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-~ Abstract 

111 1 lie operation of Iirrll~ln-nntiproton rolliders, an important goal is 
to maximize the intrgralrcl  luminosity. During such operations in the 
Frririilab Tevat,ron, t I i r  t riinsverse beam emittances were observed to 
grow unexpectedly qiiirklv, thus causing a serious reduction of the 
luminosity. We h a w  $ 1  ildird this phenomenon experimentally and 
theoretically. A fornilila rllr the emittance growth rate, due to  random 
rlipiile kicks, is deriird. III Ille experiment, RF phase noise of known 
ariiplitude was delibrralt~lv iiljected into the Tevatron to kick the beam 
raritlomly, via disprrsinil ;it the RF ravities. Theory and experiment 
arc- found to agree r t ~ a s o t l i ~ l ~ l v  well. We also briefly discuss the problem 
of quadrupole kicks. 

Intrg duction 

\Vi1(-11 high energy slnragr rings are used to  rollide beams of particles 
ant1 ant,ipartirles for tiigli rnrrgy physics experiments, it is important 
t r i  frhtain as high an int rgrat r d  luminosity as possible. Reduct.ion of 
iiilcyq-ated luminosity rail arisr from several factors, in particular from 
gr~iwtl i  of the lransvrrsr lieam sizes (transverse emittances). An ex- 
amlile of this phenomrnnll was recently observed in the Teyatron [1,2] 
at Frrmilab. During rollitling beam operations in the Tevatron, it was 
notrd that the lumirrnsilr decayed at  an unexpectedly fast rate. In- 
vrst igations showed that I he horizontal and vertical beam emittances 
wrrr growing linearli as  a function of time, and this growth was the 
donrinant cause of th r  poor luminosity lifetime 131. Since it was ob- 
srr\-ed that th r  beam was iindergoing externally driven betatron os- 
ciIlidions [4], a srarrh for arrclerator components which were capable 
of driving the bean1 f.ranswrsely and rausing emittance growth was 
i n i l  iated. 

\V r  have thrrrforc itiwsiigated the problem of transverse emittance 
grriwth in high energy storage rings caused by random dipole noise 
k i c k s  to the bram. 12 s i rn j la i  invrstigation is reported in Ref. IS]. 
.I I lieoretical fornlula for t l ir emittance growth rate is derived, and 
riiini)ared against experimental measurements. In order to  obtain 
qliiirititativp rrsults, naisr  of known amplitude and power spectrum 
v i i i  deliberatrly injrctrd into the Tevatron, to kick the beam ran- 
driiii1.v. The Tevatron RI system was chosen for this purpose because 
l l i r  relationship between the injected noise and the kick t o  the beam is 
qiiantitatively understood. The theorrtical formula itself is applicable 
t r i  arbitrary noise soiirrps, provided they satisfy certain criteria, to be 
sprrified below. 

I I I  the expcriment, phasc noise was introduced into the Tevatron 
RI; system. Indepmdenl of previous work [fi] which investigated the 
effrrt of RF noisc on Inngiludinal becam dynamics, it was suspected 
t h !  phase noise with tlir appropriate Fourier spectrum could induce 
horizontal emittanrr growth due to  the existence of horizontal dis- 
prrsion at  the R F  cavi1ir.s. The measured dcpendence of horizontal 
emit Lance growth on phasr noise amplitude is compared against the 
tl~rr~retically derived rrsponse. The tlieoretical derivation is presented 
l)c4riw, followed by a tlesrripl.ion of the experiment. The full details of 
t h i s  work can be friiirirl ii i  Rrf. [7] .  
-- ~___-__. -~ .~~~ 

‘Operated by t.hc Uiiivrrcii  i r s  Rcsearch Association under contract with the U. 
S. nrpartment of Energ? 

