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INTRODUCTION 

An expression for the high-frequency limit of the longi- 
tudinal coupling impedance for a structure consisting of 
a large number of cavities (cells) has recently been de- 
rived [I]. In that calculat,ion the cells were identical, az- 
imulhally symmetric, and equally spaced. 111 the present 
paper we extend the analysis t,o the case where the cells 
are grouped into blocks, which themselves are identical 
and equally spaced, a geometry frequently encountered in 
tnutti-cavity structures. The space between blocks is mod- 
eled as missing cells. Specifically, we consider the picture 
in which every (a - 1) cells (which form one block) are fol- 
lowed by /j missing cells. The total number of cells in the 
systettt, both present, and missing, is IV. The total number 
of blocks is nf. With the definition y E o - 1 +p, we write 
Ad = ,V/r. The separation between the centers of cells is 
denoted by L, and the separat,ion between the centers of 
blocks by C, C = yL. From ref. 1, we carry over the as- 
sumptions that the cells are well separated from each other. 
L >> g, where g is the axial estent of one cell, and that 
ka”/L >> 1. In the latter condition, k is the wavenumber 
of radiat,iott, and a the beam pipe radius. 

13eforc entbarking on our dcrivat.ion WC show how one cm 

obtain an approximate answer intuitively by a repeated use 
of the results of ref. I. If t,he number of cells in one block 
is large (-/ - /Y >> l), then from ref. 1 we can write t,he 
admittance of a single block as 

[ZOY(k)lb = (7 - pj-l 
( 

F. + 

z;, &-q-7 t an - 1 Iic 

) am’ 

IIere b’c, is the admittance of a single cell, I<, is a constant. 
pcrtaitling to one cell, 

F;,=(l-i);raJX& K,=(l-i)nm. (2) 

and Zc is t,he impedance of free spatcc. Z” = 120~ Q. On 
t lie other hand, if t,he number of blocks is large (.V >> l), 
t.hen wc can writ,e by analogy t,he admittance of a string 
of blocks in the same form as Eq. (l), with Fo replaced by 
[%oll(l;)],> and lCC replaced by ICI,, 

Ii-b = (1 - i)a~ = L/J;;. (3) 

\\‘e have introduced t,he assumpt,ions t,ltat 7 - p < 7 (the 
blocks arc well separat,ed) and that, ka’/C >> 1, which are 
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the analogues of g/L << 1 and ka2/L >> 1 for single cells. 
Combining the expressions for a single block a.nd a string 
of blocks, we get for the tot,al longitudinal impedance of 
the system 

Z(k) - = 
ZO 

NC1 - P/r) Fo + (&~/2)~7-2$ 
[ 

li,(l - jY/Y)fltatt-’ 
Ii, -I 

~ 
ad% I 

This is the sarne as an apprositttate result, which can be 
obtained through a more formal derivat.ion. 

DERIVATION AND ANALYSIS 

VF’e begin a more systemat,ic derivat,ion by tnodifying 
Eq. (2.11) of ref. 1 to include missing cells. Thus, 

( 
,I- 1 

Yn = 1 - c cn.-my717 (5) 

n2 = 1 

) (1 -~3&,-s) > 

i=l a=0 

where c,, is 

C 
,1- (1+4 9 cc 

a J- 

$x&g-5$,, 

SE1 

and j, are the zeroes of Jo(z). The longit,udinal impedancr 
of the syst,em is given by 

Z(K) (1-t i) - _. 
ZO 2jTa /- 

5 5 Yn 
I, =1 

(7) 

Therefore, our task is to solve IQ. (5) for gnr or their suiii 
over 71, and substitute the result. into Eq. (7) to obtain 
Z(k). The prescttce of addit,ional t,ertns, the OIIW cont.aitt- 
ing t,he delt#a funct,ions in lCq. (5). 1 lowcver, makes this 
calculation more difficult than t.hr corresponding one in 
ref. 1. 

To work on Eq. (5), we let 72 = j-r - T, where j = 
1, 2, .OCI, and 1’ = 0, 1, 2, .y - 1. Thus the index j labels 
blocks, whereas v labels cells wit,hin one I>lock. We also in- 
troduce a sequence of generating functions CL:,, (ii) and their 
sul11 w(h) given by 

w,(It) = 5 hj~-~yj-,+.; 
3-l 

w(h) = c 1&.(/l). (8) 
jzl r=O 

Now our t.ask can be reformulat~ed as follows: find us(h) 
(rat,her than all !jn’s). A k nowledgc of this quantity will 
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enable us to obtain, under suitable approximations, an ex- 
pressiou for the sum appearing in Eq. (7). Multiplying 
Eq. (5) by hir-‘, summing over j, and using Gn,kr-s = 

bjk&., and C’:z,‘-’ = C:;=‘, Cz;-’ +6jjl C:;=‘,+, , where 
nf = j’y - p’, we obtain 

