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Ahstract 

The se~~ol1~1 ortlyr momrlltnll1 c-ompc‘tiou factor ~11 is i1 crit,ic,d 
latticr parauirtrr for triIleit.ioll ctussing in lli~.tl~Oll syilcl~lutrons 
nl1tl for the op~riltiOI1 of c~ui1si-isocl1roIlolls st,oragr riugs, whir11 
have twr~i pr~~p~~s~d for free t~lt~ctrc~ll hers, syllcluotro1i light 
sources ~111~1 recently for hip,11 luminosity f + I - colli(lrrS First 
thr rrhtiou htwrrli tltr mr)lli~Iit 11111 compaction factor 211tl tlir 
tlispersioii ftiuctiou is estat~liSl1rt1, with thr “wigglilig t’fttd” 
il1cldrti. TIIVII ii11 i~lt;1l~~tic;11 rxpryssion of (~1 is tlrrivetl for 
al1 itlral FODO latt,icy ty solving the tliffrrential rcluatiou for 
thr tlisp~rsion fniictioi1. A llumrrical talc-lllation using MAD 
is perforIlirr1 to Slim4 rxcrllrlit ;lgrrrmrirt wltli t,lir ;tllid~~tiC&l 

rrsdt Fiudly, a mory realistic- rxalln~)lr. tllr Fuluil;1t) hla111 
Iitj~ctor, is sl10wi1 ilot far ;tway fro111 tl1r itlrdl 1;1tt,ic-r 

1 Introdilctiou 

11~ it sylichrotroll or stcmgy ring, Imrtlc-lrs wit 11 cliffut~nl 1110- 
client 4 1liIVt tliff’rrrlit c.lost~cl 0lt)itS. Tilt, cliff cartjtlc‘r il1 111~ (.loSt31 
ort)it lrllgth (AC’) t)vtwrru ;I Imltic-Iv with llloilirlit1111i 1) dtrcl 4 
rrftJreitc-r ImHiclt. wit11 IIlolIit~IltllIll /‘(I lllily tw rx])rrssr(l (IS 211 

rxpusiou in uiolnrl1t 11111 off srt n 

AC’ = C,,fY()h [l $ Cl ,n + O(hL)] I (1) 

wl1rrr C\) is the lrngt,li of tlrr rrfrrtJlic-r 0rt)it. a~(1 h = y = 

z. Slid1 a. tlepentleucr of orhit leiigtli on il1oli1rutillli is c-;11lrtl 
Iliolurllt IIIII roilipactiol1, ant1 /I 0 iS t lltl 1111r~il Ilioitit~ilt 11111 (‘o~II- 

pnctim factor. The seco11tl oulrr 1l1onleut11111 (‘oll11);1(‘tic,l1 fat-to1 
0 1 is t lir focus of this 1mpr. 

Although rootr(l ii1 thr tr;1usvcdr\rb IllcJtiOll. the 1110111~11t 11111 

c-oiupctioi1 dfrct ii1flurucrs t litA loll&it Ilcliiral iliot ion tilt oligli 
thr p11;~ slip factor 

1 T-Z, ,,=--- 
To b 

= l/o + J/lb + O(h’). (2) 

wlwrr I/() = 0 1_ 1 (j - -q 31: - 1 - 
-,’ y-7, dll( 1 

l- 

:</jL 
l/l = (Y(jO1 + - - ‘10, 

h” JL 
(:{I 

Herb T is tl1r I)vrio(l 01 lrvollltiol1 1~11 2 I)drt1c-lt* wit11 11lo1ur1rt 11111 
off&t f? iIllt1 ‘To is for ii sync-liroi1c~uS ])ill’ti(~lr, /j ;lllcl 7 tollo\V ll~ll~~l 

rtdativistic kiurlunt,ic- 11otatiol1. ,IIICI 7~ is thr tra114tlou K;IIII~II;I 
i(Jr il S~llC~lI’~JllOllS IGlI?iC’k Nrdl trallsitioir 11 ;111cl r/t1 arp si11;111 
All<1 t,lic coitt,rit)iitic~ll froili tllr IlOIllill~ill tcriu r/j Z o,j(f\ 1 $ i) 

