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The particle tracking code SSCTRK is currently being 
adapted to operational simulation and beam-beam effect 
studies for the Collider rings of the Superconducting Su- 
per Collider (SSC). D uring beam-beam effect studies, the 
lattice content of the bending arcs is normally not varied, 
making fast truncated Taylor map tracking through the 
arcs an attractive option. The implementation of SSCTRK 
as a truncated Taylor map tracking program has been car- 
ried out using the differential algebra library ZLIB, which 
simplified t,he t,ask to t,hat of straightforward translation 
of SSCTRK kick and drift arithmetic operations to calls 
to the corrcysponding polynomial operat,ion subroutines of 
ZLIB. ‘l‘he accuracy and speed (relative to normal SSC- 
TRK tracking) of truncated Taylor map tracking at 2mm 
betatron oscillnt.ion amplitude was studied in various or- 
ders of the map. Thr seventh order map was found to be 
in agrcenlent with the normal SSCTRK to about eight sig- 
nificant figures on the first turn, and to a fraction of 1% 
on the 100,OOOth turn, for a typical .5cm magnet aperture 
lattice, and could he made to track at ten times the speed 
of the normal SSCTRK kick-drift tracking on a scalar ar- 
chitect,urc (SIIII) workst.atioll. (The map tracking subrou- 
t,ines of %LIB arc: optimized for vector and parallel archi- 
tecture supercomprlters, and typically achieve even faster 
relntivt, j,erformancc on these, but operat,ional simulation 
studies will hc rnorc convc~niently carried out on dedicated 
\I-orkstat ions wllicll have t III, incoming generation of “su- 
persc&lilr” (‘P\!S.) 

1. ~NTf1ODIJCTfON 

Th<, diffc,rrntial algc>hra library %I,113 [I] offers analytic 
tllultiv;lri;rhlc polynorrlial manipulation and truncated ‘I’ay- 
lor rrlnl’ tracking which permit accelerator Taylor map con- 
struct ion, tracking, and analysis to hc cnrried out with ease 
and cfficit,rlcy under the framework of an IMSL-style user 
library. %I,III is divided into two sublibraries, ZPLIB and 
TI’i\ I,1 1%. %l’I,IJ~ is orient cd toward speed and efficiency 
on vec’t orizirlg or pnrallrlizing (multitasking) supercomput.- 
ers, wjhil(. t I](: lnorc st,rnightforward subroutines of TPALIR 
generally rlln ;1 lit,tlc faster 011 scalar architect,ure cornput- 
firs. ‘I’hc filst, tl~irt-co~lc;~tcnat,~~~l-~~l~~~~~e~~t, kick-drift, t,rack- 
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ing code SSCTRK ( written for the purpose of tracking pro- 
ton beams through the Collider rings of the SSC) is in the 
process of being reconfigured for operational simulation 
and beam-beam effect studies in the SSC, to be carried 
out on very fast, dedicated workstations which have the 
incoming generation of “superscalar” CPUs. As it is usual 
to hold the lattice content of the bending arcs fixed during 
beam-beam effect simulation studies, fast tracking with a 
truncated Taylor map through those arcs at a maximum 
betatron oscillation amplitude of about 2mm is considered 
to be an attractive option. Below we discuss the trans- 
lation of the kick-drift tracking section of SSCTRK into 
one-turn truncated Taylor map construction code through 
use of the ZLIB sublibrary TPALIR. The accuracy of the 
various map truncation orders is evaluated vis-a-vis the 
corresponding SSCTRK kick-drift results at ‘2 mm beta- 
tron oscillation amplitude over 100,000 turns for a typical 
SSC 5cm magnet aperture lattice, and the speed advan- 
tage of the acceptably accurate seventh order map on a 
scalar CPU (Sun) workstation over t,he original SSCTRK 
kick-drift code is presented. 