D-1 r-f-1 cr.3 

w + (1 - C 6,,) C u+,(C hj?---!+r’j X 
SZO L r’=O j=l 

Y-l 
cj,-(,-,,)) + c wTJl-(f-“)c(rLr) 

r’=r+-1 1 = 
P-1 

(l- ~&8,~. (9) 

SZO 

These are 7 coupled linear algebraic equations for the 
quantities XI,.. As is immediately obvious, the first p of 
t,hcsc arc’ 0, i.e. wo = wl = = “p-1 = 0. We are thus 
left, wit,11 N - 1 unknown yua.ntities ~0, , wy-~, and the 
same number of equat,ions which are not identically zero. 

Evidently, the number of equations for w,. is the same 
ns the number of cells in a block. 111 the case where this 
uumbcr is small thr best, way t,o obt,ain ,~(/t) is t,o solve 
I’qs. (9) directly, t,hus avoiding any further approxinla- 
tions. In many applicat,ions, however, it may not be prac- 
tical to do t,liis. Hence we now turn t,o the derivation of an 
explicit r,xpression for u,(l,). 

\Ve sum Eqs. (9) over f’ to get 

r-l r-l 

w + 2 x u$.rA,.-T~+ 
l-=0 r’=J 

1-I 1-l 
(10) 

r=p r’=r+l 

Here 

?,I- /,-I ex1’(3L&]-‘exp[-~(~ -+j:] (11) 
21;CL? ’ 3=1 

I1 = (1 -ti) g -r ci 
r 

a d- 
1;7;tL Cesp(z). 
, ” SZl 

(12) 

In Eqs. (11, 12) the explicit, c,xpression for C,~ given by 
Eq. (6) was used. Siuce we are going t.o set, tf 2 1- 1 /.V, t#he 
assumptions -y/.Y = l/M < 1. ka’/L >> ?> and 1 -,!3 < 2 
lead to a simI)lificat.iou of Eq. (1 1). Then 

,*I,. z (l + i, g 
d-1 ,c 1 -/g + 3LJ-‘, (13) a 

s=l 

which is independent of 1’. We note t,hat the assumption 
-, - 8 << ‘y has allowed us to neglect the next, higher order 

correction in A,., even though for small values of /3 that, 
correction is comparable to B,.. Now the second t,erm on 
the left side of Eq. (10) can be written only in krms of 111. 

To compute B,. we convert the sum over s to a.11 integral, 
which is valid since ka’/L >> ;/, and set t,he lower limit, to 
0. This choice for the lower limit is immaterial, as another 
choice of order unity produces only corrections which are 
subdominant to the result given below. Thus, 

(14) 

With the introduction of new indices, m’ = y-y’, m = y- 
Y, the third t,erm on the left, side of Eq. (10) now becomes 

;& F ncl U’y--m’ &.& 
m=l m’=l 

(15) 

To proceed further, we require ? - /3 >> 1. Eq. (15)) with 
(l/~)m factored out,, can now be approxiiiiakd by 

2 ng e-~~~~~~-~~~71’,_,,,, J1,f y II), = 
rn=l ,n’=l 

2 c -7n’J/(-f-d) 

in ” = 1 

-& g c-T’l’/(y--cI)?( ‘)-,,,’ 2 
1n’-I 

?-ti _ 1-O Y-h 

& & ngl ll+-na’ = 71’ ,,& A. (16) 
The first equality sign follows by the convolut,ion t,heorem. 
The third expression, on t.he other hand, reverses the step 
taken in going from F,q. (15) to Eq. (16). It sllould be 
noted, though, that, using e -7’“l(y-17) t.0 appr0simat.e the 
finite upper limit in the sum over 172 (going from Eq. (15) 
to Eq. (16)) can introduce a finite error even for arbitrarily 
large y - /3. For w,. proportional t,o T+-~/’ or to 6,.-p 01 
independent, of T, which can be inferred from Eq. (17) to be 
the case when one of t#he t,erms in t.he denominator is much 
larger than the other ones, we have verified numerical13 
that this error is less than 12%. Finally, for simplicity we 
replace the sum in the final expression in Eq. (16) by an 
integral. 

