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Muon Colliders - lonization Cooling and Solenoids

Z. Parsa, Brookhaven National Laboratory, 901A, Upton, NY 11973, USA

Abstract

For a muon collider, to obtain the needed luminosity, the
phase space volume must be greatly reduced within the
muon life time. The ionization cooling is the preferred
method used to compress the phase space and reduce the
emittance to obtain high luminosity muon beams. Alter-
nating solenoid lattices has been proposed for muon collid-
ers, where the emittance are large. We present an overview, =l
discuss formalism, transfer maps for solenoid magnets and seale (m)

beam dynamics.

Figure 1: Example of bent solenoids and Wedges - for emit-
1 INTRODUCTION tance exchange. May be used for muon collider longitudi-

Alternating solenoid lattices has been proposed as dediid! cooling see e.g., Refs. in [1].

able for use in the earlier cooling stages of Muon Collidersyenerate the solution to Eq. (2) & = M1;(0), where
where the emittances are large. Since the mininfuris ), is the value ofy;(t) att > 0 and;(0) is the initial
must decrease in order to obtain smaller transverse emitajectory. The interest is to find solutions to equations of
tances as the muon beam travels down the cooling channgletion which differ slightly from the reference orbit Thus,
This can be done by increasing the focusing fields and/@he can choose the canonical variables, from the values for
decreasing the muon momenta, where the current carryifige reference trajectory (for small deviations) and Taylor
lithium lenses may be used (to get a stronger radial focugxpand the HamiltoniaiH) about the design trajectory
ing and to minimize the final emittance) for the last feWH — H2 + H3 + ... WhereHn is a homogeneous
cooling stages. The use of ‘bent solenoids’ may providgolynomial of degree: in the canonical variables. After
the required dispersion for the momentum measurememftansformations to the normalized dimensionless variables,

Where the off-momentum muons are displaced verticallyne can obtain the effective Hamiltoniah*™, expressed
by an amount: as
Ay~ P AP HNY — By + By + Fy ... . (3)

~ —0Obend, 1
eBspabed 1)

Thus the particle trajectory{? = (X,Px,Y,Py,7,P;)
whereB; is the field of the bent solenoid afig.,q is the through a beamline element of lengthcan be described
bend angle. In Fig.1, the bending of the solenoid produday 1/1{ = —: HN*V . 4,0 = 1,2,...2n. The exact sym-
the dispersion required for the longitudinal to transversplectic map that generates the particle trajectory through
emittane exchange. Where after one bend and one settioit element is\/ = e—L=HNew=, where M describes the
wedges the beam cross-section is asymmetric then the syparticle behavior through the element of lendth Using
metry is restored by going through the second bend anke factorization and expandidg™e™ as in Eq. (3), results
wedge system (which is rotated by 90 degrees w.r.t. tha

first) [1]. . (4)

2  FORMULATION AND MAPS FOR (e.g., for a map through 3rd order we need to include terms

Of fZl f3! andf4)
SOLENOIDS To illustrate the above formalism, consider the

The canonical equations in 2n-Dimensional phase spaggolution of the motion of particles in an external
(e.g. 6 Dim., in our calculation) can be expressedggsz electromagnetic field described by the Hamiltonidn=
[vs, H], i = 1,2,...2n, and in terms of the Lie transfor- v/m?c' + [(pz — ¢4:)* + (py — a4y)? + (p: — ¢A.)?]
mations as +ed(z,y, z; t), wherem andg are the rest mass and charge
di; ) of the particle, A and¢ are the vector and scalar potentials
g = Hiv, i=12...2n (2) suchthatB =V x A, E = —V¢ — VA/ot.
. _ . Making a canonical transformation froi to H; and
Where the Lie operator ( :) is generated by the Hamil- changing the independent variable from timéo = (for
tonian, (), and Lie transformation)/ = e~**:, could convenience) for a particle in magnetic field (e.g. of
olenoid) results ip. = [(p. — qA.)* + (p, — q4,)* +
* Supported by U.S. Department of Energy Contract Number DE§ z z z y v
AC02-98CH10886. pi/¢® — m?¢’)'/?. WhereH = —p;, Hy = —p. and
TE-mail: parsa@bnl.gov t = (z/wvo.) the time as a function of. We next make a