Theory’ 

First we shall describe the notation to  be used below. The orbit of a 
particle is described by the functions [8]  

sin( q t 4 ~ w p t )  

az + Bz’ cos( q t II, - w p t )  

Here Z and q are the action and angle variables, respectively, wp is 
the linear dynamical oscillation frequency (linear tune times revolution 
frequency) and JI is the Floquet phase. We make the approximation 
that the phase-space trajectories in { z , p }  space are circles with action- 
dependent tunes. The unnormalized emittance is given by e = ( I ) ,  
assuming (z) = (p) = O. The angular brackets denote an average over 
the beam at fixed t .  We always define the emittance to be averaged 
over the beam. The emittance growth rate is T = de/d t .  Note that to 
ralculate T it  is not necessary that (2) = O; it is sufficient if (z) and 
(p) are bounded, because then d ( z ) / d t  and d ( p ) / d t  average to zero. 

Suppose there is a random horizontal dipole kick a t  location E, so 
that 

z ( t  t a t )  - z ( t )  = O 

p ( t  + a t )  - p ( t )  = Nbt . (2) 

It is sufficient to consider a kick which changes only p and not I. We 
shall add in the contribution of a kick which changes z below. We 
shall linearize the response of the beam with respect to the kicks, i.e. 
we calculate the changes to z and p to linear order in N only, and so 
the emittance growth rate will be of O ( N 2 ) .  Next, we calculate the 
rate of emittance growth. For this we need to study z2 t p 2 .  Now 

[z’ + pa]t+st = 12’ t ( p  t N6t)’It ‘Y [d t p2]t  + 2pN6t (3) 

and 
cos[@,( t )  - @,( t ’ ) ]  dt‘ . (4) 

P 

Combining these results with the fact that 6(r2 t p 2 )  = 2@6Z, 

pN6t  
6Z = ~ = E f q c o s [ @ ( t )  - @ ( t ’ ) ] d t ’  . (5 j  B fi-“ 

Averaging over the beam, . 

We want the time average of the growth rate. The function L itself 
grows indefinitely, and does not have a finite time average. The func- 
tion D ( t , t ‘ )  is a decoherence factor, and @,, is the linear dynamical 
value of @, i.e. the value without tunespread. An expression for the 
decoherence factor, for tunespread due to  an  octupole moment, is 
given in Ref. [9]. A simpler model, which is motivated by radiation 
damping in synchrotron radiation theory, is to  put [IO] 

Since we do not .know the detailed decoherence mechanism in general, 
the choice of model is somewhat arbitrary, and so we shall use Eq. 
(7). It must be understood that this is a phenomenological step. 
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Emlttonee G r o w t h  
I t ic rnathrriiiltiral iii;ittipiilations are described in Ref. (71. The 

I i t r i r , .  avrragrtl gr t rwtl i  r; i tr .  is 

\Iv;isiiring frcqiirncir*n i i i  Clz, and adding the effect of a noise source 
i r l i i r l i  k icks  E a I S 0 ,  ; i t111 introducing Fourier transforms El and Mz 
f l j r  kirks 10 E iiiid 1'. rrsprctively, the above result becomes 

I1c.w Jb is the hctatrori rrequency in Hz, which separate both the upper 
iiiiil lowrr belatron sidebands from the revolution harmonics. We see 
I hili the integrand ahrivc is a Lorentzian with a maximum a t  w = -wp 
iitiil a width c t d ,  and so the  emittance growth is driven by harmonics 
nT tlic noise in a rair!;r centered on the betatron frequency plus 
miiltiples of tlir r r v o l i i t i w  frequency, 

Measurements 

I:ii~.li accelerator rcvulul iuii the beam sampled a random phase shift 
iii~roduc.ed into Ihc 111: voltage waveform. Mathematically, this volt- 
agr is equal to  V ( t )  = V" ros[wot + $0 + & ( t ) ] .  The phase waveform 
wi i \  ii raiirloni wise  sigiiiil gcnerated by a Hewlett-Packard 3561A Dy- 
i i i i r i i i c  Signal .-\nalyzer i i i  the frequency band surrounding the lowest 
1irl;itron sideband frrqiiriicy (near 20 kHz) .  The RF voltage was mea- 
s i t r u t  with a 11F cavi ty  gap monitor. Based upon such measurements, 
111t. measured pliasr noisr band amplitudes, as a ratio of the funda- 
iiiriilal RF voltagr amplitude, were measured three times (see Ref. 
[ i j ) .  T h e  results arr lislrd i i i  Table 1. 