Eq. (10) can now be solved for tu(/l). Taking I1 N l-l/N, 

so that 7/l(h) simulates C;z, y; [l]. yields 

W(1 - l/N) = n;(l - /Y/y)[l +(2/&&/-t 

jlpd,T)(l+i) 9 cc) 1 ‘J’.Y ~* \ ~szl(nr+ gp1r (17) r-c 
In order t,o c~valuntc~ t,hc SUIII over k. such that the rc,sult 
is valid iu both liluits -,;2l >> ku’/L aiitl ku’/L >> -,:\I (or 
A1 >> ka”ll, and ka’/I, >> A:), we use the nr~t~liod of ref’. 1. 
The result for the impedance is then 

T = iV(1 - 3/7)[& + (r<$)m+ 

I<( 1 - $/y)Jh:-l tan-l - ,&I-‘. (18) 
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IIc~r~~ I)i~tll 13;i illId hT ilW given l)y 11q. (2) (with sttI)script ( 

011 11. clrol)l~ccl). Physically, t,liri S~YWII~] tc,rtn it1 I~;~r(~ttt,llf~scs 

iii t Iic f~\;larI5~io1t :~!JOVP clejcril)(~s tlt(, i~~tcrf;~rc~tt~:c~ l)~~t~v~ptl 

i:i~lIs \vit ltiti otlc block, wti~rc~;is tlie t,llird ot~(’ ttr~scril>f~s ttlp 

i rrll~rf~~wrtc3 I1~~1~rncw1 ci~lls iii dilf~>r<:ill lilorl~s. 

\\‘I. vSi1lliiIl( t’1q. (IS) ill l\vt~ litnib \vlljc.11 arc- i.ollbiht~~llt, 
!\.;I ii tllc‘ ;illl.lrositllRfiOtls t,llilt :\I >> I. ka” >> L:, aiitl 1 << 
., -- ,i <;; -;. In I’tirn limit .V << kn’/I.. corrcspottcling t,o 

(II/j i’ilht’ LI.Ili’ll ttlc tliffractioit n’av~s frottl t,Iie first ati(l last 

l)l~~~~ii~ ;It’w ,+i rcltlgly coIlplod, t<q. (18) givps X.-l/’ tx:/l:lvior 

for t Iii’ itttlir~~litttw 

Z(k) --.- = 
&I 

Jf(-) - ij)I;;,(A-)-I x 

{I + (lpj~~-~~q[l + &I+ ;~)/~]}-1,(19) 

NoV< i’il’ (‘:i~ltllillt’ t,llc! tli’l~~‘trcl0ltci~ of t,li~~ itlijwtlatlcc~ 011 

qwjtnr~t ric [jitr:ltttc,(,rrs;. First, if tllc l~loc~lis ;III~ t.Iif, c~:lls 

;{I’(’ tlot f:lr ;ip;ii’t iil tltc, sc:tIst’ tll;it, .I[(- - ‘j) >> ; ;lt](] I / 

!I(? - I),!/. > I, tllc>ii I:q. (19) yic*lds 

;/(X.)/X,, = ‘Lv&T[( 1 - i)irilLG]-‘. (20) 

( ‘c~tiij):\rillg &\-it II t,li(- itiipd;ltlw (~x~~r~hsi011 for ;I l)];Litl cc’]1 

>t rlll’l III’<’ ::t .If;I, < A.4r’. it, (‘;itl l)c, iiv’tl 1l1;tl (II<, tlctailr(l 

\t !Tlli~l I,:‘! o!' I ;I(.!1 I)11 1f.k ih Ilc~gli~Clt~il. Si,c.c)lltl, if lli(> l,Io(.i;s 
s:ttiil‘> .li(*, -. 3) Gg -!> 1vlkilr> t It<’ (‘#\llS ill (‘;li.ll l~l~~~li ;!I’<‘ 111jt 
\\.(‘I1 +!~;il.:lt~~il (!j(; - ‘)/i, >z I), oti,’ q(%ts 1’1~otl1 ]:ci. j I!)‘1 

;r(k)/;/,, = ‘,.\I \,‘(? -- $)I,[(1 - i);ri&p’. (‘Llj 

III Illi’: l’;lxv 11111 I’(‘llS ill ~,;I:.11 111O~‘li il[‘I c’oltl)l~Qtl ilh ;I jjl;litl 
> 

i’il.; htril(‘. Ilixi tti flit, rc.gitllt, (7 ~ .,+)I, c;i; A~$. tlowc~\w~, 

I ll~- ~~~~lilr~il~~~l il7tl‘i to tllc, iiiipr~~l;~t~c.~~ ~IY~II~ tlilff~rctlt l)l~~.kb. 

