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1. IN’I’RODT.TC’l’ION 

The increased intcrcst, in using intense, narrow, short8 
b~~ncl~t~s irl accclcrators has t,riggerrd an inter& in ttrc phc- 
110if1(~f10fi of single t~lilich hearll brCilkUp’. Several analyst5 
of (,llis pl~ci~oi~iel~oli have bcm ina~lc’-~, including t,tre ef- 

feels of rncrgy spread in the bunctl. In a recent, papc‘r” 

we ttavelopcd an analysis of single briilctl ham brcak~~p, 

iiiclritling ttir, effect of a linear variation of t,lie t~ransvcrso 
focimilig form with longitBudinal posit,iori within tlie ltr~trch 
(l~adir~g to what is tiriown as BNS damping”). A sub- 
seyfitwt sli,ggest,ion by J3alakin” t.0 shape I,he variat ioii of 
trnnsvc,rsc‘ force with position wiltkin the t)uitching, called 
ituto~)hasitig. niakcs it, possihte, in I3Cnciple, to eliiniiiale 
growth due to hcnm I)reaklip. 

‘t’lfe physical pict,ure of allt.ophasiilg is easy t,o undcr- 
htilii(t nntt lcads to a rougtl at~t~rosillial~ion for the iiccessary 

force, grntticilt,. nut, tlic required sliat~ing is kchnically vc’ry 
clifficlilt and one will probal~ly have to br sal.isficd with ap- 
]ircisilliatc supprfkotr. 

III S(vt ion II we ri>vifv t.he t.hmry of single t>uiicli kiiii 

I~rc~nkllp with l3NS dillllt>illg for a coking I)c~3iii and ii1 
Sm-t ioil I It slrow t tic irnplicat iolls of arit~ophasing. III SW- 

lioll I\’ k- t)rcsmt, a retial~lc way to cst,ilnatc t,lie growth 
(111,‘ to Ix~am breakup wit,tl tillear variat,ion of the t.rails- 
v~‘rcc f<ircCl in terms of t,wo universal paramctt~rs, aiitt iii- 
~111d~~ coillparison wit.11 simiitat~ioits. 

II. SIKCI,E BCNCH BE,i\l\l 13I~ISAI\;I.JI’ 

‘1’11(~ cclllat ions b1~tlicll govcril ttlc tliS]1ti~Celll~llt ([(IV, ill)) 

311tl mcil.at ion of t,he deflecting iiiode (proport~ioiial l,o 
z(:Y, .I/)) for t,tie Alth “iiiaclol)alticIc” of the huncti as it, 
cntc%rs t,lrc iVlh cavit,y art 

n ? ( ( iz’ , ‘1d ) 
i))L” + ,,“(Af)<( IV, AI) = s( n, iv) (1) 

alIt 

s 

A¶ 
z( h’, Al) = UT tlC(M - I) r(C) ((N, P)) (2) 

0 

l \\;1r!i hilpp(ll.tCd by fllf? rIPpart Incwt of r:nrrg.\ 

where p(M) is the phase advance of the transverse, oscit- 
lation per cavity. We have approximated the cavity wake- 
field, which is proportional to 
r(e) sin(Af--e) ~7, by its tincar approximation for ix 1)1tnctl 
whose tengt,ti is shorts comparc~d to an r.f. wave tiwgtt~. 

Tlcrf, 

w(f) ZIP f 
Ia(4 = 211’- 

Q 
>, (3j 

wliere r(e) is a mcasurt~ of t,tic charge in the CL” iiiacropart,i- 
cle and its influence on the transverse motion. The t~un& 

has an energy II’ and a I.ot,at charge Abe = J’I~CC~(P). Tlic 
cavities, scparat’ed from each other by a distance I.. have 
a t.ra.nsvcrsc~ mode frequency ~/2s, a quatit,y factor Q, and 
a shunt impedance parameber ZlY”/Q? where T is transit, 

time factor. For uniform tongit~udinat bunch dtxllsity w(’ 
have g(C) = ‘vpe/n$-O, where the bunch is divided ilit Af, 
rnncropart~ictrs. One readily incluttcs several 1110tlrs 1)~ t,hp 
replacement 