IWOII~~+ vvry iml)ort.aut Nouzt’1o 111 l~a(ls to t lir fact that 
higllrr l~iollielit ii111 prticlrs ;in(l lower ll101llrlit 11111 prticlt5 cd11 
llot iI&rrY \Vllt?l thy syi1clm110~1s l)llliS? Sl1ollltl I)? switd1d [l], 
wit11 t,r;ii1sitim timii1g sprrul (tl1r so-c~allr~l I1011lil1rar t,imr) 
p~opor?ioual to ( IY~ + i). This ilitrilisic t 1 AllSiti~JIl iuist ill&g 

*O1wldrcl 1)s the I JrkivelGtirs Hrw;t119t Aecdaticm IIIC, . ~un(lr~ 
~~cmtiiwt with tlw I1.S. Dqmr tillat of EII~IKY, 

is partly rrsl)onSit)lt~ tar 101l~itutlinnl rinittancr Idow-up alit1 
twam loss for so111t’ iiiachinrs If wr CAN set oI = -1 5, the 
Iiodil1rnr rffect will IW s11p~~~t~t31 nlicl t,rnnsitioll crossing will 
t)ecomr 11111cl1 less 11nmf111. For al1 isocltronous rlectron storage 
iii1g, which was I)roImsuI lor tl.rr rlrct roll 1ilWr [?I, spchrotron 
light soiirrv [3] ai14 rrcr11t.ly for c-dlitlrr [4], 01 clet,rrniinrs the 
RF tmc-krt llright [Y] 

2 Tlw Wiggling Factor 

T11r rlosecl ortut I , ,,( s, n) of RI1 off-IIloIIIrIltlIIIl particle is cliS- 
c.ritd ty tl1r clisl)rlsiol1 liuictiou 

D(s, I?) = I,,,(.S$h) - I,,,(S,()) 
h 

= D,(s) + D,(s)h + O(l?), (4) 

wlir~r I.,(,( 4’. II) 15 t IIP ltdrrrllc Y ort)it, ;ru(l s is t,lir aziniiitl1;11 
cYJOI’~~illilt? Flirt llt,I Illolt~ t lit> rftrrt of closet1 orhit offset 011 11 1 
is i1rgligitdr [(;I\ tl~t~lrfoir we (411 ,ISSHIII~ I (,,( s, 0) = II. For ;1 
SI’aIl 01 t/H. t II? oIllIt h,qt II 

t/l = (p + Ihh + II,h’)dHJl •t (Qp) 

_. ,Is 1+~h+(~+li):;‘)h’ , 
[ /’ 2 1 F) 

where II:, = +, Tllih rt~latiou is also villicl for ;I striligllt sector 
if tlrr liitiit /J - 3c i\ t ,rkru il1 tl1r aI)plop~iat~ way 

Tl1r difft~lt~llct~ 111 tot~ll (~lUWl orbit lr11gtl1 Of a11 uff- 
luoluelit 11111 lurtlc It. 110111 tlr;lt of ;I lt~it~l~uct~ prtirlr is siIlip1) 

AC’= j(,// - ,I\) = fC,(,(b +,,,*‘)A (0) 

( ‘~JIllpliSUIl (Jf &I (0) dIl(l Eq (6) J’irltlS 

1 
(I() = 

.f 

* h,,, 
(;, ,/ 

E (4) 

(W/J) + (Z) 01 = - -, 
(Yo Ill(, 

(7) 

(8) 

wllrr~ ((0 = ,$ IIS ;lll~l ( ) 

~111(1 t ll? 1iiSt t t’llll III E:(l (N) II’ = k (D(t) = (“:I-) is callr~l 
J(nul/J) 

tlir wi&lig iact [7]. 

