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Abstract

In this paper we try to explain the single bunch energy
spread increasing in a proton storage ring. Different from an
electron machine, the random motions of some particles of
a bunch are caused by the nonlinear synchrotron oscillations
perturbed by the short range longitudinal wakefield. An an-
alytical single bunch threshold current formula has been es-
tablished to indicate the beginning of the longitudinal ran-
dom motions. By using kinetic descriptions one shows that
the energy spread of the particles which execute random mo-
tions will increase, and the energy spectrum width of the
random motions will be enlarged with increasing bunch cur-
rent.

1 INTRODUCTION

The problem of the longitudinal instabilities in a proton stor-
age ring is quite different from that in an electron one where
the synchrotron radiation plays an important role [1]. It is
observed experimentally that below an apparent threshold
bunch current the bunch length increases with increasing
current while the bunch energy spread remain unchanged,
and the mechanism of this bunch lengthening is explained
quite well by the potential well distortion theory. When
the bunch current surpasses the threshold value the energy
spread of the bunch increases also. In this paper, we try to
explain the mechanism of the single bunch energy spread in-
creasing in a proton storage ring and establish an analytical
formula for the threshold current.

2 LONGITUDINAL MOTION
PERTURBED BY SHORT RANGE

WAKEFIELD

In a circular proton storage ring a non-synchronous particle
will oscillate around the the synchronous one under the rf
focusing in the longitudinal direction, and its phase � with
respect to the rf accelerating potential is determined by the
following differential equation [2]:

d2�

dt2
+


2s
cos�s

(sin�� sin�s) = 0 (1)

and


2s =
eV̂ h�!s cos�s

2�Rsps
(2)

where V̂ is the peak accelerating voltage, h is the harmonic
number, � = 1=
2��, 
 is the normalized particle energy,
� is the momentum, Rs is the average radius of the ring,
!s = c=Rs, ps and �s are the momentum and the phase of
the synchronous particle. For the convenience in the later

mathematical treatment, we approximate eq. 1 by the fol-
lowing differential equation

d2��

dt2
+ 
2s sin�� = 0 (3)

where �� = � � �s. For the stationary bucket eq. 1 and
eq. 3 are equivalent. It is obvious that �� oscillates as a
pendulum. The deviation of a particle with respect to the
synchronous one in terms of energy is expressed as follows:

�E = �
Rsps
h�

d��

dt
(4)

By defining P = d��
dt

and Q = ��, eq. 3 can be derived
from an Hamiltonian H(Q;P; t) expressed as

H(Q;P; t) =
1

2
P 2 � 
2 cosQ (5)

where P andQ are canonical. Let us change P and Q to the
action-angle variables, I and �. By introducing two vari-
ables ( ~N and �)

~N2 =
1

2
(1 +

H


2s
) (6)

and
~N sin � = sin

Q

2
; ( ~N � 1) (7)

one gets [3]

I(H) =
8

�

s

�
E(

�

2
; ~N)� (1� ~N2)F (

�

2
; ~N)

�
; ( ~N � 1)

(8)

� =
@S(Q; I)

@I
(9)

with

S(Q; I) = 4
s

�
E(�; ~N )� (1� ~N2)F (�; ~N)

�
; ( ~N � 1)

(10)
where F (�; ~N) and E(�; ~N) are the first and second kind
elliptical integrals, respectively. The frequency of this non-
linear oscillator can be obtained easily as


(H) =
dH(I)

dI
=

�
s

2F (�
2
; ~N )

; ( ~N � 1) (11)