X I  I 

T-ilile 1. Ratio or pliasr iioisc band amplitudes to fundamental R F  
\.liltage amplitude. 

Relative R.M.S. Phase Noise 

.\Ieasurcmctit .\niplitude (db) in 100 Hz (mrad) 

1 - 6 2  * 1 1.1 f 0.1 

2 - G R  f 1 0.56 f 0.06 

3 < -90 < 0.04 

[ h e  horizontnl rnii(~iiiirc of the beam is measured using devices 
r i l l l i d  flying wirrs j i  i , i?i .  ,! 1 mil diameter carbon wire, oriented 
vr,rlically, passcs t.lirriugli I h c  Iieam horizontally at a velocity of ap- 
iiroxiimatrly :I t i i / sc r .  ,\s I lir wire traverses the proton beam, protons 
rc>lliilc with wirr ntotns I)rorliicing particle showers detected by scintil- 
l ~ l l ~ i ~ / ~ ~ ~ ~ o t o t i i l ) i !  moiii!ors. 'The flying wire system is set up such that 
I l i t ,  pliototul)c o u t p i i t  v i > l t a K r  is proportional to  the local proton den- 
SII y ;rt thc w i r c .  D y  rligiliiirig the wire position and phototube voltage 
uti ;I turii by t i i r i i  I x i s i s .  o n e  ran map out the beam's horizontal den- 
s i t y  distributioti. 'l'lir liririzontal emittance is calculated using r.m.s. 
I i c i i t i i  widths  at tu.o flyiiig wire monitors. These wires are placed at 
p i ~ i t i t s  in the 'Tevalhn  wl ie re  the  dispersion is very different, so that 
I / i o  contrihulioiis nl' horizontal emittance and momentum spread to 
t.lir total hearn s i z r  r an  lw separated. By flying the wires periodically 
ovrr  t.he span or  an hour o r  more, and doing a linear least square fit of 
vinittancr vs. lime, thr rmittance growth rate of the beam is deter- 
tiiiiictl. Figiirr t is iiti rs;iniplr of horizontal emittance as a function 
r i f  tiine, with 1lir rcsi11I or such a fit superimposed. 

5 1  I I I I I I 
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Tlme (see) 
Fig. 1. Horizontal emittance as a function of time in the Tevatron. 

Using the results of such fits, the horizontal emittance growth rates 
were measured three times, corresponding to the three phase noise 
amplitudes tabulated above (Figure 2). The growth data are  listed in 
Table 2. 
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Fig. 2. Fit of horizontal emittance as  a function of phase noise 
amplitude in 100 Hz binwidth. 

Table 2. Emittance growth rate measurements corresponding to 
phase noise measurements in Table 1. 

Growth Rate 

Measurement (lo-" m-rad/sec) 

1 

2 

0.54 f 0.04 

0.16 rt 0.03 
3 0.12 f 0.01 

Analysis 

In order to compare the above experimental data to theoretical pre- 
dictions, the relationship between betatron position changes and R F  
phase modulation must be specified. Since the energy change u of a 
synchronous proton traversing an RF voltage VO with a phase error 
4,, is u = eVosin$,, and since $,, is much less than unity, u 'v eV,$,. 
If the horizontal position of this synchronous particle is described by 
I = m c o s ( w p l ) ,  then we can deduce the expressions for M I  and 
Gz. This is done in Ref. [7], and the result is 

where 8 is the Fourier transform of $ and (131 
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- 
Xtln the experimrtital iiclisr harmonic $.,,(w), as recorded by the spec- 
I riiiii analyzer, is iictiiiilli- tlir integral of c#(w) over the frequency bins 
31 ;it. thr frrqiiriirivs u' ;itid - w ,  i.e. 

