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Abstract

A new theoretical model of emittance growth in nonsta-
tionary charged particle beams has been developed which
generalizes the previous theory of nonuniform charge dis-
tributions to include rms mismatched and off-centered
beams. First the behavior of mismatched uniform beams
in linear focusing channels, where no emittance growth oc-
curs, is discussed. Then the results of the new theory are
presented and compared with numerical simulation studies
for rms mismatched, nonuniform beams.

I. INTRODUCTION

Past theoretical studies of mismatched beams used the
uniform beam model to calculate the frequencies of the
envelope oscillations[1]. Since all forces acting on the
particles are linear in this model, the emittance remains
constant. In more realistic nonuniform beams, however,
the nonlinear space charge forces may cause emittance
growth, as has been shown for rms-matched particle dis-
tributions in several theoretical[2-5} and experimental in-
vestigations[6,7].

Recently, the author developed a new model of emit-
tance growth in nonstationary distributions[8] that ex-
tended and generalized the previous theory to include
rms nusmatched and off-centered beams. The gener-
ally nonuniform distribution is modelled by the equiva-
lent uniform beam having the same perveance, rms radius
Z, and rms emittance €; according to Lapostolle[9] and
Sacherer[10]. In nonstationary beams the total energy per
particle is higher than in the equivalent stationary beam
by an amount AFE which constitutes “free energy” that
can be thermalized via collisions or nonlinear space charge
forces. By assuming that the beam relaxes into a final sta-
tionary state at the higher energy and comparing it with
the 1nitial stationary state one obtains analytical relations
for the increase of the beam radius and for the emittance
growth.

In the following we will first describe the behavior of
a mismatched uniform beam. Then we will present the
results of the new theory for the increase of beam radius
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and emittance resulting from the thermalization of the free
(mismatch) energy and compare them with simulation.

II. BEHAVIOR OF A MISMATCHED UNIFORM BEAM

Let us consider a beam with a uniform density profile
(K-V distribution) in a linear “smooth” transport chan-
nel. The stationary state is characterized by a constant
average beam radius ¢ and perfect balance between the
external focusing force, kZa, the space charge force, K/a,
and the emittance term, €2/a3, according to the envelope
equation[11]

K &

kga‘—a—_agzo. (1)
Here, ko = 27/Ap = 00/S represents the external focus-
ing force, Ag the betatron oscillation wavelength without
space charge, oo the phase advance per period without
space charge and S the length of one focusing period.
K = (I/10)(2/3%43) is the generalized perveance, Iy =
120m mc?/q is the characteristic current, m the particle
mass, ¢ the particle charge, ¢ the speed of light, 8 = v/¢,
v =(1—£?)"12 and v the particle velocity.

Defining the above parameters with space charge by £,
A, o, respectively, and using the relation

kzzkg__')v (2)

one may rewrite Eq. (1) in the form

€ .

k%a — -55::0, or € = ka®. (3)

The total energy F per particle (transverse kinetic energy

E} + potential energy of the applied field E, + self-field
energy E,) for the stationary beam is found to be[8]

2
E= 7—’”1-1-“— k%a? + k2a? + % (k2 - k?) (1 +4€ng>] ,

(4)
where b is the radius of the beam tube.
If the beam is mismatched, the beam envelope will per-
form oscillations about the equilibrium radius a with wave
constant[1]

ke = (2k2 + 2k2)1/2 (5)
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Figure 1: Envelope oscillation (top) and motion of trace-
space ellipse (bottom) of a mismatched uniform beam in a
smooth linear focusing channel where k/ko = 0.8, ao/a =
0.5. The dotted ellipse in the bottom picture represents
the stationary (matched) beam.

for the axisymmetric in-phase mode. Figure 1 (top) shows
the envelope oscillations of a mismatched beam with a
“tune depression” of k/kg = 0.8 and a mismatch defined
by ag/a = 0.5, where ag is the initial waist radius while
@ is the radius of the stationary beam. The length of cne
oscillation period in the figure is in excellent agreement
with the value of A, = 0.552 Ao, calculated from Eq. (5).
The bottom of Fig. 1 shows the position of the trace-space
ellipse at twelve intervals during one envelope oscillation
cycle. The typical rotation of the mismatched beam ellipse
is evident. The calculations were performed by numerical
integration of the K-V equation.