_ 1. gyNew, R
— o LsHN _ ifai gifaigifas

0-7803-5573-3/99/$10.00@1999 | EEE. 3044



Proceedings of the 1999 Particle Accelerator Conference, New Y ork, 1999

canonical transformation froiif; to HN¢¥, with a dimen-  final moments becomkjf = [ p(¢")F;(My")d®y" with
sionless deviation variables (for convenienc®)= z/l, F;(Mvy) =73 D;,(M)F;(¢), (D;, is a matrix andF; (¢)

Y =y/l, 7 =c¢/l(t — z/voz), Px = ps/p0, Py = py/po, are a complete set of homogeneous polynomials.) Thus,
P, = (p:—pot) [poc, Wherel is alength scale (taken as 1 mthe moment transport can be expressed in a simple form as
in our analysis), wittP = P, + P, andQ = X +Y defined &/ = 3, F(M);¢k{. D;¢(M) are quadratic functions of

as two dimensional vectors [3}y andpoc are momentum matrix elements\/;;.

and energy scales. Whepg is the design momentumg, In 6-Dim. phase space, there are 3 functionally inde-
is the velocity on the design orbit apgt is a value ofp,  pendent kinematic invariants made up of quadratic mo-
onthe design orbiipy; = \/m2ct + p2c?) (remindingthat ments, e.gez, e, €2, such thatly (k) = € + €, + €2,
design orbit for the solenoid is along theaxis). Thus, ex- Is(k) = €} + €, + €7, andIs(k) = €5 + €5 + e%;, orin

panding the new Hamiltonian Eq. (3) leads to: generall, (k) = 3(—=1)"/?t,(x».J)?, wherey) = 6 x 6
A ) i N o .
B - F;T __ lBo(Q « P)- $1B§Q2 N P—(S) matrix, whoscla entf|es are .momeng,k (gb]ggk), \;Vlth
(26 37 ) 2 8 2 I = 3 x 3 identity matrix andJ = - 7ol
P P, - o )
Fo = Gy~ g5P0@x D)2 Eg. L(k) = (@)p2) — (@p2) + W*)(2) — (upy)® +
” () P2) = (19 + 20wy (pepy) — 2Py )ups) + -
+=2(B2Q* + 4P?) (6) This is a generalization of 2-Dim. mean square emittance
84 (e.g. see Refs. [2, 5]). Thus, higher order kinematic in-
[ Pi(5-p3%) P2Q*B3(3-3?) variants (e.g. cubic and quartic moments); and correlations
v 834~2 1632 between various degrees of freedom may be constructed,
2 . L By(3- ) and used as a tool, in nonlinear dynamic studies. E.G.,
—7(Q X P) ZT for a beam transport system one may use an invariant:
PR3 Qb I = (#°)(pa)* + (02)(2)> — 2(wp)(z)(p.) constructed
4+ — 4 ~ (B} —4ByB,)/8 from a linear and quadratic moments. Noting that, the in-
22 , 252 , 16 clusion of correlations between the variables may be detri-
+% P iBO + T(Q x B)-5(By — B)/4 mental in (the accuracy of) beam dynamic studies.
Lo P2 oL pt 4 MUON COOLING
—g(P -Q)*By — T(Q x P)- 2By + 3 (7)  Muon colliders have the potential, to provide a probe for
fundamental particle physics. To obtain the needed col-
Following the Hamiltonian flow generated by: lider luminosity, the phase-space volume must be greatly
HNeY — ) + F... reduced within the muon life time. The lonization cool-

from some initiak), to a final) ; coordinates we can calcu- g is the preferred method used to compress the phase
late the transfer map/ (Eq. (4)) for the solenoid. Where SPace and reduce the emittance to obtain high luminosity
F,, F3, andF, would lead to the 1st, 2nd, and 3rd ordefmuon beams. We note that, the ionization losses results
maps. The effects of which can be seen from Egs. (5-7)°t only in damping, but also heating: transverse heating
For example, the 2nd order effects due to solenoid transf@PP€ars due to multiple Coulomb scattering and longitu-
maps are purely chromatic aberrations Eqg. (6). In additioflinal one is due to so named “straggling” of the ioniza-
we note the third order geometric aberrations Eq. (7). A4on losses (we note that, this straggling is produced by
shown by Egs. (5-7), the coupling betwe&n Y planes fast “knock-on” ionization electrons), e.g. see [4]. The
produced by a solenoid is rotation about thaxis which longitudinal muon momentum is then restored by coherent
is a consequence of rotational invariance of the Hamiltd&-acceleration, leaving a net loss of transverse momentum
nian HNe%, due to axial symmetry of the solenoid field. (transverse cooling).To achieve a large cooling factor the
For beam simulationsy/ can be calculated to any order us-Process is repeated many times. The transverse cooling can
ing numerical integration techniques such as Runge-KutRe expressed (neglecting correlations) as )
method depending on the computer memory and spacélén _ 1 dE, en 1 31(0.014GeV)

