STABILITY CONDITIONS FOR A NEUTRALISED ELECTRON COOLING
BEAM
J. Bosser, S. Maury, D. Möhl, and F. Varenne, CERN, CH–1211 Geneva 23
I. Meshkov and E. Syresin, JINR, Dubna, Russia
E. Mustafin, IHEP, Protvino, Russia
P. Zenkevich, ITEP, Moscow, Russia
Charge neutralisation of the cooling electron beam, e.g.
by stationary ions produced from the residual gas, is desirable
to compensate the space-charge induced velocity spread which
tends to reduce the cooling force. However, it has been
demonstrated by Parkhomchuk and collaborators that twostream instabilities, especially transverse dipole modes, are a
serious threat to the stability. In the present report we analyse
stabilising mechanisms including Landau damping, external
feedback and clearing of reflected electrons. Experimental
results at LEAR (the Low Energy Antiproton Ring at CERN)
are discussed in a companion paper at this conference.

I. INTRODUCTION

Here the subscripts e and i refer to electrons and ions
respectively, U = x+iy describes the horizontal (x) and vertical
(y) displacement in complex notation, Ũ denotes the motion
of a single ion and U the motion of the beam centre of charge:
U = (1/N) Σ Ũ , or, if the dispersion is mainly due to the
velocity spread U = ∫ Ũ f(v)dv where f(v) is the velocity
distribution normalized to ∫f(v)dv = 1. The derivatives in
Eq. (1) have to be taken along the particle orbit: d/dt =
(∂/∂t)+vz(∂/∂z), etc. The different frequencies have the
following significance:
ω Le
= eB/γm e is the Larmor frequency (= cyclotron frequency) of the electrons in the longitudinal magnetic
field of the cooler, meγ is the relativistic mass of the
electrons (ωLe = 2π×1.75 GHz),
ωLi
= ZeB/M is the Larmor frequency of the ions with
charge number Z and mass M = Amp
(ω Li = 2π×957 kHz),
2
ω el
= (2 π n e /γ 3)rec2 describes the electron space-charge
effect on an electron, ne is the electron density
(electrons/ m3), re is the classical electron radius, c is
the velocity of light (ωel = 2π×35 MHz),

It is known that the maximum current in a neutralised
electron cooling system is constrained by transverse
instabilities [1,2]. In previous papers Nezlin's theory for
completely neutralised beams [3] was used. However,
experiments at LEAR [4] with a vacuum of 10 –11 torr show
that the neutralisation is less than unity and therefore damping
of the ion oscillations connected with reflections from the
2
= (2πneZ/A)rpc2 with ω ion the ion frequency in the
Debye boundary is absent. In such a system it is necessary to ω ion
space-charge potential of the electrons, rp is the
take into account the classical Landau damping due to the
classical proton radius (ωion = 2π×835 kHz).
velocity spread of the neutralising ions.
In the following we will use three more frequencies which
We derive a dispersion relation to include this spread and
we
define
here for convenience :
discuss resulting stability conditions. Moreover, the influence
2
ω
=
(ηγ2-1) ω el2 describes the incoherent space-charge
e
of external forces on the beam motion is examined.
effect experienced by the electrons, η = Zn i/ne is the
neutralisation factor with ni the density of the trapped
II. EQUATIONS OF MOTION
ions (ωe = 2π×27.4 MHz),
2
2
= (1-η) ω ion
describes the incoherent space-charge
Let us consider a system including only the cooling ω i
effect
experienced
by the ions, (ωi = 2π×646 kHz),
electrons and the slow (neutralising) ions. For simplicity, we
2
2
= γ η ω el /ω Le is the electron drift frequency in the
assume that the beams have uniform transverse densities. Then ω d
space-charge field of the ions (ωd = 2π×291 kHz).
the equations of motion are :
The values for the frequencies given in parenthesis above
(1.1)
d 2U˜ e
dU˜ e
2 ˜
are
for
"LEAR standard conditions" as defined in Table 1
+ iω Le
− ω el Ue − Ue +
dt
dt 2
(where for simplicity trapped hydrogen ions are assumed).
The r.h.s. of Eqs. (1.1) and (1.2) describe the external
+ηγ 2ω el2 U˜ e − Ui = Fe ( z )e − iω t
excitation by kicker electrodes (used e.g. for diagnostics). For a
short electrostatic kicker of length l at z = 0 with a horizontal
(1.2)
d 2U˜ i
dU˜ i
2
U˜ i − Ui +
− ηω ion
2 + iω Li
electric field Ee-iω t one has e.g.:
dt
dt