II. TRANSLATION OF SSCTItK KICK-DRIF’T ‘I’fucxING 

To TAYLOR MAPS IJSIKG ZLIB 

Unlike the Teapot [3] tracking program as well as the 
post-Teapot one-turn rnap extraction program Zmap [4], 
which contains hundreds of statements and involves square 
roots and trigonometric functions, the kick-drift tracking 
section of SSCTItK-consisting of just a few dozen lines 
of highly optimized, simple code which involve essentially 
only additions and multiplications-alloxvs economic im- 
plementation of one-turn maps. With the help of the ZLIR 
User’s Guide, [I] th ., _ rse arithmetic operations are straight- 
forwardly translated into calls to ZLIB subroutines which 
perform the corresponding polynomial operations. For ex- 
ample, the basic (FORTRAN coded) vertical kick in SSC- 
TRK, 

PH=PH-RIGITY'IMPOL, 

t,ranslat,cs to one polynomial multiplication subroutine call 
to the TPALIB suhlibrary of ZLIR, followed by one poly- 
nomial subt,rnction subroutinr~ call to t>hat, suhlibrary, 

CALL TPAMUL(FRIG,FIMPOL,FTMPO,5) followed by 
CALL TPASUB(FPH,FTMPO,FPH,NM). 

Not,ice t,hnt the polyuornial FRlG corresponds to the quan- 
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tity RIGITY, the polynomial FIMPOL corresponds to the 
quantity IMPOL, and the polynomial FPH corresponds to 
the vertical betatron oscillation angle PH. In addition, we 
store the intermediate result corresponding to the “kick” 
product RIGITY * IMPOL in the temporary polynomial 
FTMPO, which, in the second call, is subtracted from 
the polynomial FPH to “kick update” it. The last ar- 
gument “5” of the call to subroutine TPAMUL above is 
the number of variables of which all of our polynornials 
are funct,ions! while the last argument NM of the call to 
subroutine TPASUB above is the number of linearly inde- 
pendent terms in each of our polynomials (this is deter- 
mined by their number of variables, i.e., 5, and their com- 
mon order-note that TPAMUL above will truncate its 
polynomial multiplication result FTMPO to that cornmon 
order NO, which needs to have been previously specified 
in an initial call to the TPALIB “preparation” subroutine 
TPAPRP(5,NO,NM)). 

Not every quantity occurring in the kick-drift tracking 
section of SSCTRK is translated int,o a polynornial. Any 
quantity which remains fixed turn-by-turn around the Col- 
lider is treated as a constant in the polynomial algebra. 
Thus the basic SSCTRK vertical drift, 

Y=Y+LO*PH, 

contains the fixed drift length LO, which is treated as a 
constant rather than a polynomial. Of course: the verti- 
cal betatron oscillation displacement Y and angle PH are 
treated as polynomials FY and FPH (all such polynomi- 
als are represented in the FORTRAN code as single-index, 
double-precision arrays of length NM, while the constants 
arc represented as just. double-precision unindesed vari- 
ables). This basic vertical drift is taken care of by a single 
TPALIB subroutine call which simply updates the polyno- 
mial FY as the appropriat,c linear combinat,ion of FY and 
FPII, 

CALL TPALIN(FY,LO,FPH,FY,NM). 

We could manage to do with polynomials of five variables 
rather than the general accelerator physics srt of six vari- 
ahlcs in this instance because we did not include ripple or 
noise effects and needed only to update the final longitu- 
dinal displacement after a full turn through the arcs and 
RF cavit>y by an additive term which does not. dcpcnd at, 
all on thr initial longitudinal displaccm~nt (we did not ac- 
t,ually include the RF cavity in our polynomial mapping 
of the arch) as it would have cost accuracy for a negligible 
saving of tracking time). Since the variables of which our 
polynolnials are functions correspond to the irreducible set. 
of turn-by-turn varying initial values at the beginning of 
each turn, we can effectively drop the longitudinal displace- 
ment) as such a variable. The change in thr longit,udinal 
displacement, is, hobvever, calculat,c,d as a polynomial de- 
pending on the other variables because its value after one 
t,urn through the arcs is needed by the RF cavity section 
of t.hc code. The momentum displacement,, on t,he ot,hcr 
hancl, mllst br counted as a variablr even though it dots 
not, chnngc= at all in the arcs--it undergoes a complicated 

