(aso, ce0,ay0, cy0). As ~ Serving valuelz/z. _ o _
the equations of motion are linear: We will denote the density of distribution on the vari-
ablesa,b,... by DN/D(a,b, ...). For example, the phase
d’x d*y density in this notation i& = DN/D(x,i,y, ). Assume

@ =@ gp =@ Qay=lhay/m ) atthe phase density depends only on values of the inte-

Ig_ralsII andI,. Under this condition the particle distribu-
tion is determined only by, andI,, and, hence, we can
introduce the density of distribution on values of the inte-
d?R, E? gralsI, andl, f(I,,I,) = DN/D(I,, I,). Note, that set-
a2z Qullz + R3’ ) ting of f(1,, I,,) as function ofl,, I, is more correct pro-
cedure then setting of phase densitgs function off,, I,
d’R E? because we set density as function of the variables to which
it is related as a density. In particular, we can correctly use
generalized function as particle densities.
Let us express the phase density and the density in the
nfiguration space through the densft{f,, I,,). Intro-
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in each subsequent moment particles fill ellipsoid, and e
velopes on, y satisfy the equations

whereE, = agzocz0, £y = ayocyo- Here R, , are beam
envelopes. The equations (3) and (4,5) represent two pagcs)
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sz = (tRy — iR,), s, = (yR, — yR,). Introducing the variables

Then we have I =/ (I,JE.)?> — ¢, I,=./(I,/E,)? - a2,
DN 4 DN | det A5z, 5y) |~ wecan transform the expression (11) to simpler form
D(Qma‘]ya[za[y) D(QmaanSwasy) 6(196’]?1) 4E1Ey
o(z,y) = WX
41,1, DN 4L, 1 o z ity
525yl D(das@y> Sa58y) syl FERG /n(Ex\/i,% + @, B2+ @)dl dI,,  (13)
Q
DN AL, 1 DN where() is determined by the inequalitidd + Nj <1-
= ‘ ‘ X 2 _ 2 7
D(quqyﬂqIJQy) |sty| R;QngQ/ D(z,y,,9) 9z — y Loy 20

From this expression one can obtain particle distribu-
tions in configuration space.

6(w,y,j;,g)) _ 4IzIy

— . 3 EXAMPLES OF DISTRIBUTIONS
8(Qmaandma‘jy) |5w3y|

In the simplest case the phase density is constast:ng.
The factor 4 arises because there are four combinations®fibstituting it to (13) and integrating, we have
52,8y Which give the same values df, I,,. To find the 2E.E 22 2
relation betweerf (1., I,)) andn(1,, I,,) we must integrate s ol — == — 557)-
: Ry (1) Ry (1) R(t)  Ry(t)
last equality ory,, g, because v
Other simple examples can be easily obtained if we take

| det n(ly, I).

o(t,z,y) =

flle, L) = __DN _ phase density (or densit§(I,, I,))) as function of expres-
ST D(I, 1) sionl — I7/E> — I,/ E,. Let phase density has the form
n(I,I,) =no(1—1;/E; -1} /E;)P. Substituting to (11)
qz,max Jy,max DN we get

———— dq, dq,.
) D(‘]m‘]ya]xa[y) Y

Integrating and taking into account that

|Sz| =V I% - E,%Q%J |5y| = \/ Iﬁ - Eﬁqﬁa

we get
5 L1,
I, 1) = 7r‘E n(ly, ). (10)
zty
For density in configuration space we have
4 / DN
z,y) = dl, dI
Q( y) Rny A D(‘]m‘]ya]xa]y) Y
or
4 L.I,n(I,,I,)dI,dI
Q(m’y):RR / 2y (o Qy)') zo' (11)
et e VI - ERag /1 — B,

Integration domainf? is the set defining by the inequalities

2 2 2 2 2 2 12 IZ
IZ > E¢?, I?>F¢, =2 4+-L<1.
g i Y vl B2 E2

Substituting the densityf (I, I,) into the expression
(11), one gets

4E, E, fIy, 1) dI, dI,

BBy ) [TT-EGE\ 12 - Bl

o(z,y) = . (12)

TE, E. 9 9 1
0t,z,y) = ——Z-(1- ¢ — )Pt x
A NOT N0k v
Vi-a-d . ~
I? , I
(1_1—(]2—(]2) 5 .)><
A z Y ,/l—q;c—q&
I 7E,E
— Ty (1 _ qg _ q?g)p—i-l’

2

—gi—g T DRORO

p # —1,wherel = /I2 + I2. For example, ifn is pro-
portional to(1 — 12/E2 — 12/E2)~'/2, theng is propor-
tional to(1— g2 —¢2)'/2. In both examples particle density

falls down to zero on the border of the beam. It can be seen

that for allp > —1 this property take place.
An interesting distribution we get taking the density
n(Ig, I;) inaform
YEE F A
—(ﬁ + ]5,—1"12)/(342
n(Iy, I,) = nge 90 Y .

Then we have

_ _mEEy, 5
Q(tamay) - Rz(t)Ry(t)noa X
«? |R2(t) + y* /R (1) 1

a2 —e_g),

(e

If a is small, then the density is determined by the first

term and represents Gauss distribution on transverse coor-

dinates.
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The equations (14), (16) and (15), (17) represent two pairs
of systems analogous to the Ermakov system and have the
same integrals (6), (7) as systems (3), (4), (5). Moreover,
all expressions for densitiy(z, y) (11-13) obtained above
are valid in this case. Taking into account the expres-
sion for density (11) we have integral equation for density

fLa, 1) :

f(I,, 1,)dI, dI,
EE/
I2 — E2q2

FQRnyQO. (18)

The problem is to find such functiofy(1,, I,)) that result
of the integration is independent gg, ¢, (though the inte-
grand is depend on them).

The well known KV distribution [3,4] is the solution of
the equation (18):

f=fL1,0(1-1,/E; - I'|E}). (19)

5 CONCLUSION

The approach for determination of particles distributions
in electric field proposed in the present report allows mod-
eling of nonuniform distributions for low intensity beams,
which can be represented in analytical form along accel-
erating and focusing channel. In particular, these distribu-
tions can be widely used in various optimization problems
of beam dynamics with the account of particle density dis-
tribution in configuration space [5,6].

Another result of this work is integral equation for den-
sity f(I,1I,) for intense uniform charged beam. On
the base of this equation the problem of finding of self-
consistent distributions can be examined.
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