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Abstract

A formalism is developed for the analysis of collective in-
stabilities in standing-wave systems. The analysis per-
mits a unified treatment of the coupled-cavity free-electron
laser, relativistic klystrons and other high power mi-
crowave sources. Coupling from both transverse and lon-
gitudinal beam motion is included in the calculation of the
transverse and longitudinal impedances.

I. INTRODUCTION

An understanding of high-power microwave sources and
their scalings is crucial to the future of high-energy
electron-positron colliders. In fact, the tradeoffs between
rf breakdown and beam break-up scalings [1] is responsi-
ble for the current consensus that future linear colliders
should be powered by sources with an operating frequency
in the 10-20 GHz range. Slow-wave devices are expected to
produce the power levels required at the lower frequencies.
However, they have also exhibited, at higher frequencies,
what is, in fact, an intrinsic problem for such rf sources:
when the structure is small enough to couple effectively to
the longitudinal beam motion, it also couples effectively
to the transverse motion. This results in, among other
undesirable phenomena, beam break-up and pulse short-
ening [2).

To circumvent this scaling, the “coupling impedance” (3]
of the desired longitudinal mode should scale indepen-
dently from that for those TM modes which produce
beam break-up. In effect, this requires circumventing the
Panofsky-Wenzel theorem [4]. One method of accomplish-
ing this has been proposed in the form of a “standing-
wave” free-electron laser, in which transverse oscillatory
motion is induced by a magnetic wiggler. Since the design
orbit takes the beam off-axis, the premise of the Panofsky-
Wenzel theorem fails, as does its conclusion.
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In this work we derive a formalism for quantifying such
eflects in an idealized cavity immersed in an arbitrary
plane polarized magnetic field. The formalism in essence
extends the wealth of work on longitudinal [6] and trans-
verse [7] instabilities to include systems where the design
particle orbit is curved within the cavity. In such “mag-
netized cavities” the coupling impedance describing longi-
tudinal bunching can depend on the applied field. This
permits one to enlarge the rf structure, so as to reduce
undesirable transverse wakefields, while maintaining the
desired longitudinal coupling. Previous workers [8] have
calculated the coupling impedances in a cyclotron reso-
nance maser with a traveling wave interaction region and
a single cavity.

In the SWFEL, the power is produced in a series of
uncoupled cavities (the rf is cutofl between the cavities),
each of which is of order one wiggler oscillation in length.
The FEL thus operates as a standing-wave device. The
propagating beam provides the only coupling between the
cavities, Numerical studies [9] of the SWFEL have exam-
ined phase sensitivity and longitudinal particle stability.
In fact, the standing wave FEL has many similarities to
the relativistic klystron, the main difference between them
being that the FEL produces power through the coupling
of the transverse wiggle oscillation with the transverse £
field, while the klystron couples the longitudinal compo-
nents (E, with v,).

IT. CouPLING IMPEDANCES

Assume that a bunch with unit charge enters a cavity at
t = 0. The particles move transversely as well as lon-
gitudinally, due the presence of a magnetic field. Thejr
trajectory and velocity inside the cavity is

r(z) = 21(2)% + 22, v(2) = 1 (2)X + v, 2. (1)

As the bunch moves through the cavity, it excites cavity
modes. Without loss of generality, we may consider a single
cavity mode. The vector potential of the mode can be
represented as
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where a(r) satisfies the appropriate boundary conditions
on the wall and is normalized to the volume V of the cavity:

(P2 — I/ ()
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Also, ¢(t) is the amplitude of the cavity excitation and can
be determined from a knowledge of trajectory and velocity
of the bunch:

'
q(t) = dme e / d2'G(t — ——)a(x:(z') 0,2') - M
= V me? J, ah v,
(4)
Here G(1) is the cavity response Green function:
G(t) = Qisin Qute=M429 (1), (5)
)
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Where 1oy = Wy = \2Q,/ Wwitn W) e resonan ue
in the absence of damping and @, the quality factor of
excited mode. () is the step function.

We assume a unit charge test particle enters the cavity
at time ¢t = t; with trajectory ro(z) and velocity vo(z).
The test particle will experience the cavity mode excited
by the first bunch. The longitudinal wakefield, defined to
be the total energy loss of the test particle, is then

4r (L L _
v / dz / dz )
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We are interested in the cases where the initial offsets
for both the leading and trailing bunches are small. Then,
the dominant contributions to the longitudinal wakefield
can be computed assuming both bunches follow the same
orbit:

wlts) =

wll(te) = %|/dzem”/”'a(.r(z),0, z) - Y—l()—i}-|2G'(to).

