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Abstract

A comparison has been performed between coasting
and bunched particle beams pertaining to the mechanism
of stochastic cooling. In the case that particles occupy
the entire sinusoidal rf bucket, the optium cooling
rate for the bunched beam is shown to be the same
as that predicted from the coasting-beam theory using
local particle density. However, in the case that particles
occupy only the center of the bucket, the optimum rate
decreases in proportion to the ratio of the buuch area
to the bucket area. Furthermore, it has been shown for
both coasting and bunched beams that particle motion
is stable upon signal suppression if the amplitude of the
gain is less than twice the optimum value over the entire
frequency bandwidth of the cooling system.

L. INTRODUCTION

Stochastic cooling for both coasting and bunched
beams[1-7) has been successfully applied to many accel-
erators. Theories, mostly using Fokker—FPlanck approach,
have been developed to investigate the particle motion.

This paper provides an analylic comparison between
coasting and bunched beams on the cooling mechanism.
In section 1I, the optimuin cooling rates for coasting
and bunched beams are derived from the Fokker-Planck
equations. In the case that particles occupy the entire
sinusoidal rf bucket, the optimum rate for the bunched
beam is shown to be the same as that predicted from
the coasting-beam theory using local particle density.
However, in the case that particles occupy only the center
of the bucket, the optimum rate decreases in proportion
to the ratio of the bunch area to the bucket area, which
contradicts the coasting-beam prediction. In section HI,
the effect of signal suppression is evaluated based on the
equations of motion. 1t is shown that the pariicle motion
under cooling is stable if the amplitude of the gain of
the system is less than twice the optimum value over the
entire frequency bandwidth.

Although the discussion is restricted to transverse
stochastic cooling, it has been found that the conclusion
is also true for longitudinal cooling, where the analysis
is complicated by the mixing factor that depends on
longitudinal particle distribution.
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II. COMPARISON ON OPTIMUM COOLING
A. Coasting Beam

Consider a beam of N charged particles azimuthally
distributed along the accelerator. The increment Uz in
z' = da/ds that is experienced by the ith particle per unit
time at the kicker, is proportional to the displacement ¥
of all the particles at the pick-up,

N
Ua:',i = Z Uijmfy (1)
j=1
where

Uij — Wo Z G (mth) eim(w]-~w;)t' (2)
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Here, mt = m tv,, v, is the transverse tune, G(w) is the
gain of the cooling system, w; is the revolution frequency
of the ith particle, wq is the average revolution frequency,
and (3, is the Courant-Snyder parameter. The superscript
P and K denote values at the pick-up and the kicker,
respectively.

It is convenient to describe the transverse motion of
the particles in terms of the angle- action variables ¢ and
1 that are generated from the original variables z and '
by a generating function

mz '
Fl(m,(,a;s):—zﬁ: (tan(p—~'%’~). (3)

The equations of motion thus become

1
(PI:#+Uwv

A I' = Uy, (4)

where

U1:~\/2ﬂ;75ingoUz:, Uy, = —v/Bz/2IsinpUg:. (5)

Evolution of the transverse distribution function ¥ can be
described by a transport equation, which is obtained by
averaging the two-dimensional Fokker-Planck equation|6]
over ¢,

v 8
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Fo) + 251 (D%‘—f—) . (6)

Neglecting the thermal noise of the cooling system, the
coeflicients of coherent correction ¥ and diflfusion D can
be evaluated

F(I)=r°®I, D=D"I{I), (7
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where ( ) denotes the average, and
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(8)
Here, p(w;) is the density in frequency seen by the test
particle 4, and AGPX is the azimuthal distance in radian
between the kicker and the pick-up. The factor containing
the difference Aw; in revolution frequency represents “bad
mixing”. Because F' and D are both independent of ¥,
the cooling rate can be obtained by integrating Eq. (6)

using[6] relevant boundary conditions,
1 d(I) D°
o L O 9
0 dt + ®)

The average gain Gop to achieve the optimum cooling
rate 7,; is then

_ wolp (i)
2(n)
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where Anfy is the frequency bandwidth, and (n) is the
average harmonic of the cooling system.

Gt (10)

B. Bunched Beam

Consider a bunch of Ny particles performing syn-
chrotron oscillation with frequency €2; and amplitude ;.
U;; can now be expressed

Usj = (mwo‘rj) G (mtwo - lﬂj)
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(11)
where J; is the Bessel function of Ith order, and ¢° is the
initial phase. The coeflicients of the transport equation
(Eq. 6) in terms of the action variable can be evaluated

po— wodnia a0 SR G, 10,
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% eim.-M“’“/oulz (mwm)
(12)
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(13)
where ¢i:88%% /wo represents “bad mixing”, and

= Z G (mFwo £19;) T4 (mwot;) Jxk (muwoT) .
m=1
(14)

Here, p(J) is the particle density, and J represents the
longitudinal phase-space area enclosed by the particle
trajectory. The rate of change in synchrotron-oscillation
frequency under a sinusoidal rf voltage is[6]

()
dJ

h2win
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(15)

where h is the rf harmonic number.

