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Abstract

It is assumed that Fermion particles, such as electron and
proton, in amatched beam follow Fermi-Dirac statisticsin
the equilibrium state. Parametric resonances, chaotic mo-
tion, and halo formation in transverse direction of motion
areinvestigated anaytically. Theanalytical expressionsfor
the parametric resonances and the maximum transverse po-
sition deviation, above which chaotic motion starts to oc-
cur dueto transverse beam envel ope oscillation, are derived.
Analytical formulafor the current lossrate is established.

1 INTRODUCTION

Recently, high power ion beams are more and more de-
manded in the related possible applications such as ther-
monuclear energy production, transmutation of radioactive
wastes, the production of tritium and the special materials,
and the conversion of plutonium. One of the major chal-
lengeson thelinacisto keep the machi ne mai ntenance hand-
accessible which can be roughly quantified by a rule-of-
thumb of the average particle lossrate < 1 nA/GeV/m [1].
Thelost particles are mainly from the halo which surrounds
the beam core. Among others, the particle-core model pro-
posed by O’ Connell, Wangler, Mills, and Crandal [2] isthe
simplest and the most explored, which illustrates many im-
portant features of the dynamics of the particleswhich con-
stitute the hal o with the assumption that the core has a uni-
form density and zero emittance. A good summary of what
we know about the halo formationin linacsisgivenin ref.
3. The problem with the existing models, however, isthat it
isnot obviousto predict the particleloss rate. In this paper
wetry to explain anaytically the hal o formation processes
in detail, and try to estimate the halo current loss rate ana-
Iytically.

2 PARTICLE DENSITY DISTRIBUTION

Kapchinskij and Vladimirskij derived the envelope and sin-
gle particle transverse motion differential equations for a
continuousbeam asfollows(welimit oursel vesto round and
continuous beams) [4]:

- Envel ope equation:
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where R isthe beam envel opein a continuous solenoid fo-
cusing channdl, K = 2(1,/1o)/(37y)?, me isthe beam un-
normalized transverse emittance, v and /5 are the normal-
ized particle'senergy and velocity (v/c), respectively, I, is
thebeam current, and Iy = 4megmmoc® /g withmg /g being
the mass charge ratio of the particle (Ip = 3.1 x 107 A for
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proton).
- Single particle equations:
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when ¢ > R. Sincethe KV envelope equation is derived
from a specific microcanonical distribution, thevaidity for
theother kindsof distributionisnot automatic. Accordingto
Lapostolle[5] and Sacherer [6], one can use the same form
of envelope equation for any possible particle distributions
provided that the envel ope and the emittance are defined as
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From now on the form of the envel ope equation expressed
ineg. lisregarded as particle density distributionindepen-
dent. Now we distinguish two cases. the matched and mis-
matched beams. Considering now a continuous focusing
channdl, for the first case one means:
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forz < R, wherew? = ¢*/R*. For the matched case, ap-
parently, when ¢ = 0 the motions of particles within the
beam envel ope can be equiva ent to those of particlesin col-
lisionfree gas of zero temperature (in thispaper we consider
only Fermion gas such as electron and proton which have
half-integral spins). For the zero emittance matched beam
enveloperadius, Ry, onefinds Ry = \/E/wo. Whene # 0
the stationary envelope radius will become R = Ry + J R.
Putting thisexpression into eg. 1, for 6 R << R, onefinds
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Fromeg. 1oneknowsthat if R deviatealittlebit from R at
zero emittance limit the envel ope oscillates approximately
like an harmonic oscillator:
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wherewr = /2w, whichiscalled the envelope oscillation
frequency. Now we are at the stage to estimate the equilib-
rium particle density distributionfunction, n(z). Asnoted
above we regard the particles in the matched beam as the
particlesin a Fermion gas, and in consequence, the density
distributionfollows Fermi-Dirac statistics:
nE=o
1 +exp (£ — pu)/kT)

where F isthe particle stransverse oscillation energy, p is
thechemical energy of thegas, & isthe Boltzmann constant,
and 7" isthe temperature of the gas. The transverse oscilla-
tion energy of a particle is proportional to the square of its
plasma oscillation amplitude and 47" is proportiond to the
square of Debye length, Ap. Onerewriteseq. 10 as

n(E) =

(10)
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where Ap isestimated as follows:
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Now we look at a more general situation when the beamis
not matched with R = Ry + ARand AR << Ry. Inanal-
ogy with d R we know that A R oscillateswith envelopefre-
quency, wg aso. Intheequilibrium state (thereis no diffu-
sion process exists) particles are assumed to follow Fermi-
Dirac statisticsasin the case of matched beam. The general
expression for Ap isobtained as:
2 2 2

_ (0R* + AR*)w3, (14)
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wherewiz = 2w3AR/Ry, AR and 6 R are statistically
independent. When AR = 0 eg. 14 reducestoeg. 12. In
the case where the contribution from the definite emittance
can be neglected eg. 14 can be simplified as:

Ap\° AR
Ro) = Ro
To study single particle dynamics we assume that for » <

Ry —Ap andz > Ry — Ap the particletransverse motions
are described by egs. 2 and 3, respectively.