. - 2 3 + et (8)
available [5]. ds B? ds E, 6% 2E,m, Lg

3 HIGHER ORDER KINEMATIC where = vic, ¢, is the normalized emittancg,, is the

INVARIANTS AND CORRELATIONS: betatron function at the absorbelE, /ds is the energy
' loss, andL g, is the radiation length of the material. The

Let p(¢) be the distribution of particles in phase space dirst term in this equation is the cooling term, and the sec-
any instant e.gd® N = p()d%, whered® N andd®) ond is the heating term due to multiple scattering. To min-
are the number of particles, and small volume in the Gmize the heating term, a strong-focusing (snal) and a
dimensional phase space¢ & [q,7],¢:,p; = 1,2,3), re- low-Z absorber (largé. ) is needed.

spectively. Letp(M ~11) be the final distribution at the  In obtaining Eq. 8, the correlations were neglected (as
end of the system such that a set of initial moments aeg. in the Status Report see [1]), &(gP,) = 0), and the

(j = index), defined a&) = [ p(¢) Fj(4)d%). Where the  relation (z*) = €3, = % was used, which can not be
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- [E A muons (e.g. Kinetic energy 10 to 150 KeV), and therfore it
d72 , is difficult to use for high energy muon source, (in addition
ion to big noises due to coulomb scattering etc.). Classical lon-

ization Cooling is useable for kinetic energy range of 30 to
100 MeV. Which due to abscence of “natural” longitudinal
, ' cooling it is necessary to use “wedges” forwhich R & D is
! \ needed. A propsal for such studies is being considered [1].

/ . -~ 5 MUON COOLING “MERIT FACTOR”

y S~ "~ Luminosity of collider L is defined by the following ex-

A B pression: - N2f _ N2f 1)
i 9z 9y ei . ﬂi
WhereN = a number of muons per bunch,= mean rep-
P etition frequency of collisions{ = emittance at collision

Figure 2: Schematic of the dependence of ionization loss@eint andﬁﬁ = (-function at collision point. Usuall)@f
on momenta. is limited by condition: 3/ > ¢/ whereo! is a longitu-

assumed if the correlations are properly taken into accoustinal bunch size. Let us assume, that:é-',?L is known

Thus, if (zP,) # 0 then transverse cooling to be eXpresseg‘nonochromatic experiments); 2) we can redistribute emit-
as tances inside a given six-dimensional phase volume. Then,

) ) taking into account losses in the cooling system, we can
den _ 1dE, en 1 (27)(0.014GeV) 4., (9) rewrite Eq. (11) in the following form:

ds 8?2 ds E, 8% 2e, E,my, Lg N2 exp (_% fOZ %) D2 Ap f
As in Fig. 1, by introducing a transverse variation in the N __f ) (7)
wedge (absorber) density or thickness, where there is dis- Ve "€ I
persion (i.e. the transverse position is energy dependentlere “N,” is a number of particles at an entrance of the
the energy spread, and the longitudinal emittance can be &oling system, éxp” describes muon decay,]” de-
duced. As we noted earlier, from theoretical point of viewscribes muon losses in cooling section, afag™ is an

a situation with ionization cooling completely correspondsnvariant six-dimensional phase volume of muon beam.

to a situation with radiation cooling whose theory is well Thus we can introduce “merit factor” which describes a
developed. For some standard “hierarchy” of methods fqjuality of muon cooling system. We obtain

L ~

(12)

analyzing such systems see e.g. Ref. [4]. D2 exp | -2 [7 g
In ionization method, muons passing through a material Pty Jo ~v(2)
medium lose momentum and energy through ionization in- R= VN (13)
6

teractions in transverse and longitudinal directions. The _
normalized emittance is reduced due to transvers enerbipte that, the dependence " may be stronger. With
losses. The curve in Fig. (2) shows the dependence of iofccount of all the circumstances, we can write

iza.tior.] !osses on momenta. Damping rates (decrements) R~ (V)™ (14)
of individual particles in the absence of wedges (natural o )
damping rate) are defined by the following formula: with « in interval (0.5; 2/3). For more info. see Refs. [1-5].
)\J_ =-dE . ] lmc2
4z ion 255 6 REFERENCES
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