Two deri\~at ivcs of Eq. (2) with respect. lo AI tcad t,o 

ayx, .I!) 

l)Al~ 
= uJT ?‘(llf) a$( N, P), 

k:quat.iolls (1) and (5) are t,hc st,art.ing point for our nn;~ly- 

sis. Our notation is very similar to t.hat used in an cai,licxl 
formulation of cuniutativc beam t)rcaklrp.7 

III. AIJ’l’OI’HASIYG 

111 autophasing”, one looks for a solution in wtlicll 
<(A’, ,\I) = t(Y) is a function only of ,V, that, is, t,tlc> b111Ic1l 

Inoves as a. rigid body. This is accomptishcd hy \vrit ing 

/L2(Af) = p& $-6/1’(M), (6) 

where 2 
&$ + /& = 0, (7) 

leading to 
6/l”(.U)~(n;) = z(Af, 11:). (8) 
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E’rot11 k:q, (5) WC obt.nin the aut,ophasing condit,ion 

&[@(M)] = (L’TI’( Al), 

tliat. is, the secor~d derivat,ive of the focussing force with 
rcywct t,o posit ion within t.he hunch must, mat~cll the t,rans- 

V(‘TS(? wakcficld. 
If wi‘ assiirnc a synimet,ric Gaussian-like bunch with W% 

of tilt: I)uncli b~~t~wccn RI = All ant1 Al = 114z, Eq. (9) can 
Iw ilirrpltetl to obt,ain 

LdT(A4~ - Ml) lx 
6pyAl?) - c5p2(;111) s 

.I 2 --co 
de r(8). (10) 

‘I‘liis is then the change of the focussing f0rc.c from one 
“t,ntl” of t,lic hunch to the ot,hcr rrqllirctl to suppress I)eam 
l,rd11p. 

I\‘. CNIVERSAT, PARAhGX’ERS 

III vie\v of the difficulty in shaping the variat,ion of the 
t ralisv~~rst force with posit,ion within t,he bunch, we sha.11 
t rest t lit: CRSC’ of a liiiear variat.ion for a coding bcaln 
hr~nch of riniform dcnsit,y. Eqilations (1) ant1 (5)> for cow 

st,allt //(-\I) G 11, and 7’(‘21) z T’, I~avc tile approsilnatmc 
sollIt icm.1 

[(iv, ‘VI) e’[lNtl’t -‘r/6 

F* 
= J-I+( 
-I./G Jn )I (1 I) 

\ilicw to is the iliitia! l~iiiicl~ offsd. and whcTt\ 

u = yp,(?/:i ;\TW 

is ii lIIlivt,rsal pnrnnir~tt~r asslrmrtl t,o he large compartd t,0 
1 ifi k:q, (1 1). Tka~n hrcakup is associated prinlarilx with 
tllr ter~ii in fr ill lhr, exponent inl. 

!II I’ig. 1 we plot Iri ()I”) E lii(~,,,,,/~,), ol~taintd frolli 
rlutlicrical siintrlations of t,llc original tlifferellcc equations’, 
as a fliiict ion of II, ant1 coinpar it, wit Ii tlli: aiialyt,ic v;lluc 
I~rdictcd by PIq. (11): 

Ill/3 
111( If) 3 ln(~,,,,~r/~“) = -j- - y (13) 

II c>re t,,,,,, is the anlplit utlc of t,lle oscillation wi1.h respect 
to :I’. Spt~cifically, we show 11i($) and In($) - ln(71n) in 
Fig. 1. ‘The agrcmicnt Iwt.wecn 11~’ aild 71’ is csccllcnt~ 
(\vitliiir &,I%) for valllcs of u > :3. 

