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A. 1\I1Cll,~~TLlCT115NliO 
Iil.s/ilutt. of Xucl~trr P~IIJSICS, ,\inf-osibirsk, l!,s'.~li' 

;\ (Il[ijlitat ivc corjsi~tcr.at,irjrl of ttlf? inlp~~lallce Ci%\lSed 
1,~. tlrtx s;s.~irI~ro~,r~~~~ r;i(liiil ioll is givf‘n. ‘I‘lte rigoro\ls rwrllts 
~11~11 iis t t~fl \,;~IIII~ of !lle tllr~~~t~ol~l fwq116:ncy and the rrlasi-- 
11111111 VCilUC~ oi tlIf* illlt’c”1atlc-r’ are oht niilt,tl in ix sirnpi~? Tv:ly. 

I. ~K’I’RODUCI’ION 

‘1’1jf, 1pr,11-,1~111 of t 11~: syrtcirrc~t,rou ratliat.ion of a charge 
iI1 i\ ~~ciiictlici i\-f, v;i1’u1li11 cttatliher leas t)i,c>rl c0tlsidered Illally 

tilli,as. hw Ir~ft.l.(~ltc.<‘s irl rc:ccs1lt. l~Lll~liCilliC~llS [l ,2,3]. TllC rig- 
O~O,IS (,l;llsi.]t‘r.atic.!Jl is I)ased 011 the exact sollltion of l,Iie 
\v;ivf’ t~I~“aIiotl iii ;I part,icular poll-let ry (a ch;\rg(‘ 1X10\‘- 

i!lg l)f,t ‘~vcrsik t,\vo conduct,ive planes or in a toroidal cllaili- 
t,oI.) HI111 jll\‘Ol\.,‘~ r;ltllcT cllml?c‘I.soLIIf’ 1. .alculatiolm I’rnvitl- 
il\g \‘(>yy ii~:f’~~l r~:f~~rt~llce ll~otlels, thcsi~ solut~iolls Call for 3 
Illi,rt’ +irjlptt~ tit,llri-;lig, l’ict ,ii”t’ aft 11~: t’li>,5ics involv0.1 uliicti 
~vci~lltl clarify tllc sitllation, wj)~~cikllly in cases kvllt>lY tll? 
c,s;ic‘t, sotrit ioli is Illlklli)!vn. 

C’orlsi<Ier. for c’sa11ll)lt~:, the r<~-;lllt,s [2] for a charge lrlov- 
illg along a circle wit,h t.he ratlills R, in a pillbox cavit,y 
\vith the- r;itlilis I, and tile lteigtlt h = 29. The real part 
of 111~ i!ll]~c~tl;~~lcc is given as ;t sllln of &functions tlllc t,O 
t !lta c:scit at ior! of eigen ~rloc-lt~s of tllr cavity. Tile threslk- 
01~1 frr,clllc”c’y utjl is nlrich IligltPr t~llan t,Iltx cutoff f’r.ciclUfllCy 

~‘rwl = 5-r/ I1 , 

,> / I>\ 3/z 
ui(}, CY - ;2 

1 L 
i ) “r, >> 1 , 

anil t IIf’ Itt;1Siltlllill Valile Of t.Ile impedance 

1, I 

I{c z(n) 

” r11a.c 
E no0 ; 011111 

is ilr~lt~lwn~l~~nt of h. SW Appr~nclix. ‘I’llis indicatrs t,Ilat 
Cf.)ll>iclf~rilt iolt hnxtvl oli 1111: It~oi!;il analysis is stl~~~~~fIllOllS 
\vtlilc: t llv tl~rc~~ltc~l~I frcqlirilcy is a rrstllt of the intrinsic 
l,rol”;rt,ic’s of t 11~ synct~rotrxb~l ~vi~kliilt iii11 in a wavcgitidc. 