>illl(>l.\ :lilil I!]) l~fY’;Illw 11l(,\ ;,I‘(’ Y:lr ;tlj;irt k’itiaiiy, kcl~i,~t 

g( 7 .:);‘I. <C I illltl ,II(?--!i) < 5 ( ins are ICYI frottl I-cl. ( 1:)) 
I i 

Z(A~)/Z,, = .Il(-, -. d,,hj[( 1 ~ ijxv%j-1. (22) 

tl~~r<. t II0 itirln~cht1cc~ ih 111~~ s:11t11 of illI siilglf% ~11 

ltil~““!;llll”~i;, (1111’ 10 1111’ f?lt’t tllilt, ;I11 (‘(‘115 ;Illd I)lOCl<h ;I[‘(’ 

\‘i.C’ll w]ml’;ltcYl. 

Sin~ilari~, ilk tlic Iitllit N >, A,a’/l, (;~tlfl -!I. << kc,‘), ()tli‘ 

gds I’l.r,111 I,:,{ (IX) 

,qk)/z(, = .ll[fi;](k)(; -- :j)- ’ ,< 

( I --. ( I i/&Ji. 
______- 

“‘;.--- .i - I) - i;rkcJ”/(-J,)]-l, (;-‘:jj 

iVli(‘ri, 111t iihi lcrI11 it) t Iif, clr>il;,ilii:l;ttr:r 111 I<:c~, (2:1) i< sjtll- 
1’1) %, ,‘i:(1’) Lr il hill,gl13 hIc,Cl;. \\.llc’lt !I(; - ,fj ;$> 1,. {]I( 

.::.:,rcl:111~~~~ ill l,‘cl. (>:I) r,shihils A.-:‘“’ l~,‘ll;lvior it] t11p i.csgi,,t] 
h-rlLi ,>‘ ; “1,/i-, ~~ j). atl(l I~~~li~i~t~~ ;is t!i,.i.ril~c~~i ~II I’:(1 (31 j 

f’, :1‘ A.(,” <” T 1’ L,i(*: - A{) LYll<‘ll t II<’ ccitll)litlg t~f~t\YfY311 IjlC)CiiS 
jS \l’i’;.]( 

NuivmIc:A r, SI~~UI,ATIOI”VS 

\\.r, t1a\r pf~rforIritv1 rtttrttc~rical sitnttlatiolis lc COIIIJ~;-~I‘(~ 
t iIf/ I~“~,111 givi’il IiV F:c[. (18) wit11 1~;~’ f~lctc~lo~l 0llI (tlt;ll 

is, 711) wit,11 S(N) = xfz, yi 1 Jvlrr>rc, 1 Ike gl’s art ol~iaitlrti 

diwctmly fiWttl l<Cl. (‘5). TtlO COtlht ;IlltS C,, ilr(‘ C’viitllilt(‘(l tktt- 

tiic%rically. ‘I‘llc, Itppf’r liltlit, it1 l,l~(s SIIIII o\,‘r h iti II:c.~. ((;) 

is CIlOJ(‘II Sll<‘ll 1,11;1t, IIIC lIlilSillllllll ii~~lllll~‘lll of 11tc, rTsl>c,- 
Iic~lil~ial is of i.ll(b ortl(sr til’ .1 i;. ‘I‘lli+ litriit, is iti ;I~IXY~IIIC~II~ 
WiLlI l.hP (iisc!iisioti ii1 r(sf. 2. 

k (I .’ 
ivliicli itlthtlt iiiw ll~*, rcig:iofl 

\vtlcYT j,< - ( 7) ( 1 / ” j itS cut11 rihitt ittg tilOs;t~ sig~iilic~ttl! ly to 

t,llc sttlll. I\‘lic~rf~as cliang(~5 of l.ti<, ortl,,r of I itI t II<-> til~l~~bt 

littiit, do ilot affect, tlict result a])prccial)ly, t-:(1. (i;) I,t~~)tllt~~ 

rrir~aititiglc5s if s is allowc~ti lo t;ikc oti vt’ry I;1rp b-;~It~ps. 

E‘igttr(~ 1 sliows tilt* will atitl itrragitlary parts i)f .S’ ;rtl(l 

w itt tltc, rcgitnc wltrxrc ka’/l, >> AT. ‘I’ltt, V~IIIC~S 0f ,3. 3, 

alid k arc 13 = 335, -j = &SO, k = 1.0 X IO’. Figitrc, 2. <III 

t’tle other ll~lltl, SIlO\‘I.S Illat rcnsotl:tl~lc~ agrwtxrN~tlt ljPt!V(x(-*[~ 

,4 Rtld w is aclrievd ~YY) w11cl1 tl~c cc~nclit~ic,ll ;, - ,j << 3 

is violnt~cd. Iti t tlis ciw :3 = 2, -, = t 0. Xe = 1 .() x 10”. l“,jl 

t,ot11 figum CJ = I> = 1 1 a11d {I = 0.1 

0-p 
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