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Abstract 

We analyze collective instabilities of a bunch due to the 
radial gradient of the longitudinal impedance. One of the 
specific features of these collective effects is that decre- 
ments of collective synchrotron modes do not depend on 
the value of momentum compaction factor of the ring. This 
effect can limit the performance of the so-called low-o stor- 
age rings. It can be used for the damping of unstable 
modes of the synchrotron coherent, oscillations as well. 

I. INTRODUCTION 

To decrease the bunch length, it was suggested in [I] to 
use the rings with a.bnormally small value of the momen- 
tum compaction factor cr. The performance of such low-cu 
rings can be very sensitive to collective instabilities, when 
the dependence of the increments on a is weak. Usually, 
the analysis of these issues is focused on the cases, when 
the beam interacts with devices producing the nonzero 
impedance Z(w) on the particle traject#ory. In this case, 
the rates of unstable modes decrease with a decrease in 
Q. The different type of collective effects may occur due 
to radial gradient- of t,he coherent energy losses. If, for 
example, the bunch interacts with a matched plate, the 
increments of coherent modes do not depend on o but. are 
det,ermined by t,he local value of t,he dispersion funct.ion 77 
[2.3]. With the suitable sign for the gra.dient of the energy 
losses, this fact can be used to enha.nce the damping of the 
synchrotron coherent oscillations of bunches. However. if 
such a gradient appears accidenta.lly, the collective int,erac- 
tion redistributes the increments between the synchrotron, 
or horizontal coherent modes [4] and the instability gets 
the global character. This instability is one of the sim- 
plest results of the theorem of the sum of the decrements 
for collective modes [4]. If the bunch wake is described in 
terms of the coupling impedance, the radial gradient of the 
coherent energy losses is described by the radial gradient 
of Z(S). Apart from the use of special devices [2,3]. f,he 
gradient Z can occur due t,o nonsymmetric position of the 
closed orbit, inside the vacuum chamber of t,he ring. The 
last case is specific, for instance, for the fut.ure B-fa.ctories. 
In this report we use a simple example to describe the main 
features of such VZ- collective instabilities. 
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II. SYNCHROTRON OSCILLATIONS 

Let us consider the single-turn interaction of the 
bunched beam with a low-Q system of electrodes, which 
has a radial gradient of the coupling impedance. Therefore, 
we take the relationship between the harmonics of the lon- 
gitudinal wake field Efl(n,w) and the azimuthal harmonics 
of the bunch distribution function fn,w in the form 

New0 
&(n,w) = -- 

H J 
drZn(x,w)fn,&J. (1) 

Here, II = 27rRo is the perimeter of the orbit. If the un- 
perturbed oscillations of the particle are described by the 
equations (E 21 pc) 

AP 
X=xb+~----, xb 1 a, cos y’z, 

fl = wet + $3, p= $LqL . + = -w,y, sin $,, 

?jl, = w, = WIJU,, ti, = wou,, 

1, = &ura:, I, = 
Eu, -.+ 

0 2woa J’ 

the integral equation for synchrotron coherent oscillations 

(f(r,,Gs,f) = f0(~,)+fm,exp(~~~,2ii, -iwt), w 2: m,w, + 
Aw,,, ) reads 

,c.z co 

Awmfm = 
Ne’wom, afo 

2T 
1 

dT s J dnJm,(w) 4+:x J --co 0 iZn(x,nwO + ?TL,WJ) 
n+m,v, 

esp(ilzp, cos 4,) fox. 
,,I* 

For the sake of simplicit,y, we assume that Z,(w) is a pure 
resistive impedance, which linearly depends on x 

Z,(x,w) = (az,,/ax),x = (az,)ol,$, 

and that for typical harmonics laz,,/a~JI << I&/w/ Then, 
the calculation in Eq.(2) of the harmonics over $I, results 
in 

[AP/P~~P(~w ~0s Gslm, = ~Jm.(v,), 

Neglecting in Eq.(2) the higher powers of m,v,, we trans- 
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form Eq.(2) into III. HORIZONTAL OSCILLATIONS 

Apart from the effect on synchrotron coherent oscilla- 
tions the interaction with such an element of the vac- 

(3) 
uum chamber will modify the increments of radial coherent 
modes. The variation of the sum of the decrements for the 
dipole horizontal coherent oscillations (m, = &l) can be 
calculated using the relationship 

.Ne2w0 rnivS af0 
Aw,,J,,, = z--- 

co dn 

28 CY araq J --gZ”)O x 

-52 

xJm,CvsJ/ dp:cp:Jn,,(ncpi)fm, bavsi 6~ 1 
0 

Substituting here u = m and 

fm = J%x,,,, 

i, = 
2*dr c3I 

J 
-2eEd (7- + (0, t), 
25~ dAp 

T = wet. 