‘I‘Iif> i l~rr:sltnl~l frr~ql~f~ricy ntay l)i, obtained iI1 the fol- 
Ioi?iilg \~a>-. *\s it, is well k1toxv11. tilt* l~:~~liionic 11 of 111e syl)- 
c,Iirot foil radii3tiotl can be ratliat t’<t only iviclliri t,llc> small 
;r~i;lr~ P \r-ill, tllc, l>la”<‘ of Inotion 

p < 71-ll:j (1) 
‘I‘]l;ir i;~llc,i?.h f’u)1ii till‘ illtt~llsit,~ of 1 II<, ?r-tit liariiio~iic- 01 
t Iii’ ~.yri~l~rmt 1’011 radiation [4]of dII ~lltril~ctat,ivistic t)art irlt> 
-, >> 1: 

rrl’ 7, 2 
fill-(/t, a) = I’ iin” 

I 

X (‘-!ii,:i (i i”/‘> + <CCb’Oj<~,:, (i (3/.‘)} ii!>,,,, 

WI~PW tL’ = l/:‘+O’. The irit rl1sit.y rolls off esponei~t.iatly 
l;~r ltar~i~c~~i its .-_----- 

’ \\‘ork bllp[mtCd by nep~‘rtnlc~ni of lcncrgy CoIltract l)LC 
<\C‘O.l 76S;F(J(li ii. 

3 I 
( > 

-3/L’ 
71 > WY- 2 -i” + n” 

iii agrec~m~ilt wit,11 1,:(1. ( I). -1‘1 ~tl rc~ull I.:!l. (1) is tile direct 
rr‘sltlt, (jr t ltr r,ort~ltl,:, t rilll<fi)l'llt;lt ir)n or 111~’ Ilij~cJt~~ r.ailia~ iOIl 

ill t,llt~ movi~lg fraiiit~ of a parI icir a!ltl is aI1 iI11 rinsic fc-atllre 
of tlie synclirot~ron radiilt ioii. 

C’otisidcr IJO\Y it 1>art ic.t(, Ilic)vitlr?; iii (.I., y) IJI:iIlC’ I1et\Vwll 
two coliiluc.t,ive plallw scyaratcil !‘y t Ii<\ tli<t iiiiw II = ‘?!I. 
‘l’\lf? rarliakd wavt’ propagaks k)eltrc~t~rl 1,ltP ]~lalic~S a3 in it 
wavcgllitle. [TStli\]l~, t,llis is lms5ihl~~ if t IlP \\‘RVC fWc]llc~ltl-y 
kr is at)ove tlie ckltclff frt~q11~11cy: k = u/r > ii/h. For l,tlv 
wavf‘s wit,11 frcql~f=ll~ic~s wc~ll ahove tilf, ~111 off frwltiericy tltc, 
I)ropagat,iol of tltc, wax’e lllny I)<% tl~wril70tl ill terrlls of 1 iI<> 
gt:o1nc:t ric opt,ics ivit.11 a lvavi vt‘ct or L, \<I = A,/(* = rli3/1<. 
The boundary contlit,ions 011 t,trc ci)ll(lllci iw ~~'illlS dill r+ 
qliirc t,llat tllf: Yertic.al cornp<~tl~~~l1 of rtlc, \vil\‘(” Vcctoi‘ Call- 

not, Il? h3 sllli-lll: 

(a) 
‘1‘11(, ciltoir frf~cll~(~ibry ~x~rrrhlm~~~lb t-1 tltf> :~~tgtt~ P 2 1 I‘clr 
the liarriiorlics n >> 1 t,tlrx allgl t c is wstrlctc~tl Iby E;II, (1). 
Lqs. ( 1) a11(1 (4) give the tl~r~~sl~c~ttt fmlu<~ltcy: 

wR _. 6 (y):“’ 
l?ttL = - 

c 
The synchrotron radiation with II < 71th lnay he ratiiatetl 
only wit.h the radiat,ion mglr 0 > n- I/“, ot.tif~rwise t lie 
l~o~mdary conditions cannot he sat,isfied. The prohahilit,y 
of such radial,ion, as lias been nwntioiieti alcove, is PSpO- 
ric>nt.ially sitdl. 