Figure 2 shows the trace-space picture for a beam with a
lower tune depression of k/ko = 0.3 and ag/a = 0.5. Note
that the ellipse motion is qualitatively different from the
previous case. It is an oscillation rather than a rotation,
with the tips tracing out the two closed curves shown in
the figure. Further computer runs and analysis show that
this qualitatively different behavior occurs when the beam
is dominated by space-charge (plasma oscillations), i.e.,
when Ka? > ¢2. For Ka®? < €%, the beam is dominated by
emittance (betatron oscillations). The transition between
the two regimes occurs when Ka® = ¢2, or, equivalently,

from Eqs. (2) and (3), when k/ko = v/0.5.

r'{mrad]

Figure 2: Motion of trace-space ellipse for a space-charge
dominated beam where k/kg = 0.3, ag/a = 0.5. Dotted
ellipse at the center of the figure represents the matched
beam.

1I1. EMITTANCE GROWTH IN A NONUNIFORM
MISMATCHED BEAM

If the beam has a nonuniform profile, the space charge
forces are nonlinear and the free energy AE due to mis-
match or other effects can be thermalized. Assuming that
the nonlinear forces due to the collective self fields have
the same effect as collisions[12] one expects from thermo-
dynamic considerations that the beam relaxes towards a
stationary Maxwell-Boltzmann distribution with a density
profile[13]

n(r) = n(0) exp[—g¢(r)/kT). (6)

Here ¢(r) = é.(r)+ ¢,(r) is the sum of the external focus-
ing potential given by ¢.(r) = %'ymvzk%rz for a beam with
nonrelativistic transverse velocities and the potential ¢,(r)
due to the self fields, and k7 is the transverse temperature
in the laboratory frame.

Since ¢.(r) depends on the density n(r), this distribu-
tion has an analytic form only for the low-temperature
(T — 0) and zero space charge (¢, — 0) limits, where
the profiles are uniform (n = ng) and Gaussian [n(r) =
n(0) exp(—ymuv?kir?/2kT)], respectively:

Approximating the initial and final nonuniform distribu-
tions by the equivalent uniform beams, the author obtained
the following relations for the effective radius a = 2z and
emittance ¢ = 4¢ of an initially nonstationary beam(8]:

The subscript i denotes the equivalent initial stationary
state for the mismatched beam, the subscript f denotes
the final stationary state and the parameter h relates to
the free energy AE of the nonstationary (mismatched)
initial beam by h = 2AE/(ymv?kZa?). The case of an
rms matched beam having a nonuniform density profile
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Figure 3: Simulation results for effective beam radius a/a;
and emittance ¢/e; in the case k/kg = 0.3, ag/a; = 0.5 for
an rms-mismatched initial Gaussian distribution.

has been treated previously[2,3] with the assumption that
the radius ay = a; = const. The free energy parameter in
this case relates to the field-energy difference U = w,, — w,
between the nonuniform and equivalent uniform beam and

is given by[8]
1 k2N U
h=h,==-(1-=%] —,
4 ( kg) Wo )

where wo = poI? /16782 = I? /(4 x 1073%)[J/m] and U /wy
is a dimensionless quantity that measures the nonunifor-
mity of the distribution.

For the rms mismatched beam the initial effective radius
ay differs from the equilibrium radius a; of the equivalent
stationary beam and one obtains[8]

2 2 2
h=hy = ke (“—’ - 1)—1 ( . 9—%)+(1 - f-) m
‘ 2 k2 \ a? 2 a? k2 ap
(10)
Given h from (9) and (10), one can calculate the radius and
emittance increase of a nonuniform and/or mismatched
beam using Eqs. (7) and (8).

To check the new theory, extensive systemnatic numerical
simulation studies have been performed at Los Alamos[14].
Work is also in progress at the University of Maryland to
compare theory and simulation with experiments in a pe-
riodic solenoidal focusing channel[15]. In all cases studied
so far, the theoretical predictions from Eqs. (7) and (10)
are in remarkably good agreement with the simulation re-
sults (generally better than 10%). As an example, one
finds for a Gaussian beamn (U/wy = 0.1212) with an initial
tune depression of k;/ko = 0.3 and a radius mismatch of

agfa; = 0.5 the results h = h,, + b, = 0.39 + 0.03 = 0.42,

arfa; = 1.28, ¢;/e; = 3.64. The simulation results for
such a mismatched beam using a Gaussian density profile
are shown in Fig. 3. The top curve shows the radius and
the bottom the emittance versus distance in plasma wave-
lengths z/Xp, where \, = 27 /k, is defined by the relation
kp = [2(k2 - kz)]1/2 Most of the emittance growth occurs
in about four plasma periods which roughly correspond to
the average betatron wavelength. The final mean radius
and the emittance peak are in good agreement with the
theoretical values. Further results of the simulation stud-
les can be found in Ref. [14]. As will be discussed in [14]
and [15], most of the emittance growth appears to occur
due to the formation of a large halo surrounding the beam
core. Thus one can draw the important conclusion that
beam mismatch is apparently one of the main causes for
the halos observed in many experiments.
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