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Abstract

A simple particle-core model for circular accelerators
has been constructed assuming that dispersion effects
are relatively weak. This model is applicable to a large
class of high-intensity rings designed for modest den-
sity applications such as spallation neutron sources.
Applying this model to isotropic beams in a smooth
ring, halo formation processes in the presence of dis-
persion are investigated. In the analysis, it is found
that dispersion matching is essentially important to
suppress horizontal beam widening in injection. With
dispersion matching, a halo is formed by the particle-
core resonance, and its width is a little narrower than
that in a straight channel. Dispersion effect on halo
formation in high-density situations is also discussed.

1 INTRODUCTION

Recently, high intensity proton synchrotrons or stor-
age rings have been proposed to be used for various
applications such as bunch compression for spallation
neutron sources. As uncontrollable beam losses due to
halo formation is often considered as a main concern in
these machines, increasing attention has recently been
given to the beam halo problem in circular accelerators
[1]. While the particle-core approach [2] has already
been adopted in some of these studies, we propose an
alternate particle-core model for beams in circular ac-
celerators in this paper.

In this paper, we consider the simplest situation to
clearly bring out the dispersion effect on halo dynam-
ics, namely; we consider a coasting beam circulating
in a smooth ring where both the bending and focusing
fields are constant (smooth approximation). The em-
phasis is put upon situations with modest beam den-
sity where tune depression, or ratio of depressed tune
to undepressed one, is well larger than 0.9, while halo
formation in higher density cases is also discussed.

2 PARTICLE-CORE MODEL

The first basis of the particle-core analysis is envelope
equations which describe the time-evolution of core en-
velope. Recently, envelope equations which include ef-
fects of dispersion and space charge were derived by
Venturini and Reiser [3]. They found that the usual
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horizontal rms emittance ε2x = 〈x2〉〈p2
x〉−〈xpx〉2 is not

an invariant of motion in the presence of dispersion.
Instead, the generalized emittance εdx defined as fol-
lows is conserved:

ε2dx = (〈x2〉 − D2∆2)(〈p2
x〉 − D′2∆2)

−(〈xpx〉 − DD′∆2)2, (1)

where ∆ =
√〈(δp/p)2〉 is the rms momentum spread.

The independent variable s is the longitudinal distance
along the design orbit, and the prime indicates the
derivative with respect to s. The dispersion function
D obeys the equation

D′′ +
[
κx − K

2a(a + b)

]
D =

1
ρ
, (2)

where a =
√〈x2〉 and b =

√〈y2〉 are the rms beam
widths, and ρ is the average radius of curvature. The
generalized perveance K is a measure of the beam den-
sity, and κx is a constant which represents the exter-
nal focusing field strength in the horizontal direction.
Note here that κx includes the horizontal focusing ef-
fect of the dipole magnets.

The envelope equations with dispersion can be writ-
ten as

a′′ + κxa − K

2(a + b)
− ∆2

a

(
D

ρ
+ D′2

)

− ε2dx − a′2(a2 − D2∆2) + (aa′ − DD′∆2)2

a(a2 − D2∆2)
= 0, (3)

and

b′′ + κyb − K

2(a + b)
− ε2y

b3
= 0, (4)

where εy and κy are, respectively, rms emittance and
external focusing field strength in the vertical direc-
tion. As easily seen in Eq. (3), the emittance term is
modified by adopting the generalized emittance, and
the dispersion term is added compared to envelope
equations for a straight channel. Simultaneously solv-
ing Eq. (2) to Eq. (4), we can obtain the time-evolution
of core envelope.

To construct a particle-core model for beams with
finite momentum spread, we need to know the matched
beam width and coherent tune of these beams. The
presence of dispersion causes changes of matched beam
size and coherent tune. In the following, we examine
these changes due to dispersion considering isotropic
situations, namely κx = κy and εx = εy.
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Figure 1: Poincaré plots for test particles in modest density cases with ηx = 0.9, µ = 1.1 and ξ = 0.15. Test
particle position scaled by the maximum beam boundary width 2amax = 2a(0) is taken as the abscissa. Three
different Λ, i.e., (a) Λ = 0, (b) Λ = 2, and (c) Λ = 4 are considered.

Considering situations where dispersion effect is
modest, the matched beam widths are obtained [4] as

a0 = â0

[
1 +

η̂2
x(3 + 5η̂2

x)
4(1 + η̂2

x)(1 + 3η̂2
x)

ξ̂2

]
, (5)

and

b0 = â0

[
1 − η̂2

x(1 − η̂2
x)

4(1 + η̂2
x)(1 + 3η̂2

x)
ξ̂2

]
, (6)

where â0 and η̂x are, respectively, the matched
beam width and tune depression of the correspond-
ing zero-momentum-spread beam. The parameter ξ̂ =
∆/(â0ρη̂2

xκx) is a measure of the strength of disper-
sion effect. As ξ̂2 is typically a few percent in modest-
density circular accelerators [5], fourth or higher order
terms of ξ̂ are neglected in the derivation of Eq. (5)
and Eq. (6).