Iler~ce, he biiiglt~ part iclc 5-p \ i1c11rot~ro11 tatliar ioli is cl);- 
prmf2rttially small (s;Ct, I<cl. (2)) for ltarrtmni~s II < nlj, alltl, 
as iisu;llly, xittt u > ?L,;,,,,~ = -j’j. lTnf;.irt tiiiat(~l>-, it, is al- 
ways rItfL << 1r,,,,,,-. attd l,lit, d,~crr~:tbe of tI)v Ic)t;ll ralliatrtl 
pi~wer duv t,o stlpI)re5s:ion of (IlP rilCliW’ion \\.lf II ttli: ll’lf- 

lilonics 11 < 71tfl is slllatl. 
‘I’ll? paraliiet f:rs dcfini~lg t Iic t Ilrf5llc)lcl r‘~,r*clu(‘lli-~ have 

to be clarified for nmrp coinplicatcd strllct,llrfTs sllcll as a 
t,oroitl;tl rhanlhc~r, whvrr~ t,hcrt, arv sc~v~~ral fifw1Ilctrit di!Ilrll- 
sions (tllc tic~iglit and t,lle witlt,h of the chnlrll3i~r). \l’itli a 
good accrwxy the polarizal,ion of t,tli‘ synchrot,ron rattia- 
tion is such that, t,tie vector of t,lie fTlcct,ric field is in the 
plane of lldion (itttensit,y of this polarizat~inn is 7/8 of 
the t.otal iiit,ensit,y [4]). 1‘1 ierefore, only the hf=ightm of t,he 
chainher eiiters in t.hc I)oiintlnry condit,ions for the t,angeri- 
t,ial coinponcnt, nf ttlt, clcct ric field and iI1 tlir t tirc~sliottl 
flTq11e11cy. 

Tt, is wort~liwt~ile to coilsidcr i,lle radial iori 1engl.h of t,hc= 
llloile Il. As llsilal. the, radiation Icrl@h or the lerlg!h ijf ttii> 
forlllilt i0ll of tllc r?cli;lt ion call he drfini>d iLs l,ble IPrlF;th T, 
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\1.11('1.(' i,llt, ~)liasc~ of the radiation r(.rI)aitis small: IklL - 
211 < T. Using Aa/ = (n/R) cosU, anct tCq. (3) we obtBain: 

L = 2xRn --II3 = 2&x? . (6) 
‘l‘ljt, lcnl;t h I, is srldl, I, << R. IItncc:, t.hc rcs111l~s ob- 
1 ;li[lt*<l fur a priotlic motion on a circle wit II t#he radius R 

ill'<' t~;lli(l ;ilso for ,311 aperiodic Iliotiori or a p~riotlic lIiotioll 

;bLltig ;I cwmIblit.ntc~~l t,rajecbry willl It lwirrg a local radius 
Iirox~iclctl ir’ >> 1, 2 &?R. 

it, StlOUttt t,? JlOtPd f,hRt t,hC ~GW~~I~lf?tf?r ‘do = c/R t1;t.S 3 

Illc~;llling of a fundarrlental frequency of oscillations. Thus, 
1 II<. s2trw c,ff(bct, of suppression of t,l!r radiation below a 
t Iire~hc~lti frequency can be expe&d for a dipole oscittat,ing 
nit II frcviur~ncy w. and propagating in a straight wavrguidr. 

‘I’hf~ c>ffect, of the finite conductivity can be estimated 
c.i.jlliparilig t tic, ratliat,ion Icngt,h Eq. (6) wit,h the nbsorp- 
t ion I(Tngt,ll of a wave. The ahsorpt ion length Labs is de- 
ii~lc~t RS I,lit> lengtti where t,lie int,erisit.y of it wave decroascs 
Ijy a facl or of e. 11 can bc estimated from t#lip drfinit,ion of 
:I (;2-fac101. of a anode, Labs = ct = c/(Qw) with Q = n/6. 
tl(,r(, h is thy skin dept,h. and a is the geometric fact~or of 
tlrc, ortlcr of t,hc beam pipe apert#ure. Clearly, the effect of 
iiliitc, conclllct,ivity is small provided LiahS >> I,. 