0 

(4) 
Substituting this expression and 

we transform Eq.(3) into an integral equation with a sym- 
metric kernel 

f = fo(L,L) + fm exp(im,@, + im,$, - iwt), 

fo(L, 1s) = Fo(L)p(ps) 

Ax 
in the linearized Vlasov equat,ion, we obtain the integral 

i?l=q du’A’,(u, u’)x&‘), equation for horizontal collective modes 
--CD 0 

J-- 

(5) 

K,(u, u’) = $$$Jnxe(n,/;)Jms(n&‘). 
(w - rn,w, - m+,)f,, = -~(L)n~~,m8~(~s)~. (9) 

z 

The kernel Km(u, 11’) will be positively defined, and henc.e, Using here (aI,/aAp) = -(u,~cI.,cos&/Ro) , Aw, = 

all it,s eigennumbers A will he real positive numbers if w rfi w, - m,w, and fm = ~m(~s)&dFo/81,, we find 
that xm obeys the following equation 

03 

77 
J 

dn(Vz,)o > o. (6) 

--m 

Due to Eq.(4) the last condition yields the criterion, when 
synchrotron coherent oscillat,ions decay. This has t,he obv- 
ous physical sense. The interaction with electrodes damps 
the coherent synchrotron oscillations if the coherent energy 
losses increase with the amplitude of oscillations. In our 
case, this takes place if condition (5) is satisfied. 

m 
Ne”woq 

Awmxm = @(us)- 
2nP J 

dn(VZ,)o x 

--co 
co (10) 

Jt7a,(nyi) d;p:cp:J”,~(n~~)x,,((r^:). 
J 
0 

Eq.(5) is too complicated for direct solution. In fact, it 
is not necessary, since t,he general conclusion concerning 
t,he collectjive stability of a bunch can be obtained by the 
calculation of the relevant sums of the decrement8s [4]. The 
sum of decrements of the synchrot,ron modes near the given 
172, is 

The direct calculation of t,he trace of the kernel in Eq.(lO) 
yields the total sum of decrements (6 = -1mw) of the 
horizontal betatron and synchrobetatron modes 

771,=-CU 
&I,,, + 6-1,,~,) = -7% 7 dn(VZ,)o. (11) 

-02 

The compa.rison of Eqs.(8) and (11) gives the sum rule 

E nz. = --‘I zj?dug 7 ~(~~,Io~,,~J~~~~,,J;;). 

0 -co 

61: = @’ + yJ (5, ,,,,, + 6-1,m,) = 0. (12) 

nz.=-co 

Using the ident,ity 

5 WI=--a: 
we obtain 

6;) = 2 b,, 
tn , = - c.2 

(7) This equation describes a particular case in a more general 
statement concerning the sum of the decrements of coher- 

X2 

ent oscillations, which previously was found in [4]. Eq.( 12) 

r??J,~~(X) = -2’ 
shows that without special effort#s the interaction of the 

> 
beam with a device producing the horizontal gradient of 
the coupling impedance results in a global coherent insta- 
bilit,y of the bunch, when the synchrotron, or the horizontal 
synchrobetatron collective modes, are unstable. 

03 
Ne2wa 

I = I7 27rP” J 

Let us also mention an example, where Eq.(lO) can be 

d4VZn)o. (8) solved directly. The model, which will be described be- 

--03 low, can be useful for analysis of many others single-bunch 
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instabilities [5]. We take as p(cp$) a Lorentz distribution: 

p = G/(fl3 + (Pi) and assume that VZ does not depend 
on n. Then, we can find from Eq.(lO) that a function 

m 

w(z) = fi 
J 

dttJ,,,(2zt)xm(2t), t = z (13) 
0 

satisfies the equation [5] 

1 
2 - l/4 G+ -;+;?si2 

> 
w = 0, I (14) 

Here, z = na,/2 and 

A = 2ill 2~~~;pwo (15) 

‘The solution of Eq.(14) reads 

~~~~~~~~+~~~e-*~~F(~1~~.~~+A+~,2~~n~j+l,z), (16) 

where F(LY, y, z) is t,he confluent hypergeometric function. 
The eigenfunctions w do not grow at 2 - c~ if 

Im,I+A+1/2=--I, 1=0.1,... 

The substitution of A from this equntion in Eq.( 15) yields 
the increments of modes 

6 
1 

m.,l = -~ 
o 2( 1772, / + 1) + 1 

(17) 

In contrast with the “ordina.ry” in&abilities, the incre- 
ment#s in Eq.(17) and relevant decrements of the syn- 
chrotron modes do not depeltd on the momentum com- 
paction factor of the ring. In particular: this fact will limit 
t,lie performance of rings with very low 0. 

Described instability occurs due to a reclist,ribution of 
decrements between the synchrotron and horizontal coher- 
ent modes. If, for some reason, the decrements of the hor- 
izontal coherent oscillations escced t,he increments due to 
such a redistribution, the wideband syst.ems of the elec- 
trodes with a proper sign for the horizontal gradient of the 
longitudinal impedance can be used to damp synchrotron 
coherent oscillations of a single bunch. For inst,ance: t.his 
can be done using systems of the ma.tched plates [2]+[5]. 

We thank Prof. A. Skrinsky, who originally drew ou1 
attention to these problems. One of the a.ut,hors (D.V.P.) 
is indebted to KEK and its B-factory group for their hos- 
pitality. 
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