In mismatched situations, core envelope and disper-
sion function oscillate around the matched solution.
These coherent tunes can be obtained [4] as

ν2
b =

[
2(1 + η2

x) − 2 + 14η2
x + 15η4

x − 7η6
x

(2 + η2
x)(1 + 3η2

x)
ξ2

]
ν2

x, (7)

for breathing mode and

ν2
q =

[
1 + 3η2

x − 1 + 14η2
x + 30η4

x + 3η6
x

2(1 + 2η2
x)(1 + 3η2

x)
ξ2

]
ν2

x, (8)

for quadrupole mode, where νx =
√

κxρ is the horizon-
tal bare tune. Although one additional mode arises
due to coupling with dispersion function, its contri-
bution to envelope oscillation is generally small. The
tune depression ηx is related to η̂x as

η2
x =

[
1 +

(1 − η̂x
2)(1 + 2η̂x

2)
(1 + η̂x

2)(1 + 3η̂x
2)

ξ̂2

]
η̂2

x. (9)

The parameter ξ is another measure of the strength
of dispersion effect defined by ξ = ∆/(a0ρη2

xκx). The

relation between ξ and ξ̂ is easily obtained by using
Eq. (5) and Eq. (9).

The second basis of the particle-core analysis is the
equation of motions of test particles. Assuming that
cores have the KV distribution [6] in the transverse
phase space and that test particles have zero angular
momentum, equation of motion for test particles ini-
tially located on the horizontal plane (y = y′ = 0) can
be written as [7]

x′′ + κxx − K

2a(a + b)
x − Λ∆

ρ
= 0, (10)

inside the core (|x| ≤ 2a) and

x′′ + κxx − K

x2 + |x|√x2 + 4(b2 − a2)
x − Λ∆

ρ
= 0,

(11)
outside the core (|x| > 2a), where relative momentum
deviation Λ = (δp/p)/∆ is a particle-dependent con-
stant. The maximum value of Λ typically ranges from
two to four, while it is distribution-dependent.

3 NUMERICAL RESULTS

Applying the particle-core model described in the pre-
ceding section, we examine halo formation in the pres-
ence of dispersion. In this section, we concentrate on
the cases where breathing mode oscillation is selec-
tively excited. To start with, we consider a modest
density beam with ηx = 0.9 and ξ = 0.15. Poincaré
surface of section plots for test particles are shown in
Fig. 1. In this figure, test particles with three differ-
ent Λ have been considered, while the mismatch factor
µ = a(0)/a0 is fixed to 1.1. As readily seen in Fig. 1(a),
the width of 2:1 resonance island is a little narrower
than that of the corresponding zero-momentum spread
beam because of a decrease of coherent tune. As Λ is
increased, dispersion effect gives a shift of fixed point
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Figure 2: Poincaré plots for test particles in high density cases with µ = 1.1, Λ = 4 and ξ = 0.15. Beams with
three different densities, i.e., (a) ηx = 0.5, (b) ηx = 0.4, and (c) ηx = 0.3 are considered.

locations. At the same time, the width of 2:1 particle-
core resonance decreases. As easily seen in Fig. 1, dis-
persion matching is essential if the maximum value of
Λ is larger than a certain value, namely; particles with
large momentum must be injected into outer side of
the core. Without dispersion matching, the shift pro-
vides a transport mechanism by which particles ini-
tially located inside the core can escape from the core
and become halos.

In particle-core analyses for straight channels, only
particles which are trapped by the 2:1 particle-core
resonance are considered to be halo particles, because
particles initially located in the vicinity of the core can
not go beyond the separatrix of the resonance. Obvi-
ously, this criteria is valid in estimating halo width in
the presence of dispersion only in cases where the dif-
fusion due to dispersion mismatch is suppressed. Ap-
plying this method, the halo width in the presence of
dispersion is found to be a little narrower than that in
a straight channel, and typically 1.8 times the maxi-
mum core width.

Although this particle-core model is constructed as-
suming modest density beams, it is applicable to high
density cases provided that ξ is small. Poincaré plots
for high density beams are shown in Fig. 2, where
three different beam densities have been assumed.
In increasing beam density keeping ξ to 0.15, some
additional islands of higher order resonances appear
around the central stable point. Weak chaosity is ob-
served in all three cases in Fig. 2, which may increase
halo intensity.

4 SUMMARY

We have constructed a simple particle-core model for
beams in circular accelerators, neglecting fourth or
higher order contribution of ξ. Although this model
is efficient only in cases where ξ is small, it is appli-
cable to a large class of circular accelerators designed

for modest-density applications and it provides us use-
ful information on halo dynamics in these machines.
Especially, this model is sufficient for halo studies in
most rings designed as a bunch compressor for spalla-
tion neutron sources.
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