Bt’tilt I’(111 OS~~i~~dtlOllS lllq’ ;IlSO cOlltI’l~)~lt? t0 t.ll? difkI?IlcY iI1 

orhit lrugt 11 [5], wlric~11 I)rovi(lrs ;I roul)ling ~~irclinriisiii hetwern 
trilllsVt~‘l’w irllcl 1011gIt Il~llll~~l iliotioil III gmrral, this effect is 
vrry sn1~111 

3 Diffkrcmthl E(l~wtiom For Th Dispwim 
Fhnctioil 

T11r tliffrrrllti;11 rclil;itiol1s 1~~1. (lis~)ersioli fiinctioi1 t-ii11 tw tlerivrtl 

11om tllr Il;liliitoi~idll. 411cl ~x~~al~~lr~l t 0 the srrolrd order of (I 
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iI$ [(i] 

1 1 
D;t(--Ii-l)n(, I= -* 112 I' (“I 

- $,Df. (lo) 

wlirrr the priinr rrprrseiits t11r tlifferentiatinit with rrhpt3.t 
t.0 s, t,hr nzii~~utld coor(liiiihtr. oH, Her? 11.1 = + (,, ;l.ll( 1 

,II 

11.2 = fi s ;irv rrspctivrly the c~umlr~~~j& airtl t 11~ Srx- 

t Ilymlr strriigtli for a rrferri~cc~ 1nrticle. 
Thor iilllolllogeilolls Hill qua tiouh codtl 1,~ solv~tl iu prh- 

ciplv I)y usiihg Grtml’s fuiictioil [Xl. But it, is ilot ol)vious to se? 
llow the tlisp~rsioii fiiuction is rrlated to other lilttic? I~;Ir;iin- 

rtrrs. III t,lle next. srcth wtl will solvr Eq. (9) and E(l (10) 

explicitly for ;tu itled FODO lattice, whicll is riot far ilw;ly horn 
solllr rralistic lntt,ices, as showu lilttfr. 

4 A Solnhle Case: The Ided FODO Lattice 

The it1vn.l FODO lnt,ticr that wt” collsi(lyr is C~OIII~~OS~Y~ (jf N 
i~lr~~ticd FODO crlls, or ‘?N II;111 ~11s. Each ha11 c-r11 starts at 
t llr crutrr of n t Idn focussiq t~u;1~lr111~01~ (QF) ;111(1 ru(ls at t llr 
cenkr of n m$,ltlmir~~ thin tlrfoc-msing c~l~;~~lrupole (QD). Tllr 
illJS0lllte illt~g~iik(l strrllgtll of 1l;ilf QF iill(l QD is tllr s;llilt’ 

(I = 111-l Il,,q = +, wllrre h-1 is tliv (~ii;i(IriiI)ok gr,iclirut ( clll( 1 

I,,(, focal leilSt,h of tllr half (lu;iclruIjol~. The ljrlltlihg a~~glr of 

rac11 tlipul~ is 0~~ = $ = +, \Y~IY”L.Y L is thr li;rlf c~41 lriigtli, 01 
t,ll? lellgth of PiICll tliph since I,,(, - 0 , ii11cl K is tllr rntlim 
of curv;duit* for tllr rrfrrr1lc.r Imrticlr. i\llotlirl cmll;~riic~trlistic~ 

parniurtrr is 

.s = qL z Sill r/j1 ,? ( (11) 

wl~icl~ sl~odtl not be coi~f~~st~tl wit II dziiilutlr;il moi~li~mt t’ s. 
where C/I,/, is tile lwt,ntroll I)llilS? ;Itl\‘;lllw I”” 1i;111 c-r11 

It s??~I~s tllnt OIIY t)IIl~i II~vcIS ttj SOIVY E(l (‘I) ;IIICI ECU. III 
thr dipole. Actually tllr IIKewry 1~~1II1tl;ii v c-0iiclitioli.s 1(;1vt 
A0 to IW iniposrcl IJ~ tlir thiu C~II;I~~~II~~O~CS 

III t ilr tli~dr ([J = R nutl Ii-, = II), t lIt2 ~VIII~I;II s(JlI11icJll of 

Etj.(Y) is 

&m(fi) = R(1 t I I sill H $ cL cos H). (1’) 

T11r cout,iltuity of D ant1 % = ( I + J-)-l D', colrlljinrcl 

wit,li tllr symliirtry coiiclitiol~ I&, = 0 at thr c-riltrr 01 tllv 
q11;1’1111~“‘1~S, call IW solvrtl to grt 

1’2 4 (‘1=-z-- 
Q (1 + I)2 ) C-OS 9 

(13) 

w11cl~ (1 = Ry = $- = e. Sul)tituthg Eel (1~) ilrto E(l (H) ,rutl 

Eq.( -‘) g,lvt~s 

1 
.+b 2 DOE 

CY(J = I 
‘ic)’ 

rlH-=I-------- 

Ho!Ll R 4J( 1 t 02) ( 
(14) 

