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Abstract

Typically the study of the collective stability of a bunch
with the strong coupling of the synchrotron modes de-
mands the solution of the infinite set of integral equations.
The paper reports two cases, when these mode-coupling
equation can be solved directly for synchrobetatron and
for synchrotron collective maodes.

I. INTRODUCTION

It is well known that in many cases the possibility of
increasing the beam current in a storage ring is limited by
coherent interaction of the beam bunches with their en-
vironment. In the case of a single-turn interaction, when
the bunch wakes decay faster than the revolution period
in the ring, the specific features of coherent instabilities
significantly depend on the ratio of the bunch coherent
frequency shift Q,, to the frequency of synchrotron oscil-
lations of particles in this bunch w,. If this ratio is high,
the calculation of the increments of coherent modes and
stability criteria demands the solution of a system of inte-
gral equations, which generally couple the harmonics of the
bunch distribution function over the phases of synchrotron
oscillations (see, for instance in [1,2]). The solvable exam-
ples of such problems except for their heuristic worth can
be used to test the codes, designed for numerical study
mode-coupling problems.

Here we report a simple model, when these equations can
be solved directly for the synchrobetatron and synchrotron
modes. However, the resulting dispersion equations are
very complicated and, except for the case of a weak mode-
coupling, still require a numerical solution.

II. SYNCHROBETATRON OSCILLATIONS

We describe the unperturbed vertical betatron and syn-
chrotron oscillations of a particle near the closed orbit by
usual formulae:

z = a, cosy,, G_wt—!—p Yy = P Cos Yy,
Sb = —Ws@Ps SNy, Yr = wWe = Woly, 1
. (1)
s = wol I, = ——-}—)—-1/ W, I, = =Y 2
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Here, Il = 27 Ry 1s the perimeter of the orbit, (£ ~ pe)
is the energy of a particle. We neglect Landau damping

1On leave of absence from Budker Institute of Nuclear Physics,
630090 Novosibirsk, Russia.

0-7803-1203-1/93%03.00 © 1993 IEEE

due to the nonlinearity of the particle synchrotron oscilla-
tions and we do the calculations for the case of the dipole
betatron coherent oscillations, which are described by the
expansion of the distribution function (fo = Fo(I,)p(¥))

f=rfo+ \/I—z(ii"b‘
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Then, for a single-turn interaction the amplitudes x,,, sat-
isfy the system of integral equations (w = Zw, + Awp,)
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Here, the bunch wake is described by the value Q,, ,,, giv-
ing the coherent frequency shift of the coasting beam.
Eqs(3) can be solved exactly for the simplified model,
where (4, = m,Q, m, = £1)
iQm
mon — T 4
o, m{(n +tA) (4)
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In the region [Aw,,] € w, the quantity 2 defines the co-
herent frequency shift of the betatron mode (m, = 0). Ac-
cording to Eqs(3) and (4) we write x,n(p) = Crnb(ip2 —p?),
which replaces Egs(3) by an equivalent system of the alge-
braic equations

(Awm m ws)c I Z Qm m!Cmt,s
mi=—-o0
—17, my = 7n; =0, (5)
= { 4s5i m—m'
@ ;______smgr?[ ey ]), ms,m, # 0.

Using 2 = Aw,, Jw,, w = Qy, fw,, we rewrite Egs(5) in the
following form (W = 4w/n?)

2iW S~
3 2k+1 + o 227 EO
(2 —w)Cy = lWZ 2k + 1 Czp z2 — 4p?’ (6)
B 2iWe Co + '
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Here,

ot
Tk - apt
g = i Cokt1 (8)
= (2k +1)7 - 4p?’

C;k = Cor + Cm, C2_k+1 = Coks1 — C—(2k+1)‘

Substituting C;;, from Eqs(6) into Eq.(7), we obtain

_ 2iWzx Ch
0 2iWz
Sp i = .
i ; [22 — 4p2][(2k + 1)2 — 4p2][(2K’ + 1)2 — 4p7]

(9)

The calculation of the sum over p in Sk s results in:

1
Ser = T2kt 1)@k £ 12
T cot(mz/2)

4z 22 — (2k + 1)?][22 —

Using this expression, we find

(2k' + 1)?2]

C- = 20?2 w_
BT Tk + 12 - 2k + D2z —w
i Cors1 _ w2 rzx cot(mz/2) o (10)
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The solutions of Eqs(10) read:

- A(z)/(2k + 1)* B(z)

C, = ‘
LT 2 0k 4+ 1)2 ' [z — (2k + 1)) (11)

The substitution of C3,_, from Eq.(11) in Eq.(10) yields
the dispersion equation

QW FZ(z)mz cot(rz/2)

W R(a) - /
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where
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1(z) = Z(2L+1 - (2k+ 17
l
te’ 1
Fs(z) = 2)38°
’ = [z? — (2k + 1)*]°

[II. SYNCHROTRON OSCILLATIONS

Similar model can be used to describe the mode-coupling
instability of the coherent synchrotron oscillations, if we
take as p(y) the so-called water-bag distribution

. 1) ‘PS‘P01
p(w)«{o, o> o0
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and the longitudinal wake from a pure resistive impedance,
which does not depend on n. With these assumptions the
synchrotron collective modes are defined by the system of
equations, which can be written in the form, similar to
that of Eqs(3)

[ dnJm, (n)x(n)

n 4+ myy, +iA’ (14)

(z —myg)xm = im, wﬂﬁo - #5)
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or, after the substitution xm = Cmé{¢ — ¥o),

| . T dndp,(n)Jms (n)
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Since typically v,90 < 1, we can expand the integrand in
Eq.(15) in the power series of m,v,pq. Taking into account
in Eq.(15) the first two terms of this expansion, we obtain

(z —m,)Cp, = im,wz QmmCmi—

dndm, (0}, (16)
iw7713yagpozcm// nJm,(n) (n)
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The second term in this equation couples the modes with
the same parity. In the region |w| < 1, when the mode-
coupling is negligible small, this term gives a leading con-
tribution in the decrements (or increments) of the syn-
chrotron modes

— Imz = §/w, (17)

~ WV Po.

The oscillations will be unstable, when w < 0.

On the contrary, in the region |w| ~ 1, the leading con-
tribution in the r.h.s. of Eq.(16) gives the first term, while
the second describes small perturbations. Neglecting in
this equation the values, proportional to v,¢g < 1 and us-
ing the definitions from Eq.(8), we rewrite Eq.(16) in the
following form

8WpSt

2Wz(2k + 1)S-
P T ap TNTTSEIvE

22— (2k+1)2

Substituting here the first equation into the second, we
find

Cz Corp1 = (18)

_ 4:::W2(2k +1)
C?k+l = 2k + 1) k/z:ozk wC i1 (19)
where
Skk’zz L —Izskkr,
g k1) - 4p?)[(2k + 1)? - 4p?) ’

Now, simple calculations result in the dispersion equation

1= 2rz? cot 2 Z[:c

2k + 1
(2k + 1)2)3°

(20)
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