change on every turn in the RF cavity. The remaining four 
variables are, of course, the vertical and horizontal beta- 
tron oscillation displacements and angles. The TPALIB 
subroutine TPAPOKl (polyn, const, var no, NM) initial- 
izes polyn as const times the variable associated with var 
no, which indexes the initial value array that is to be used 
for map tracking. Thus, after initializing TPALIB wit,11 
CALL TPAPRP(S,NO,NM), we initialize those polynom- 
als which are to begin the map tracking turn as one of 
the five pure variables having values equal to those of the 
appropriately indexed members of the initial value array 
XINPT, e.g., 

CALL TPAPOK1(FX,i.OD+O,i,NM), 
CALL TPAPOKI(FTH,l.OD+0,2,NM), 

and also 

CALL TPAPOKl(FY,i.OD+0,3,NM), 
CALL TPAPOKi(FPH,I.OD+0,4,NM), etc. 

The initial value array for the beginning of the turn is 
FORTRAN dimensioned as XINPT(5), and the above 
statements will initialize the polynomial FX to a particu- 
lar unit coefficient first-order monornial which will have the 
value XINPT(l) at the beginning of the turn, the polyno- 
mial FTH to another unit coefficient first-order monomial 
which will have the value XINPT(2) at the beginning of 
the turn, the polynomial FY to yet another unit coefficient 
first-order monomial which will have the value XINPT(3) 
at the beginning of the turn, the polynomial FPH to yet a 
fourth unit coefficient first-order monomial which will have 
the value XINPT(I1) at the beginning of the turn, etc. 

From the above examples of code we see that the trans- 
lation of the tracking section of SSCTRK into a polyno- 
mial mapping through the use of t.he TPALIB sublibrary of 
ZLIB was relatively straightforward and intuitive (the full 
code produced is given in Appendix A of Reference [2]). 
In the map construction subroutine OPSTPA, the original 
kick-drift code statements from SSCTRK subroutinr>s OP- 
STRK and PTRACK are given in commented lines just be- 
fort their translation into TP,4LIH subroutine calls, which 
it may be instructive to study in conjunction with t,he read- 
ing of the ZLIR User’s Guide. Two “unofficial” modified 
TPALIR routines were incorporated into t,he code, thr magi 
writ8eout, (to a file) routine WTI’KhlAP and t,hp sp(‘cial- 
iced map tracking routine ‘I‘I’KMTRK5, which sacrifices 
generality in the number of variables RII~ t,he numbi,r of 
output polynomials (both frozen at five) for nlaxinillm map 
t.racking speed. 

III. C~MPAKISON OF THE: %I,lI< ‘~‘RANSI,ATIX~ hl.4~ 

TRACKING WITH SSCTRK I’I‘SEI.F 

The one-t,urn t,runcatcd Taylor 111nl1 const,ruction code 
for thr, SSCTRK lent itself t,o a prt‘cisr chc,ck for the cor- 
rect.ncss of the map in the special cast of a purely lin- 
ear lattice (the number of mult,ipolcs PI’OI,ES=l. the 
relative momCntunl offset IlELI’=O, and the R.F volt,age 
PR.FVO=O, in the language usc~l in subrout,ines OPS’I’I’A 
and I’RFACC). In t liis ins;tancr’ tht, wsrilts of tlic, first,-order 
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one-turn map agreed precisely (essentially to all the digits 
of the double-precision accuracy used) with the results of 
the original SSCTRK kick-drift code when tracked through 
a single turn. This perfect correlation of the purely linear 
lattice with the corresponding first-order map for one turn 
is a useful consistency check for the correctness of mapping 
translations carried out with the aid of ZLIB. 