I,i,t us consider now the coherent, radiation of a hunch. 
‘1’11~ rattiat ion of a hunch can he coherent, if t.he bunch 
lcngtll is small compared with the wavelength. For a Gans- 
Sian I,uncli wit.11 rms length u that means wu/e < 1 or 
77 < R/u. Because radiation of t,he modes 71 < nth is 
suppressed, t,he coherent synchrotxon radiation is possible 
(only for very short bunches: 

-- 
h 3 h 

a<- 
x J J- 5 xR_ 

Il. l>tPt;:t),kvc!z DUE TO SYNCHROTROK RADIATION 

‘I‘he clr;ctromagnetic field of the synchrot,ron radiation 
of it part,icle may change the energy of other parUes in a 
l)lltl~.h Thcl cxncrgy variation is described usually in terms 
of t 11~1 wakt~ fic‘ltl or, in t,hc CUSP of txo point-like particles 
st~p;~ratr~d by the distance s, in terms of the 6- functional 
w:tkc~ fi~,ltl Vi’(s). The last, is related to t,he variat,ion of the 
c~rvrgy of the second part,icte hE due to interaction with 
1.11~ tangrnt,ial to the trajectory component of the field of 
t,ti(, first pilrt,icle. For a periodic mot,ion in a plane z = 0 
on a circle, wit,h the radius R, hE(s) is the variation of 
ltl+ f’riergy j)t’r t,llrir tlut, to t,lre azilllutlial harmonic of the 
t,ic>ct ric fir,lct: 

II’(s) = - -I, 
( ! e- 

At?(s) 

? (8) c -- 
s ( dt .!c$ R,Q = wet - s 

E > tt,z=o,t 0 
II<~rc~ 7’ = 27rf</r: = %/WO is ttic revolution period. and 
jl(,/2n is the rPvelut ion frequency. Thp field E,( Y, d, Z, t) 
is pt,rintlic itI t irrir and aziniul.h: 

E@(7~,S,d./) = S~RlrlCe’“L*II,,(f.,--(i) (9) 

n 

wit,11 IiarI~io~Gch 

E,,(r, 2, w) = wg x E,,,fJ(w - nu) (10) 

k:qs. (8) and (10) define tBliP wake in b~~iis of t,ti(, Ii~r!~ic~~~ics 
E;,LU(T> z): 

IV(s) = -; F:,,,,,(K.O) c--ifbb’ili (11) 

The longitudinal beam inipedarice for il p~~riotlic 111tAi;iri 

Z(w) = ZraG;()b(d -- 7x9)) (I”) 

is the Fouricar harmonic of thr periodic L%‘(s) : I\‘( s+:!i~jL) 
wake: 

L\,(s) = c gJ e--inwns/fi 

ri 
Hence 

z,, = 
2TR 
e &,I( It% 0) 

(13) 

( 14) 

Not.e that %,i is the nvc’ragc value of t tir, iiiipi~~laIic1~ 
Eq. (12): 

< Z(w) >= -L 
.I 

&Z(d) = X,1 
w’o 

W&l 
where 7~ = w/do and the int.erval of the averaging i:: ‘L’(l. 

The azimuthal component of the electric field of’ a 
point-like charge e moving with vclocit,y 1: on a c,irclc \vit,tl 

the radius IZ in the (x,y) plane has harmonics 

1 

E~,,(r,z) = 2 Jdcje-‘“4 j df 6, zvLd,,t 

(15) 

X 
{ ’ 

i+(i;-,t - 4) - .!! I: 
3 ’ 

where p = I?-- ?(t)l, Ir’((t)l = R, and the integration over d 
is performed on the interval 2~. 