. - 2 

c!iL wllur 1 = fnn( 2 ), illltl t ltr wigGliili; hCto1 

1.8 

1.6 

1.4 

1.2 
(Y 1 

1 

0.8 

0.6 

0.4 

0.2 

0 

(I 1 ill an dral FODO lnt,ticr 

0 0 2 0 ‘1 0.G 0.8 1 
s = 11~ 1, = Halt ~ju:~~l~~i~~~A- \rlrrl@ll * Halt ~~11 lrr~gth 

Figllrr 1: (11 :I,S ;I f’l1hrt ioil of’ s( 25 sin c#J 1) wit811 tliffwnt 
1111111lwr of’ ~11s III ;III i(leill FODO l;lttice.‘The solid line is 
tllr 1)rdic.t ioll f’lY)lll tllv ~Illill~tiCill c~spwssioll. wliirli ZLgrWS 
rxcthtly with mm (*;llclllatioil with s;rct,or tliplrs (clia- 
111on(l I)oillth). TIIV ~)IIIS Imillt. \ art RlAD c;ilclllation with 
I.~~~tilll~lll;ll~ cli~~ol~~h 

Foll(wiuK tllt> h<~tt~r [“““td’l’t’, !vt’ 1lOi’i S(Jl\Y n, 111 thv tiildr 

(l(i) 

wit 11 t hta gyilt”i 21 solut it111 

D,r,(H) = 11’ [c ! 5111 H $ c 4 (‘OS H] - -$ n& (17) 

wliic-lr I~dcls to ;I \‘(‘I y \11111~lt’ c10st~l lt+ult 

1 
(I ()I\ , = - 

Hu I 
.+ k 

!tu .! silk 2 

a2 tlH( 9 $ -+$) = (‘4 ____ 
&I 

(1~) 

. - 
2 

(4 caii Iw ht~lwtl 110111 tlIr IJo~~litl;i~y (7Jilclitious iintl sliljktitlitecl 
illto Ecl.(l~) t(J qt*t 

Q"f(Q'f' + 4) 
I& (10 , = 

H,l(l t 4')! 
(19) 

FurtlltAr slll)stltIltioll 01 Ecl.( 14) illto Ecl.( l!)) ;~llows onr t,o write 

q4 t(4pr’ + J) 
“I = (1 -+C)‘)L [H()(l + Q’) - if(p]’ 

which ~~01iltl ;IltrIir;Itivt~ly IJV t~xlJit5wtl ah a fuirc-tion of s 

s4f(.sLfL -+ 3H()‘) 
01 == 

(H(,? $ .d)J [H,)(H()’ + YJ) - ‘fs’] 

(?(I) 

(21) 

(uf) /(I = ___ = Q' [W + f')(l t(1')t a(1 -c-j)] 
4(1 t Q') [Ho(l •t QL) - ,@‘I 20 (1 

( 15) 
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Noticr that tlOtll I/’ alld fl I Olll~~ tlrIlrlld 011 thr hflrll~tlI Of the 

c~II;~cI~III)o~~S ;IIICI tl1r IIIIIII~)YL 01’ cells. Fig. 1 is ;I I)lot 01’ 11 1 ;Ih 

a fuI1ctiou of s wit 11 tliffurut I1uIlll)rr of c-t+. For ;I ,qiVtq N, II’ 
nut1 11 I iI1crrasr as q~Ia~lr~IpJlrS I1ec-oI1rr St IoI1grr. T11r I)tJssil)lp 

valnr of I; is soIIiew11er~ hetwrrit (I aIrt1 1 shcr + Z hiI1 C/J 1 Ill 

tltr case .q = 0 (cyclotmI1), froIu Eq. (14) a~1 Eq. (?(I) wf,‘l1;1vt’ 
110 = 1 a~(1 1r1 = O ils expectrtl. For ~a.1 sync-11rot rolls ~$1 is 

Ilslliill~ I)rt,Wrrll 30 illltl 45 clrgrrrs, aIltl t Ilr 0Iwrii t ilrg r;illgt~‘fol 

S iS 0.5 N 0 7. Also I1dicr that UJ aI1t1 ml iI1crrasr wit11 N. SiI1c-r 
N iI1crrasrS 2s riq size (ro~Ighl,yN rx a), ~1 and CYI ,1rtJ I+,grl 
for larfirr II1achr.s. 