(7
The longitudinal coupling impedance is
I oo die il 1
Z :/ wiwl(t) = Rl . (8
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In Eq. 8, the longitudinal shunt impedance RI)! is given by

RII
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This expression is valid for any particle orbit in the cavity,
and includes both the transverse and longitudinal coupling.
As an example, consider the SWFEL in the limit
that the betatron motion can be ignored (i.e., the be-
tatron phase advance per cavity is small). The one-
dimensional vector potential for a planar wiggler, A, =
3 . .
m< g, cosky zX, can be used to find the particle motion:

[=(0) -

~ 2% cos lcwzx+v,z + O(——) .
v v
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ri(z) = smk z]x+0(—)2

v(z) = (10)
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Further calculations of the shunt impedance require a
knowledge of the cavity mode. Here we take the modes

of a rectangular cavity with transverse dimensions a and
notndi ’n) —_ n/‘) 18

h and g nal dimension 4
vy ana wWiigivuliial ailmension a. “iuv

ter of the cavity. For the operational mode TEpp, the
shunt impedance is
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For other modes (TE and TM), the shunt impedance is
non-zero only if n is odd. With m even, and a TE mode,

Rl, (3)?
QO]p( ) +( )2

Here sinf/@ is the largest transit time factor with 8 =
(?4 + &7 + k,)d/2. When m is odd,

)2. (11)
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Here A, = (mnay/v8.ky)a, and 8 = (-—A-:I:L:i:Qk )d/2.
When the mode is TM and m is even,

2o (13)
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(14)
Here, 2 = (22)? + (8%)? and the § = (£2 & 2F + k,,)d/2.
When m is odd,
ln 4 262d?  sin6
Rinnp _ T : i 2(sm 2, (15)
anp wmnpv 82 + (E.T) g

and 6 = (2 & 27)d/2.

The transverse impedance is found from the Fourier
transform of the transverse kick per unit charge. For sim-
plicity, we present results only for particle motion in z-
direction (the wiggle plane). The transverse force experi-
enced by a unit charge test particle is:

_ ldA, J .,v
F’~—Z X +5—;E ?A) (16)
The net transverse kick is
to+L/|),
K(to) = / dtF,. (17)
to

Assuming the front and end walls of the cavity are per-

pendicular to the axis, we can drop the surface term and
find

K(to)—i’-' Ldz/Ldz
1(2) a
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Expanding K(t) with respect to an initial offset zq of the
leading bunch yields W () = K(to)/zo:

¥ S - | v(z
Whto) = 321 [ dzeels Late2),0.5) “E ).
(19)
Using Egs. 5 and 19,
+ o0
L — fwtpr L gy — wi/w
Zi(w) = zc/_oo die™"'W=(t) = Ry 1+iQA(%’*-—;“i;)'
(20)
In Eq. 20, the transverse shunt impedance is given by
L
B= 2 [azemer a0 X200 @
A

Comparmg with the longitudinal shunt impedance,
Eq. 9, we note a derivative of the vector potential with re-
spect to the transverse position. Thus, we can read off the
results for the transverse impedance. For the TE modes,
when both n and m are odd,

RE, ¢c mr R (%)? sin §
0 p:2,, (T)2n?lp1m\2b4_(nxz( 9 ). (22)
wmnp “mnp o= wOip\ g/ AP/ v
When n is odd and m is even,
R#mp —9 ¢ (_)2R01p (n)z A2 (sinﬂ)z.
anp Wmnp @ ) +( ) 6
(23)
For the TM modes, when both n and m are odd,
RE, mm 4rc 26242 ky pm sin 6
=k = (_)2 7 T2 2(1:t 2)2A2 ( )2'
anp a mnp" 6 +(%") 2 dé
(24)

When n is odd and m is even, we get the well-known trans-
verse BBU impedance:

R: mm 4rc 262d? sin §
=E = (—-—)2 ( )2, (25)
anp mnpv 62 + (%_)2

For TM modes there is off-resonant DC deflection, which
will be examined in a future paper.

Using the above definitions for the impedances, BBU cal-
culations proceed in the usual manner. For example, in the
long beam, high @ limit, both transverse (y = z) or lon-
gitudinal (y = 7, the delay in arrival time with respect to
the synchronous electron) BBU from a single cavity mode
can be found from the coupled equations:

o . 0., _
(5; + ”"a_) y = a(z,1), (26)
6%a wx Oa

where, with a beam current I and a single cavity transit
time Tp, the constant C is given by

Rl
longitudinal,
Co Wu,\aﬁ ongitudina (28)
_-ETO“’;\ —‘)_- transverse.
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I1T. CONCLUSIONS

In a typical SWFEL design, the interaction cavity is highly
overmoded. As a consequence, a realistic wake consists of
a number of superimposed modes. These modes will not
be given by the idealized cavity modes described herein,
but rather need to be calculated numerically for the par-
ticular structure. These more realistic modes will produce
some BBU growth through the conventional mechanism
(that a particle slightly off axis couples to an E, field),
and will also generate BBU through the magnetized cavity
mechanism described herein. An analysis of BBU which
includes both realistic cavity modes and wiggling particle
trajectories is a topic for future research.
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