It is obvious that on the separatrix ( ~N = 1) one has H =
Hc = 
2s, and 
(Hc) = 0. Due to the interaction between
the charged particles and the environment, after each turn
a bunch will loss energy W = e2N2

pK
tot
== (�z), where Np

is the number of particles in the bunch, Ktot
== (�z) is the to-

tal longitudinal loss factor of one turn, and �z is the bunch

0-7803-5573-3/99/$10.00@1999 IEEE. 1809

Proceedings of the 1999 Particle Accelerator Conference, New York, 1999



length (here we assume that particles are relativistic, oth-
erwise, Ktot

== (�z) will depend on the particle velocity, and
space charge forces should be taken into account). This en-
ergy loss will be compensated by the rf cavities. Since the
short range longitudinal wakefield varies within the bunch
and the synchrotron oscillation period is much longer than
that of one revolution, the additional energy variation of a
particle due to the short range wakefield after each turn can
be reasonably expressed as

dE = Uw cos � = e2NpK
tot
== (�z) cos � (12)

Obviously, averaging over one synchrotron period one has
< dE >= 0. Taking into account this additional energy
variation after each revolution and the fact that this happens
at instants tk with constant interval T0 (T0 is the revolution
period), a new Hamiltonian can be represented in the form:

H(I; �; t)� = H(I) +
1

2
�P 2T0

1X
k=�1

�(t� kT0)

= H(I) +
(dE)2h2�2

2R2
sp

2
s

T0

1X
k=�1

�(t� kT0)

= H(I) +
U2wh

2�2 cos2 �

2R2
sp

2
s

T0

1X
k=�1

�(t � kT0) (13)

where we have omitted the crossing term coming from eq.
4 and eq. 12 since both quantities are statistically indepen-
dent. Eq. 13 can be simplified as

H(I; �; t)� = H(I) + �HT0

1X
k=�1

�(t� kT0)

= H(I) +
U2wh

2�2 cos 2�

4R2
sp

2
s

T0

1X
k=�1

�(t � kT0) (14)

where a constant term has been dropped, and

�H = �H0 cos 2� =
U2wh

2�2

4R2
sp

2
s

cos 2� (15)

Consequently, one has

dI

dt
= �

@�H

@�
T0

1X
k=�1

�(t� kT0) (16)

d�

dt
= 
(I) +

@�H

@I
T0

1X
k=�1

�(t� kT0) (17)

Since the kicks on the pendulumH(I) repeat after constant
time intervalT0, and between the kicks the motion is known,
one can replace eqs. 16 and 17 by a so-called universal map-
ping:

In+1 = In � T0
@�H

@�
(18)

�n+1 = �n +
sT0 + 
0In+1T0 (19)

where 
0 = d
=dI. We transform then the universal map-
ping into standard mapping which is expressed as

Jn+1 = Jn +K0 sin	 (20)

	n+1 = 	n + Jn+1 (21)

where 	 = 2�, J = 2T0

0I, K0 = 4
0T 20�H0, and a

constant term has been omitted from eq. 21. At this stage
we can discuss the condition on which there starts to have
chaotic motions. To this end we can use the Chirikov crite-
rion [4] which shows that when

jK0j � 1(0:97) (22)

the Kolmogorov-Arnold-Moser (KAM) invariant tori will
be broken and the particles which satisfy this condition will
move in a random way. From eq. 22 one gets the threshold
bunch current of the onset of the stochastic motion

Ib;th =
Rsps

e
p
j
0jT 20 hj�jK

tot
== (�z)

(23)

Taking advantage of our simplifyingthe longitudinalmotion
of a particle to a pendulum, we can have the analytical ex-
pression for 
0. When a particle moves near the separatrix,
one gets

j
0j =
1

�4j1�Hb=Hcj

�
ln

32

j1�Hb=Hcj

�3
(24)

where

Hb

Hc
=

�
�Eb

�Emax

�2
=

�hj�jEs

�2eV̂ G(�s)
(�Eb)

2 (25)

G(�s) = 2 cos�s � (� � 2�s) sin�s (26)

Hb and �Eb are the maximum Hamiltonian value and the
relative energy spread of the bunch, �Emax is the maxi-
mum acceptance of the rf bucket in terms of relative energy
spread, � andEs are the normalized velocity and the energy
of the particle, respectively.