Ill tlw (‘as? iv - SW, tllr c~rllt~lifllgill fociIssiI1g of tlipolrs I)r- 
(‘Olll?‘:, lIrgllgll~lr, illltl t,llY ~~llill~~ti~~i~l rrsiilts rtficliic~ to 

(Y() = $ 
( ) 

1-G ) (L2) 

fY1 = ;(,,, _ :v -t 6) 

2 (1 - 6) 
(23) 

5 Conlparisou With MAD 

II1 gc~IieIa1, tlir tliffrrrntial t’~~lliltlOllS ~‘~lililot l)tJ solvt~l ;ii1dlyti- 
~;11ly ;111cl I1umrricnl IIlrtl10(1 11aS to I)? IISPCI TJI1foIt III1;1trlJr, (1 1 
is I1ot tlirrc-tly i1V;lilZl)lr froI11 tlir grlirral ro(les si1cl1 as MAL) 
[ ] 1’1 tJ-1 .t 10 ( \V llc 1 Ills t <I( Ir iirI1 tlir 11lol1lt~:1tllll1 ~~0lll]Jil~~ti0ll i;ic‘tol 

(1 1’ ‘Tllr V;1111e 01 0 1 has to tw t*xt 1.;1c.tf7l 11011i tli(d tlrIwiittrliw 

of cr,, 011 c? (‘nrr Iuiist l)tJ tnkri1 ~rt~o1it whit-I1 tlrfiI1itloI1 of II,, IS 
iist7l ii1 ;I sprcific c-otlt,. It III,IV l)r 

p (I( ‘ 
(Y,‘l = (‘tll’ = W(l 

[ 

1 1 
1 -j- ‘(/I, $ - - -flo)h + O(P), 

.! .! 1 (,‘4) 

or 

y,. tlf’ 
(‘1’2 = c:,-J = flo(l + LfJ,h) $ f&Q), (2.5) 

or soIurtl1iI1g c~lse. It is illSO iIlil)oIt 311t to tt3t tlirsr coclt’s ii+ 

SoIllr vrry simply Ii1 t tirt‘h. fOr Wh1C.h ~111 ~111~1~\‘t1(~d SO~Ilt1OII k 

possitjlr. If t.lit~rr is a goocl iI~rY?Ill?llt, w? (‘2 11 Ii;iv~ coI1fi~lt~i1( tp 
III I1um~Iical sollItioI1s of rrnlistic- Iat ticcds suc.11 (IS tlrcd XJ,til1 l+i11;: 
or tlir MniI1 Iiijrc-tar, 01’ ill1 iso(.l1IoI1ouS rii~g. 

A latticr CYJIIII)OSH~ of XII SiI11l)lif1t-‘cl FOI)O c.tLlls was sit 111) 
c1s lllIlllt to mrk ‘rilr lrllgtlI d ;1 ~ill~ldl~llId~ \valh clloSt~ll ;I i 1 

1m-roll. For rvrry s, t 11e IIloII1yI1t 11111 coI11Imct ion fnc-t oI (I,, Is 
c.a1lculatrd ly MAI) at tl1rrr Iuc)llltdI1tllI1l OffSdS h = -h,, (I, $h, 
with h, = O.OO~. T11vl1 01 wi1S rxtr,1c-ttAct fro111 11,~ ‘IS 

fr] = 
nq,,(h) - “,‘L(--ht) 

4rroht 
(L(i) 

if a,, = (1 I,L. Tl IY rxcrlleht aprrIiirI1t iS dcl1irvr(l 11s1i1g tIltA st7‘- 
OIICI clrfiI1itio11, ns SIIO~II iI Fig 1 ?‘]I(, SyitcJlii;rtic (I]\( I~~),III( y 
foiiI1(1 in rrf. [l I] is I10w iII1~lt~I~too(l 