The remaining evaluation of the TPALIB driven map- 
ping translation found in subroutine OPSTPA was done 
with a typical SSC lattice for 5cm magnet aperture (e.g., 
the number of multipoles PPOLES=6) with a realistic 
value for the relative momentum offset DELP (5 x 10m4), 
and the RF voltage turned on. All tracking was done 
with the invariant horizontal and vertical amplitudes each 
initialized at 2 mm, and various truncation orders of the 
map were compared with the original SSCTRK kick-drift 
code result over 100,000 turns. Typically, the combined 
horizontal-vertical invariant (which is not sensitive to 
horizontal-vertical coupling) averaged over 5000 turns was 
monitored. Under these circumstances the second order 
map behaved unacceptably, with its 5000-turn-averaged 
combined horizontal-vertical invariant increasing at an ac- 
celerating pace with turn number (this invariant was essen- 
tially constant for the original SSCTRK kick-drift code), 
and the particle leaving the beam tube aperture entirely 
before it had gone 20,000 turns. The third-order map be- 
haved much more reasonably, though it displayed rather 
the opposite behavior from the second order map-the 
horizontal-vertical invariant tended to become smaller with 
turn number rather than remain constant as it ought to 
have (in accord with the original SSCTRK kick-drift code 
behavior), i.e., the particle spiraled inward (see Figure 1). 
Figure 1 indicates the fourth-order map to have substan- 
tially the same behavior as the third-order map, albeit 
marginally worse. The fifth-order map was a vast improve- 
ment (again see Figure 1) and the sixth-order map again 
showed marginal deterioration relat’ive to the fifth-order 
(both are sufficiently good that this is hard to follow on 
Figure 1 without a magnifying glass). This odd-even order 
“great improvement--marginal deterioration”, was a con- 
sistent feature of t,he lattice we were testing at 2mm be- 
tatron oscillation amplitudes, but likely was a peculiarity 
of that lattice rather than a general property of truncated 
Taylor maps. The “great improvement” of the seventh 
order map was suflicicnt to bring the combined horizontal- 
vertical invariant within one part in 20,000 of that of the 
original SSCTRK kick-drift code, which difference cannot 
be resolved within the thickness of the line in Figure 1. 
Further, on the 100,OOOth turn itself the horizontal beta- 
tron oscillation was still faithful within a fraction of one 
percent to that of the original SSCTRK kick-drift code, 
from which the map had, of course, been translated. (Af- 
ter the first turn, the agreement in horizontal betatron 
oscillation is to about eight significant figures.) 

‘I‘his very acceptably accurate (for use with the bending 
arcs in bcarrr-beam effect simulation studies) seventh-order 
map executed a factor of ten faster on the scalar architec- 

ture Sun workstation than did the original SSCTRK kick- 
drift code when the special purpose map tracking subrou- 
tine TPKMTRK5 was used. Subroutine TPKMTRKS is 
related to the subroutine TPAMTRK of TPALIB, but sac- 
rifices generality in the number of inputs and outputs (with 
both frozen at five) to speed. On supercomputers the cor- 
responding subroutines from ZPLIB, which are optimized 
for vectorization and multitasking (parallelization), could 
be expected to have an even greater relative speed advan- 
tage. 
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Figure 1: Comparison of the combined horizontal-vertical 
invariant for the truncated Taylor maps of order three 
through seven with that of the original SSCTRK kick-drift 
code for initial 2 mm amplitude over 100,000 turns. 

IV. CONCLUSION 

This use of ZLIB to effect the translation of the t,rack- 
ing section of the SSCTRK kick-drift code to mapping 
construction and map tracking code shows that ZLIB is 
indeed a user-friendly, effective, and efficient way to build 
and track truncated Taylor maps. The unique and pow- 
erful vectorization and parallelization features of ZLIB (in 
the sublibrary ZPLIB) were not used in this particular ap- 
plication, nor were ZLIB’s map analysis features, but the 
easy-to-use, familiar (from its IMSL-like framework), and 
efficient features of ZLIB made this mapping application 
one that was easily and quickly carried out. 
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