If I\‘<’ IIOM allow /‘(!\I) t,o have il lllCi31’ d~~p~~lld~311~~ 011 

.\I : 

/l(,Zf) = 1 + 1 ,:’ 0’ , (14) 

hlicl~ tliat Eq. (1 ) ca11 1)~ approsimat(~cl I)> 

Pi’( N, 111) 
ai”l” + ,P + 2ftAl/l z z(nr, A[), (15) 

0.4 
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0.0 
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Figure 1: ln(7f) and ln(q’) - In(qn). 

we can obt,ain t.llc solut.ion for t/t0 in t,he liiiiit 

<(iv, JJ) N 1 e+‘+cf(u)+g(~) 

to - fiRe( J&z+ ), 

Tlic~ swontl uriivers;ll pram&T li is defined i\S 

I> = *( &)li:ll~f’l:~ l\jW 

and the funct,ions f(v) ant1 q(v), whose defining 

t1 > 1 : 

(16) 

eqiint ions 
arc b (riven in kfcrcnce 5, are shown in Figs. i’ and 3. In 
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Figure 2: Re f(v) and In1 f(u) 

Fig. 4 we plot, ln(7f)~ obt aid from numericill siiiiulntions, 
<as a fiiiiction of 1’ and conipare it with tllc, analytic v:111i~, 
pmlictml hg IGt. (10): 

h(7f) = 1[ IZC f(2.) + I?? g(v) - ; 111 47r1r + A( II), (18) 

wliere 

A(u) = 111 (?I”) I?,=0 47 - ______ 
,,J3 111 :liy 

2 
(19) 
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Figure 3: Rey(v) and Img(u). 
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corrclcts for ttie small inaccuracy of Eq. (11) for 2: = 0 
s11ow~ ill Fig. 1. Once again, the agrccn~ml between t.lle 

simutat ioils and t,hc prcttict.ions is Mcellent,, particularly 
over ttlt range -2 < II < 10. 

I~‘ignrc~1 coiit,ains t.lie noccxz~ry informat,ion t,o tlctcrirline 
tlrc~ gradic,i11 of II nrccssarl to s11pprcs.5 11cnin br(‘akup. 
Sp(~cific;~ttg, on<‘ calculates I/, froin l<:q. (I’L), and us(‘s the 
approl)ri;llc curve to deki-mine t hc vnluc of 7~ for utiicti 
In (1)) Z 1. The desired 0 is thrn obl~ained frorii Eq. (17). 

Figure 4: tii(7f) alid tii(7j’). 

‘l‘he rolat,ion bct~wccn t.he accurate resiitk in Fig. 4 and 
tllc: i~]‘~)ros~l,l;,t~ioll in Eq. (10) can be obtaiiied by obs;crv- 
iilg ttiat sllt)prcssion occurs at. rctativc~ly large vatucs of 1). 
(‘orlsitlrring only the terln II Rc f(t,) in t hc t~sponcntiat in 
f,:q. (16) and using t,he tnrgc f’ limit, p(1)) Z (P/911)‘iL’, w? 
fitId 

is of order 1, we predict, 

6,,“(M) = (11 + cull)’ - ,f2 E 2cr ‘bf if - Af’r w‘T, (21) 

in close agreement, wit,h t,he simplified autophasing v(,rsion 
in Eq. (IO). 

Finally, we reiterate that, our analysis is for il coasting 
beam bunch of uniform densit,y, with a linear variat,ion of 
focussing force with position within the bunch. These rc- 
st,rictions can be removed by using numerical simulations. 
It is also necessary t,o include t,he longitudinal wakefield 
in determining the focussing force within the bunch. An- 
other concern is that, our formulation assumes t.hat each 
macropart.icte transverses the cavity bcforc t.hr nest, on<’ 
enkrs. This cm be justified by averaging the displacc- 
ment of t.he macroparticles over each cavity.’ 
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{I Rr j(v) z (811”/9v)“? = (211~1 7’ u7/p)1’? (20) 

If w nss~lmc t,hat, suppression tatws place nlren II Rr I( 11) 
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