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Abstract

In this paper we try to explain the single bunch energy

spread increasinginaproton storagering. Different froman
electron machine, the random motions of some particles of

abunch are caused by the nonlinear synchrotron oscillations
perturbed by the short range longitudinal wakefield. Anan-

alytical singlebunch threshold current formulahas been es-

tablished to indicate the beginning of the longitudinal ran-

dom motions. By using kinetic descriptions one shows that
theenergy spread of the parti cleswhi ch execute random mo-
tions will increase, and the energy spectrum width of the
random motionswill be enlarged withincreasing bunch cur-
rent.

1 INTRODUCTION

The problem of thelongitudinal instabilitiesinaproton stor-
ageringisquitedifferent from that in an e ectron onewhere
the synchrotron radiation plays an important role [1]. Itis
observed experimentally that below an apparent threshold
bunch current the bunch length increases with increasing
current while the bunch energy spread remain unchanged,
and the mechanism of this bunch lengthening is explained
quite well by the potential well distortion theory. When
the bunch current surpasses the threshold value the energy
spread of the bunch increases also. In this paper, wetry to
explainthemechanism of thesinglebunch energy spread in-
creasing in aproton storage ring and establish an analytica
formulafor the threshold current.

2 LONGITUDINAL MOTION
PERTURBED BY SHORT RANGE
WAKEFIELD

Inacircular proton storage ring anon-synchronous particle
will oscillate around the the synchronous one under the rf
focusing in the longitudina direction, and its phase ¢ with
respect to the rf accelerating potentia is determined by the
following differential equation [2]:

d* Q. .
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where V isthe peak accelerating voltage, & isthe harmonic
number, n = 1/4% — a, v isthe normalized particle energy,
o is the momentum, R; isthe average radius of the ring,
ws = ¢/ Rs, ps and ¢, are the momentum and the phase of
the synchronous particle. For the convenience in the later
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mathematical treatment, we approximate eq. 1 by the fol-
lowing differential equation
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where A¢ = ¢ — ¢5. For the stationary bucket eg. 1 and
eq. 3 areequivalent. It isobviousthat A¢ oscillates as a
pendulum. The deviation of a particle with respect to the
synchronousoneintermsof energy isexpressed asfollows:
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By defining P = 222 and Q = A¢, eg. 3 can be derived

from an Hamiltonian 77(Q, P, t) expressed as
1 2 2
H(Q,P,t):§P —Q%cos Q) (5)
where P and ) are canonicd. Let uschange P and @) tothe

action-angle variables, 7 and ¢. By introducing two vari-
ables (N and &)

W= 0+ ®)

and
Nsin&’:sin%,(ﬁgl) @)

one gets[3]
I(H) = %Q (E(g; M) = (1= V) F(Z; M), (¥ <)
®
_ 05(@,1)
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with

S(Q,1) =49, (& N) = (1= N)F(& V), (N < 1)

(10)
where F(¢; N) and E(¢; N) are thefirst and second kind
dliptical integrals, respectively. The frequency of thisnon-
linear oscillator can be obtained easily as

_ dH(I) w8,
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It is obvious that on the separatrix (N = 1) onehas H =
H. = Q% and Q(H,.) = 0. Dueto the interaction between
the charged particles and the environment, after each turn
abunch will lossenergy W' = N K5 (o), where N,
is the number of particlesin the bunch, K% () istheto-
tal longitudinal loss factor of oneturn, and o, isthe bunch
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length (here we assume that particles are relativistic, oth-
erwise, K9/ (o) will depend on the particle velocity, and
space charge forces should be taken into account). Thisen-
ergy loss will be compensated by therf cavities. Since the
short range longitudinal wakefield varies within the bunch
and the synchrotron oscillation period is much longer than
that of one revolution, the additional energy variation of a
particle due to the short range wakefield after each turn can
be reasonably expressed as

dE = Uy cos i = eszlCﬁt(Uz) cos 6 (12
Obvioudly, averaging over one synchrotron period one has
< dF >= 0. Taking into account this additiona energy
variation after each revolution and the fact that thishappens
at instantst;, with constant interval 7;, (75 istherevolution
period), a new Hamiltonian can be represented in the form:

* 1 2 =
H(1,0,1)" = H(I) + AP Tok;_ 5(t — KTp)
(dE)ZhZUZ 0
ST S" 6t — kTo)

svs k=—oc

= H(I) +

U2 h*n? cos? 0

TR Ty > 6(t—kTp)  (13)

k=—o0

= H(I) +

where we have omitted the crossing term coming from eg.
4 and eg. 12 since both quantities are statistically indepen-
dent. Eq. 13 can be simplified as

H(I,0,t)* = H(I) + AHT, i 5(t — kTy)

k=—o0

oQ

U2 h*n? cos 20

= H(I) + 12 To k_z_:oo §(t—kTy) (14
where a constant term has been dropped, and
U2 h2n?
AH = AHycos20 = AR cos 26 (15)
Consequently, one has
dI OAH -
=251 k_z_:oo §(t — kTyp) (16)
do OAH |, &
= =D+ T k_z_:oo §(t—kTy) (A7)

Since thekickson the pendulum H (1) repest after constant
timeinterval 1, and between thekicksthemotionisknown,
onecan replaceegs. 16 and 17 by aso-called universal map-

ping:

OAH
Iy =1, -1 1
a=1-12 (19
Ong1 = 0p + Q. Ty + Q141 To (19

where Y’ = dQ/dI. Wetransform then the universa map-
ping into standard mapping which is expressed as

Jn+1 = Jn + [\70 sin ¥ (20)

\Ijn+1 =V, + Jn+1 (21)

where ¥ = 260, J = 21,1, Ky = 40 TZAHy, and a
constant term has been omitted from eq. 21. At this stage
we can discuss the condition on which there starts to have
chaotic motions. To thisend we can use the Chirikov crite-
rion [4] which shows that when

|Ko| > 1(0.97) (22)

the Kolmogorov-Arnold-Moser (KAM) invariant tori will
be broken and the particles which satisfy this condition will
move in arandomway. From eq. 22 one getsthethreshold
bunch current of the onset of the stochastic motion

I Rps
bth = ”
T K (02)

Taking advantage of our simplifyingthelongitudinal motion
of a particleto a pendulum, we can have the anaytical ex-
pressionfor 2. When a particle moves near the separatrix,
one gets

(23)
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where
Hy, ([ 0By, \° _ whin|E, )
H. <6me) B 626VG(¢5)(6E6) (29)
G(¢s) = 2cos¢s — (T — 2¢5) sin ¢ (26)

Hy and § I}, are the maximum Hamiltonian vaue and the
relative energy spread of the bunch, 6 4, is the maxi-
mum acceptance of the rf bucket interms of relative energy
spread, 5 and F; arethenormalized velocity and the energy
of the particle, respectively.

3 ENERGY SPREAD INCREASING

For those particleswhich have already executed chaotic mo-
tions a kinetic description of them will be appropriate. We
will loss, certainly, somedetailedinformationon theparticle
trgectories, this method, however, will help us to get use-

ful physical results. When the random motion occurs egs.

20and 21 can beregarded asaMarkov process, and in con-

sequence, the possibility distributionfunction F'(¢, I) isde-

scribed by the Fokker-Planck equation:

oF  O(AF) 19%(DF)
- a1 T3ar 27)
where A and D are defined as follows:
1 27
A= T i Aldf (28)
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1 27
D=— AT%do
27T,

where7" isasmall timeinterva. Thelegitimationof making
average over the phase @ isbased on thefact that the particle
which movesrandomly will mix itsphaseinthe phase space.
For our specific case described by egs. 18 and 19 with 7" =
Ty, one has

(29)

A=0 (30)
eZNZICtot(O_ )2h27]2
_ P\
D= VT Ty (31)
Putting.A = 0 and D into eq. 27, one gets
OF 1_0%°F
a2l ar (32)

From eg. 32, onefindsthat stochastic heating occursin the
following way:

<IP>=12+Dt (33)
where < 12 >= [* I?FdI. Similarly, onefinds
< AE? >= AE? + Dt (34)
uZ
D, =%
o7, (35)

Obvioudly, the amplitude of the energy deviations of those
particles executing random motionswill increase with time.
From eg. 35 it is evident that the resistive part of the
impedance of the machine determines the diffusion coeffi-
cient instead of the reactive part. The relevant effect of the
interaction between the charged particles with the reactive
part impedance isthe potential well distortionwhich results
in the reduction of the area of the rf bucket.

The distinction between an el ectron and a proton storage
rings is that there exists adways a stable (cold) core in the
bunch of proton particles around the synchrotron particle
where no energy spread increasing occurs.

4 THE POWER SPECTRUM OF THE
RANDOM MOTIONS

As shown in section 2, when the bunch current surpasses
thethreshold current 1, 5, some particlesin the bunch will
execute random motions, and the longitudinal positions of
these particleswill be random variables. When I, > I ;5,
the autocorrdator of these random motion has theform [3]

R(1) = Ro exp (—i) (36)

c
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By virtue of Wiener-K hintchine theorem, we know that the
spectral power density of the random variableisthe Fourier
transform of its autocorrelation function, and we have then

! /00 exp(iwt)R(¢)dt

:%_OO

S(w)

1 Te
=TT 39
The power spectrum S(w) falls off rapidly when
(39)

W > We = —

TC

The variation of w. with respect to the bunch current can

be measured experimentally, and apparently, one hasw.
ln(Ib).

5 DISCUSSION ON THE BUNCH
LENGTHENING

In aproton machine, abunch suffersfrom potentia well dis-
tortion induced bunch lengthening just likewhat happensin
an electron storage ring. When 1, > 1, ;;, some particlesin
the bunch will execute random motionsand the synchrotron
oscillation amplitudes of these particles will increase (but
not those of the particlesin thestablecore). In aglobal point
of view, the bunch length increases much more quickly with
respect to theincreasing bunch current compared withwhen
Iy < Iy4,. Since not @l particles participate the random
motions, it is much more difficult to get some simple for-
mul ae or equationsto describe theglobal bunch lengthening
and the energy spread increasing for the whole bunch cur-
rent range as what has been donein ref. 1 for the electron
storage rings.

6 CONCLUSION

In a proton storage ring, it is shown that the nonlinear lon-
gitudina motion perturbed by the short range longitudinal
wakefield can change the regular synchrotron motions of
some particlesin a bunch into random ones. An analytical
formulaof the threshold current for the onset of therandom
motion is established. The particles which execute random
motionswill beheated and their energy spread will increase.
The width of the energy spectrum of the random motionsis
proportiona to In /.
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