(15

3 INSTABILITY DUE TO PARAMETRIC
RESONANCE: ARNOL’D TONGUES

In this section amismatched beam in acontinuousfocusing
channel is considered since for amatched periodic focusing
channel theproceduretotreat theproblemisthesame. From
eq. 2itisfoundthat if thebeam envel opeismodul ated from
the matched radius, Ry, by A R.(z), the differential equa
tion of motion reads:

(16)
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where AR (z) = AR.(# + L.), and L. isthe envelope
modulation period. If AR.(z) isexpressed as a sinusoida
function of longitudind position, z, the stability region of =
will be determined by Mathieu equation. Not stickingto the
mathematic rigor we assume that A R.(z) is approximated

by: AR.(z) = ARcowhen0 < z < L./2and AR (z) =

—AR.owhenL./2 < z < L. Defining
L.
w;, =5 W (a7
and ,

L. 2KAR

=|=)] ——— 18

== (5) "% 19

one getsthe stable and the parametric resonance regionsde-
scribed by the functions[7]:
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For k = 1 we obtain the result obtained by Gluckstern [8]
that when the particle frequency is about one haf the core
frequency the parametric resonance occurs. Inthispaper we
generaize this particular conclusion to amore general one:
when the particle frequency is about an integer times one
half the core frequency the parametric resonance occurs.

W k24 Tk =1,3,5, (20)

4 THE ONSET OF HALODUETO
NONLINEAR RESONANCESAND
STOCHASTIC MOTIONS

As we have assumed in section 2 the trajectory of a parti-
clelocated in the nonuniform density region is determined
by eq. 3. If wedefinex = Ry + Az, where Az < Ry,
one finds Az satisfies the following nonlinear differential
equation:

Az
e +wiAz + R—Ax
K Azr\? Az\? Az\?
_ o) (=) (=) o) =0
Ro Ro Ro RO
(21)

It has been shown numericaly that the solutionof Az issta-
ble and periodical [2]. Now let’s consider the case when
there is an envelope modulation, AR, around R, due to
either periodic focusing or mismatching. The differential
equation governing the particle motion near R, turnsout to
be:

dZAx+ 200y A K Az’ Az 3+
dz2 waRoxRo Ro Ro
KAR [ Az\*
20 =22 =0 22
* R (RO) (22)
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Figure 1. The current loss rates vs the energy of a proton
beam of I, = 1A, Ry = 0.006m, R,,, = 10R,, f = 0.1,
L =5m,and 3(z) = 8m.

1000

For the matched case A R,,.q:c, has the same period as that
of the periodic focusing lattice, .. In this section we dis-
cuss only thematched periodicfocusing channel, and denote
ARpateh = ARg. Tosmplify the mathematics treatments
we assume that A Rq(z) is represented by a periodic delta
function of period . and amplitude A Ry. It isshown (see
ref. 10) that under the periodic envelope oscillation pertur-
bationif theamplitude of aparticle’ sdeviation Az islarger
than somelimit, say Az, 4., themotion of thisparticlewill
become chaotic, and Az, 4, isanalytically expressed asfol -
lows[10]:

] 1/3
Aen o = 16R;
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where 3(z) is the betafunction of the focusing channel.

(23)

5 ESTIMATION OF BEAM CURRENT
LOSSRATE

According to the discussion given above one knowsthat the
particles located near Ry (x = Ro + Az) with Az >
Axq. Will diffuse outwards into the focusing-dominated
region and contribute to the halo.

Now we discuss the average beam loss rate on the me-
chanica boundary of the beam transport system, and we
may make a rough estimation in the following way. It is
known that the particleslocated in Az > Az, 4, Will dif-
fuse outwards, and the current, 7, which participates this
diffusion process can be calculated as:

dz?

(24)
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One can imagine that auniform halo disk isformed around

the beam core started from « = Ry + Azmq,. Dueto the

beam envelope oscill ation the dimension of the disk, which

extendstotheradius, R,,, of themechanical aperture of the

transport system, oscillates with » = R, +£ ARy. Obvi-
oudly, the particleslocated in R, < & < R, + ARy are
lost, and thislosswill befilled throughthediffusion process.
If the particlere-distributiondistance, or the so-called relax-
aiondistance\, /4, (\, = 27 Ro/V/3K)[3], isshorter than
the envel ope oscillation period, the beam current loss rate,
R(A/m), can be estimated asthe R = [4(ARo/Rm)?/L,
where R,, >> Ry. If, however, the relaxation distanceis
longer than L, onehas R = 414(ARo/Ry)?/A,. To SUM-
marize, we give asimplified beam current lossrate formula
asfollows:

AR3 1 20 man/A
Rzlbf RO hl( —I—exp( x / RO)

LRyRZ, exp (2A%maz /A Rp)

wherel = LwhenL > A\, /4, L = X, when L < X, /4,
and f istheratio of the average beam current with respect
to the peak bunch current. In Fig. 1 we givean exampleto
show how one can use egs. 23 and 25to estimate the current
loss and how this current loss varies with beam parameters,
where we choose Ry = 0.00bm, I, = 1A, f = 0.1, L =
5m, 3(z) = 8m, ARy = 0.0025mand ARy = 0.001m,
respectively. Inthefigurethetolerable current lossrate [9)]
is presented by the dark dots, and it is obviousthat in this
case A Ry should belessthan 0.001m.

) @

6 CONCLUSION

It is assumed that at the equilibrium state the transverse
beam density distribution of amatched beam followsFermi-
Dirac statistics (for Fermion particles). The conditionsfor
the particles’ transverse motions to have parametric reso-
nances and nonlinear force induced stochastic motions are
derived analytically. Finally, theanayticd lossrateformula
is established.
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