The average gain to achieve the optimum cooling
rate Topt can be similarly obtained. Because the number
of significant synchrotron sideband (k) ({k) = (n)wo(T})
is typically much larger than 1, Jz) in Eq. (14) may
be replaced by their asymptotic forms. Employing the
identity

(@) +2) Ji(e) = (16)

the optimum gain can be derived

_ Anwo{p (k)

w(k)?

-1

_ ‘dn

Gop Tt = 3o () |47

apt
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C. Comparison

In the case that particles in the bunch occupy the
entire rf bucket,

qef/'
wh

No Cw

p(J) ~ T, O~ (18)

The spread AQ in synchrotron-oscillation frequency is
comparable to the zero- amplitude frequency Q,. Ex-
pressing the oscillation amplitude

2 Cw 1
= w [
<T> hwo C¢ ( ) hUJO, (19)
Eq. (17) becomes
-1, (n)*(Aw:)
ot~ T9xhNy ' (20)

where (Aw;) is the mean spread in revolution frequency.
Compared with Eq. (10), the optimum cooling rate for
the bunched beam is the same as that predicted from the
coasting-beam theory if 4hANp is considered the effective
number of particles in the ring.

In the case that particles in the bunch occupy only
the center of the bucket, the spread A is small compared
with 2,. Consequently, coasting-beam prediction is no
longer applicable. In order to demonstrate the difference,
consider the situation when the peak rf voltage is in-
creased while the bunch area is kept constant. According
to the coasting-beam theory (Eq. 10), the optimum cool-
ing rate is unchanged because the effective density (p(w;))
is nunchanged. However, according to the bunched-beam
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theory (Eq. 17), the rate decreases in proportion to
V-2 Cooling becomes difficult because of the eflec-
tively higher particle density in synchrotron sideband.
Define the bucket flilling ratio as the ratio of the bunch
area to the bucket area, Fig. 1 shows the change of opti-
mum cooling rate calculated by assuming constant bunch
area, and by including synchrotron sideband overlapping.

III. CONDITION FOR BEAM INSTABILITY

A. Coasting Beam

In the previous section, the undisturbed value zP°

has been used (Eq. 1) as an approximation for the
transverse displacement zf. In reality, the solution 2% to
the equations of motion valid to the first order in U,/ is

t N
zip::r,ipomw,ﬁfﬁf/ dt'cosu,wi(t——t')szpU;j (t).
0
i

j=1
(21)
The center-of-mass displacement can be solved|3] by using
the Laplace-Fourier transformation,

N1 N_\ eimu,—tm}f’o
X (t) — e imwit, P _.___J____“, (22)
™ 2:41 J Jz:‘l 1+ F, (miwj)
where ﬁ'm is transformed from
N
woG (mtwy) <= sy,
Fr (t) = %ﬂ L et cos vaw;t. (23)

i=1
Iustability occurs if the denominator vanishes, 1i.e.

weG (mitwo)P p(w) dw
4rm* / w Fw;
(24)

where P denotes the Cauchy principle value. Compared
with Eq. (10), Eq. (24) implies that particle motion is
stable upon signal suppression if the magnitude of the

woG (m*wo) p (w;) n

1=
4int

gain is less than twice the optimum value G,p,, over the
entire frequency bandwidth of the cooling systein.

B. Bunched Beam

Signal suppression for the bunched beam is compli-
cated due to the coupling between diffcrent harmonics.
Define the center-of-mass displacement

=) N
X.(t) = Z Z (=i)* Ji (nwot;) e"‘"’?e"ihnf‘mf. (25)

k=—o00 j=1
The Laplace-Fourier transform satisfies

oo
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where i’mn(u) is transformed from
twe) o=
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l=—o00 j=1
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(27)
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Figure 1: Optimum cooling rate for the bunched beam
as a function of the bucket filling ratio.

Solving Eq. (26} is equivalent to obtaining the eigenvalues
of a matrix F, which is defined with F,., as its elemenls.
The instability that most likely occurs corresponds to the
largest eigen-value being equal to 1. Using Eq. (16), this
criterion is

1 =~ Y
2nkmt T t 2nlkmEr;

0n-Q;

(28)
Compared with Eq. (17), this again implies that particle
motion is slable if the magnitude of the gain is less
than twice the optimum value over the entire frequency

bandwidth.
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