G Deviation fiolu the Itl~d FODO Lattic-(1 

Tali111g tliv Rlaiu II1~jcJc-tor (ll’ = 811, ‘I = ~II $ = $1’1) so 

,L - n; ,1~1~~~~Jxii~iiitioI1 vali(l) <IS ,111 t~xallil)l~, wt’ will stat’ 11(1w 
thy clGntioI1S fIoIII i1I1 idrnl FOl)O lattlc‘y ;1iItJct 11 1 

Sf ( tar I)/~JOh rr7,tl HF( ~fl//,f/“/“’ D//df q: III tllr l(lr,ll I#11 tl( Y 

wt’ i1sslllll~~l tl1rrr WiIS 110 tlipole rtlgta fo~‘llsslii~, as wit11 srct,oi 
tliplrs Iii Ir~dit,y tlir hlaiI1 II1,jrc,tor ctII1olt~ is it~(.tdi1~id,11, How 
lI1l]JO~tiIIlt is this’. ) Fig. 1 sl~ows that t I1r tlifft~I~rI1c~t~ I)t~twt~c~I1 
SKtOL tlipOlt’S iilltl ~Kt~lllglllil~ (il]l(J1c’s i\ I1t~gligil)lr 111 tlic ( ;1se 

of hlaiI1 II1,jtdoi Ullt 4s t Ilr Cc,11 I)ll”Se dtlv~llcr illltl/Or I1iiIIihr 
of ells c1rc.1 v;‘;lws t I1r t7lgtJ fociissiI1g t~rcoIIi~~ Inore iinpurt ant. 
So slm-ii11 (‘,II’P 112s to t)r t ;1ktJi1 wit Ii rtlge fomssing iI smnll 
dC(Y’l~‘I,l t 01 r111gs 

F/U/ff Lf r,$l, ~IId/ rqdt. F or tlir siiiiplicity of CHl3lytiCill 

SO~llti~~Il, Wt’ llil\‘P Ilsrtl 2 thin c~u~1tlru~& iiIJI;~~~Xilll;Lt~ioll What 
II~~IJUIS if cluaclruI& 11as fiuitr ltq,tl1? From the nIotlr1 lnt- 
tier, we SKY tl1dt (11 changes fruin 1 545 to 1.550 IJy increasing 
tll? c~lliI~l~ll]J0lt~ lrllgtll flolll 2 I11icIoI1 to 1 IIIrtrr. This is Ilot n 
sliq)risc~ twni~sr thr (IoIiiii1;1I1t <oiIIc‘r of Iuoinriit 11111 coIupctioI1 
~7~Iiit‘s from tlisprsicJI1 in tliph3 nIit1 t l1r ImiIIi~lnry coIitlitioIIs 
;II’r tlOlllillilttYl IJy thy ii1trgrdt~cl st~rrllgtli of thr c~u~driipolrs. 

f’o7/// iCrlt/or/ /roll/ ,S’r./tr~/udt.b: If tl1r srxtiiIdr strengtl1s are 
set to I11aktd the 11rt c-l1roIl1;1ticit)~ (1 - f’) thrs the nn.turd 
cliroII1;1t~icity. l)~ (iIll(l t 1111s 110 ;111(1 II)) will i1ot cl1aq~ while DI 
will be Ii1otlifird, i1.S sl1owI1 iI [ 1 l] 

(27) 

This ilI)IJToxiI11;1tic)I1 is trur w11r11 tl1r focussiI1g from tlipolvs is 
Iq$gihlr. ‘l‘lrri~ 

:{-L’f$; 

(” = ; (1 - 22) 
(2s) 

so, wllc~rl t IIt, 1rtJt clllc~lll,ltl( 1ty IS (olllp~lls;ltcYl to ZtJlO. 01 f’ = 1, 

0 -I < 0) = 
I,2 

+;, - 
< OX3 l)tscalIsr 0 5 .s 5 1 For the 

M;iiii Ii1J(~ctoi yL = 0 5, <I II( I \\‘(A Il;lvr (1 1 = O.‘,H’i ,4 \‘;llllY 

of 0, = - I.7 cd11 l)r ot)t;1iI1ycl ii1 1~rhci1)le ly syt tiug f Z 3 
rrsidtiiig ii1 l111~~1~;1s~11111~ stl’olig 1lOIl~iIl~il~ firltts. 

Thr f)ohhildr inli)ti,l tdltw 01 t llr f~lrvitrtdy Itrglrctr~l wiggling firt-to1 
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