3 ENERGY SPREAD INCREASING

For those particles which have already executed chaotic mo-
tions a kinetic description of them will be appropriate. We
will loss, certainly, some detailed informationon the particle
trajectories, this method, however, will help us to get use-
ful physical results. When the random motion occurs eqs.
20 and 21 can be regarded as a Markov process, and in con-
sequence, the possibility distribution functionF (t; I) is de-
scribed by the Fokker-Planck equation:

@F

@t
= �

@(AF )

@I
+

1

2

@2(DF )

@I2
(27)

whereA and D are defined as follows:

A =
1

2�T

Z 2�

0

�Id� (28)
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D =
1

2�T

Z 2�

0

�I2d� (29)

whereT is a small time interval. The legitimationof making
average over the phase � is based on the fact that the particle
which moves randomly will mix its phase in the phase space.
For our specific case described by eqs. 18 and 19 with T =
T0, one has

A = 0 (30)

D =
e2N2

pK
tot
== (�z)

2h2�2

2R2
sp

2
s

T0 (31)

PuttingA = 0 and D into eq. 27, one gets

@F

@t
=

1

2
D
@2F

@I2
(32)

From eq. 32, one finds that stochastic heating occurs in the
following way:

< I2 >= I20 + Dt (33)

where < I2 >=
R1
0 I2FdI. Similarly, one finds

< �E2 >= �E2
0 +Det (34)

De =
U2
w

2T0
(35)

Obviously, the amplitude of the energy deviations of those
particles executing random motions will increase with time.
From eq. 35 it is evident that the resistive part of the
impedance of the machine determines the diffusion coeffi-
cient instead of the reactive part. The relevant effect of the
interaction between the charged particles with the reactive
part impedance is the potential well distortion which results
in the reduction of the area of the rf bucket.

The distinction between an electron and a proton storage
rings is that there exists always a stable (cold) core in the
bunch of proton particles around the synchrotron particle
where no energy spread increasing occurs.

4 THE POWER SPECTRUM OF THE
RANDOM MOTIONS

As shown in section 2, when the bunch current surpasses
the threshold current Ib;th, some particles in the bunch will
execute random motions, and the longitudinal positions of
these particles will be random variables. When Ib � Ib;th,
the autocorrelator of these random motion has the form [3]

R(t) = R0 exp

�
�
t

�c

�
(36)

�c =
2T0
lnK0

=
T0

ln

�p

0T0e2NpKtot

==
(�z)h�

Rsps

� (37)

By virtue of Wiener-Khintchine theorem, we know that the
spectral power density of the random variable is the Fourier
transform of its autocorrelation function, and we have then

S(!) =
1

2�

Z 1

�1
exp(i!t)R(t)dt

=
1

�
R0

�c

1 + !2�2c
(38)

The power spectrum S(!) falls off rapidly when

! > !c =
1

�c
(39)

The variation of !c with respect to the bunch current can
be measured experimentally, and apparently, one has !c /
ln(Ib).

5 DISCUSSION ON THE BUNCH
LENGTHENING

In a proton machine, a bunch suffers from potential well dis-
tortion induced bunch lengthening just like what happens in
an electron storage ring. When Ib � Ib;th some particles in
the bunch will execute random motions and the synchrotron
oscillation amplitudes of these particles will increase (but
not those of the particles in the stable core). In a global point
of view, the bunch length increases much more quickly with
respect to the increasing bunch current compared with when
Ib < Ib;th. Since not all particles participate the random
motions, it is much more difficult to get some simple for-
mulae or equations to describe the global bunch lengthening
and the energy spread increasing for the whole bunch cur-
rent range as what has been done in ref. 1 for the electron
storage rings.

6 CONCLUSION

In a proton storage ring, it is shown that the nonlinear lon-
gitudinal motion perturbed by the short range longitudinal
wakefield can change the regular synchrotron motions of
some particles in a bunch into random ones. An analytical
formula of the threshold current for the onset of the random
motion is established. The particles which execute random
motions will be heated and their energy spread will increase.
The width of the energy spectrum of the random motions is
proportional to ln Ib.
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