(

)

(

2
+ω ion

)

(
)
(U˜ − U ) = F (z)e
i

e

i

− iω t

Fe =

e
− eZ
Elδ ( z ), Fi =
Elδ ( z ).
meγ
M

[(1 I ) + ω ]
D=

Table 1 : LEAR cooler "standard parameters".
Ee
β = v e /c
Ιe
ne
Β
L
η
Ζ/Α

Electron energy
Velocity factor
Electron current
Electron density
Longitudinal B-field
Length of neutral. section
Neutralisation factor
Ion charge to mass ratio

2.8 keV
0.1
0.3 A
3.2 × 1013 m-3
0.063 T
3.2 m
0.4
1

For an infinitely long system we seek solutions of
Eqs. (1) in the following form:
Ue, i = ae, i exp(ikz − iωt ), U˜ e, i = a˜ e, i exp(ikz − iωt )
We obtain :

[

] (

)

ae (1 Ie ) + ω el2 − ai ηγ 2ω el2 = fe

( ) [

(2)

]

2
2
− ae ω ion
+ ai (1 Ii ) + ηω ion
= fi

=

f (vi )

ω i2

− ω Li (kvi − ω ) − (kvi − ω )
1

2 (ω Li 2)

2

Ie = ∫
≈∫

ω i2

2 dvi

f (ve )

− ω Le (kve − ω ) − (kve − ω )

ω e2

f (ve )
dve
+ (ω − kve )ω Le

2

The solution of the homogenous equation (Fe = F i = 0) is
determined by D = 0.
With external excitation a solution of the system (2) is
ae =
ai =

[

] (

2
fe (1 Ii ) + ηω ion
+ fi ηγ 2ω el2

(

D

2
fe ηω ion

) e −ikz

(5)

) + fi [(1 Ie ) + ω el2 ] e −ikz

D
It exhibits resonant behaviour for D(k,ω) → 0. For a system
of finite length, the situation becomes very complex because
boundary conditions have to be satisfied, which can e.g. be
accomplished by adding solutions corresponding to reflections
at the borders [3]. This will not be discussed any further here.
Rather we content ourselves with the solution of the
homogenous equation for an unbounded system.

dve

(6)

{(1 I ) + ηω }
i

2
ion

2
becomes ω ion
+ ω Liω − ω 2 . The roots of this expression
define the "coherent ion frequencies"

(3)

ω Li
ω 2
±  Li  + ω i2
 2 
2

is introduced and in the approximation for Ie it is assumed that
ω Le >>| ω e - kv e |
The quantities fe, i (k ) =

(4)

2
ion

For negligible ion velocity spread, the term

Note that in the second expression for Ii

ω i1, 2 ≡

i

2
{ω d − (kve − ω )}{(1 Ii ) + ηω ion
} − ω ion2 ω d = 0


f (vi )
dvi 
− (ω − kvi ) 

ω e2

[(1 I ) + ηω ]

We discuss the solution of the homogeneous equation for
the case of negligible dispersion of the electrons, f(ve)
= δ(v e ). Then the characteristic equation D = 0 is
approximated by:


f (vi )
dvi −
∫
2  ω i1 − (ω − kvi )
+ ωi 
−∫

2
−ω ion

−ηγ 2ω el2

III. STABILITY CONDITIONS

Here the dispersion integrals are:
Ii = ∫

2
el

e

ω icoh1, 2 =

ω Li
ω 2
2
±  Li  + ω ion
 2 
2

(which for the parameters of Table 1 have the values
ω icoh1 = 2π × 1.4 MHz, ω icoh2 = 2π × 0.48 MHz ).
With
finite spread of the ion velocity, developing the denominator of
Ii into a Taylor series up to second-order in kv and using
∫f(vi)vdv = 0, ∫ f(v i)v 2 dv = σ 2 , Eq. (6) yields a third-order
equation for k(ω). An estimate of the growing solution can be
made by putting ω = ω d and ω = ω icoh2. Then we obtain for
the imaginary part of k