The harmonic En,,, (II, 0) defines the impedance. Sub- 
stituting p = 2Rsin(rr), where CY = 2(* -wet) w olltain: 

RcZ(“)=S T sin{ 2np sin LI - %7f I,} 

71 2 J da [p” cos 20 - l] 
sill (\ 

0 
( 16) 

Here p = ,f:/c, and ZO = 120~ Ohm. ‘l‘li~ ni~)~l~- of ili(iyrtst 
are the modes 1 << 72 << -y”. For such mods tlit- signif- 
icant, cont.rit)ution to the int,egral is given hy 71~\” <: 1 so 
that, cy >> l/y. Eq. (16) takes t,hc fortm: 

&k2 = 
71 

Z. indnsin (f) = O.,l:i$ (1’7) 

0 
Here we use the following value of t#he int~~~gral: 

7F 

J (l~~-‘l” sir1 J = 1,!72 
0 

Hence, for very large, 71 t,tir> inlpi:d;inc~~ rillls oft‘ a:: 77-‘/Z 
For n < nt,, impedance is c,spollcnt ially strlall. ‘I’llc~rcforc~. 
t,llP iIllp~tl~tlC~ II;Lci ntasilitllrli Vi1tIlC at !? = I/t/). t,:q, (17) 

and E:q. (5) give: 

[ ,I 
&, Z(7l) 

” ,,LaT 

= 223.3 ; Ohn1 (18) 

which is rrasonahte close to the resultS ol)tainrcl by c’?;act 
solution [3]. 
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Let us estimate the effect of the finite transverse size is much smaller than the threshold frequency wth/c 2: 
us of a bunch. The estimate obtained above is valid if 

wwm~ Th ere ore, f the summation may be replaced 
~2 << 4R2sin2(cr) N R2 nm2j3 . by the integration. Introducing the polar coordinates 

For n N nth that gives ai << Rh. Otherwise, the estimate (WI 4) 
has to be modified taking into account t,he finite size gl. AP W vn w . 

-=- 

III. CONCLUSION 
h ccosc$, b=csind 

The simple approach described the main features of 
the synchrotron radiation in a vacuum chamber. That 
opens the possibility of consideration of the effect for more 
complicated geometries and, hopefully, clarifies the physics 
of the problem. 
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IV. APPENDIX 

we have 

ReZtnl = 2a2 2, R !f 
n c 

7c 

X J do cos2q5 Jf(nsinqh) Yn(n$sinq5) 

sin qh JA(n$ sin $) 
0 

For n >> I 

Jn(nsin4) = fg li-l/3 (~cos”~) 

The main contribution is given by small cy 3 7r/2 - 4 

The estimate for the maximum value of the impedance 

[ 1 Z(n) 1 a /I (l/n)1’3 nc N 300 -j$ Ohm For b >> R the ratio 
n maz 

can be obtained from the exact solution obtained in the Y,(ni sin 4) 

JA (ni sin 4) 
E-1 

paper by Warnock and Morton [2] (see their Eq. (2.47)) 
for a particle moving in a cylindrical pillbox cavity: 

z(n)= R 
Hence, 

iT2Z, - 
n h 7112 

Re ‘cn) 
r, .3-. -~ 

-+,R; da% 
n J Ii’,“,, (3 sin3rr) . 

x 2 I(z)- $$$; ~n(7pb97pR) 

(odd) 

+ 
C-41) 

-x/2 

Replacing sin (L N cy and using the integral 

w 

J J;; dtt2’3 K;,,(t) = 21/3 
n ” 

LIere h = 29, 
TP and integrating over Aw << w we obtain finally: 

ap=w 
and 

Re Z(n) J;; 20 
-=61/3n2/3. n 

Pn(~c, Y) = Jn(~)Yn(Y) - yn(~)Jn(Y) 1 Hence, the real part of the impedance rolls off as n-2/3 for 

sn(5, Y) = Jia(Z)K(Y) - ~C(~)JA(Y) . large n. The maximum value is reached at the threshold 

The real part of the impedance is given by the zeros of nth given by Eq. (5). That gives 
the denominators. Two t,erms in Eq. (Al) give equal con- 
t,ribution. Thus, we may consider the f&st’tGm anb double 
the answer. Expanding denominators near the resonance 
frequencies 

Re z(n) = 
n 

268 i Ohm 

; = &q’+(y)’ ill 
we obtain: 

new = 
n PI 

x x (5)' z J~(,,,,(v~) 6(w -w,,p) [31 
P,Ul5 

(AZ) 
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