L

1
Fe, i e − ikz dz (with k = nπ/L, n
L ∫0

= 0,1,2..., and L the length of the neutralisation section) in
Eq. (2) are the Fourier expansion coefficients of the kicker
fields F e,i(z). Only the leading harmonic (close to the
resonance to be determined below) is retained. For large L the
spectrum of k values is practically continuous.
The behaviour of the system (2) is given by the
determinant:

λ = Im( − k ) =

2
ωd
3 ω ion
3
2
veσ 2 F

(7)

2
2
with F = [4+( ω Li
/ ω ion
)-η]/η≈4/η. Thus pertubations can be

amplified by a factor of K = eλL over the length (L) of the
neutralisation section. If this is too large [λL ≥ ln (Κ c )] the
system is unstable. The limiting amplification Kc depends on
the initial perturbation and/or on the "internal feedback", e.g.
by reflected electrons, to be discussed below.

The upper limit for the stable neutralisation (substituting
ωion, ωd, etc. in Eq. (7)) can be expressed as:
 m6 T 
1.27 × 10 −9  3 
 s 

3
ne2  Z  η 2 3
⋅ L ≤ ln Kc
2
ve B  A  σ

We conclude that a large spread σ, a large field B and ions of
large (A/Z) ensure a high degree of neutralisation η .
A crucial parameter is the longitudinal velocity spread (σ)
of the ions. Heating due to collisions with the electrons yields
a relatively low (≤ 1 eV) ion temperature compared to the
transverse energy spread (typically 100 eV) in the Coulomb
field of the electron beam. For a long ion lifetime (ultra high
vacuum) one can (perhaps) assume that this transverse spread
couples into the longitudinal plane. One potential mechanism
for this involves the reflections in the field of the trapping
electrodes at either end of the neutralisation section. Thus we
k∆Te
estimate σ 2 = c 2
where k∆Te[eV] = (30/β) Ie [A] is the
Mc 2
potential difference (centre to edge) in the electron beam.
Reflected electrons escaping from the collector or the
migrating ions themselves can feed the perturbation back to
the upstream end. Stability of the system requires αΚ ≤ 1
where α is the "feedback coefficient" i.e the fraction of the
perturbation taken back to the entrance. For typical conditions
(Table 1) and taking an ion temperature 0.5 Mσ 2 of 50 eV,
Eq. (7) yields λ≈2.1, λL≈6.7, K≈800. Thus only a very small
"internal feedback" (α < 1/800) is tolerable. The current loss
∆Ie/Ie from the collector can be as high as 2 ×10-3 if the beam
is badly adjusted, but probably only a fraction of the reflected
electrons will get back to the upstream end with the right
phase for the growth. Thus we expect α< ∆Ie/Ie. Nevertheless,
a high collector efficiency and/or clearing of reflected electrons
is important. This has been confirmed both at the test-bench at
the CAPT in Russia and at the LEAR electron cooler. In
addition, any other internal feedback has to be small to ensure
stable neutralisation.

which could be chosen between zero ("clearing by shaking")
and a maximum somewhat lower than the one reached during
fluctuations without shaking (Table 2).
Table 2 : An example of the effect of shaking
Electron energy
Electron current
Voltage on trapping electrodes
Neutralisation without shaking
fluctuating between
Neutralisation with shaking
stable at

0

2.8 keV
0.3 A
6 kV

0 - 0.2

0.5 - 0.7

0

0.4

The response of the beam ion system both with and
without external excitation is also a powerful diagnostic tool
[1,4]. The onset of the instability is accompanied by strong
RF signals at the coherent frequencies of one or several ion
species. It appears that ions of (A/Z) ≈ 4 − 6 remain trapped.
The relatively large width of the resonance supports the
hypothesis of a large velocity spread which is an essential
ingredient of the theory described in the present paper.

V. CONCLUSIONS
The theory sketched above explains - at least in a
qualitative way - the observations made at LEAR. Several
refinements, e.g. the non-linearity of the space-charge fields as
well as initial and boundary conditions for the finite system,
have to be included before quantitative agreement can be
expected. Stable electron beams of 0.3 A at 2.8 keV have been
achieved with a neutralisation of up to 40%. A more detailed
analysis of the internal and external feedback is required to see
whether further improvements are feasible.
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