- 

- - 
t ) f . <  i i i i s e  $( -u) : m'id)  flrr a real function of time $,,(t). Hence $sa 
h ; i a  the sarrir Oii i icni int i  ;IS & ( t ) .  Thus the time-averaged emjttancr 
f i r . v : v t h  r a t r  is 

~ l ~ l i r ~  'Tevat roil c a n r l i i i n n s  at the timr of this experiment are lised in 
'I ill'lr 3. 

Table 3 .  Trwl r o n  parameters used in experiment. 

~ .. .____ 

Para mr 1 (1 I. Value Unit 

I 47.713 kHz 

Af 100 Hz 

En 900 GeV 

c l i  1.16 MeV/turn 

H n I.' 0.090 f 0.020 m 

~. .... 

- - .. .. 

Siit>stitutinp t lirsr v i i l i~cs  into eq. (14)  yields the theoretical predic- 

T =-- (4.3 .J 0.9)  x 1 0 ~ ' ~ $ a a ( f ~ ) ~ z  (m-rad/sec) . (15) 
t i o i i  

I ~ ~ ~ i c r i m e n t a l l y ~  onc obtaii is  the result (Figure 2 and Table Z), 

T = ( 3 . 8  .t O.ï) x lo-' l $ a a ( f b ) 1 2  (m-rad/sec) . (16) 

'I'lir agreement is w i t l i i l l  I lie errors quoted. 

Quadrupole Kicks 

I t  i r  reported in Ref. [ZJ  {hat  ripple in the quadrupole power supplies 
\ v a s  also o b s ~ r v c d  l o  drivr emit.tance growth in the Tevatron. One can 
rlr,\i.r.ilie t.he effect, or r ipp le  cin t,he hetatron motion by a different,ial 
~ ~ I I ; I I  ion of t h c  form 

5 L d S ( 1  t a c o s ( w , t ) ) z  = O ,  (17) 

wtii ' re a is a dimensioiilrss constant, wo is the betatron angular fre- 
qiiviicy, and w, is tlir ripple angular frequency. The principal ripple 
rrrqiiency whirl1 d r i v e s  rinittance growth is twice the betatron fre- 
qiic~iicy, plus niultil)lrn or  thr revolution frequency w, = 2wp t nw,,,. 
I-tir n model w i t h  r r i i l ~  onr kirk in the ring, in the limit of small kicks 
aiid very low brtatron Iiinr, with the ripple frequency close to twice 
I.hr betatron f r e q u r n r ~ ,  t Iir rmittance growth rate is approximately 

\ v h c r e  k,,, is the r.in.5. value of the fluctuations in the quadrupole 
gr;itlient, 0 is tlir brtn fiiiirtion at  t.he quadrupole, f is the revolution 
frvc\iiency, and A f  is tlir binsize of the frequency intervals of the 
riirasuring apparatus. A sinular formula, treating white noise kicks, 
is i-i.ported i r i  R.cf. I I 1;. l\'ork on this subject is still ongoing, and 
riirther results will b r  rrporled elsewhere. 

- ~ - _ _ _  Conclusions 

'I Iic theory surrounding slimiilated transverse emittance growth of 
p r ~ ~ t o n  beams has bren prrsented. Given a random dipole kick each 
t ~ ~ r r i ,  quantital.ive predict ions for the r.m.s. beam centroid betatron 
oscillation ampliludr aud average emittance growth rate are made. 

Urcause the particles undergo deterministic betatron oscillations be- 
tween kicks, thr effects of successive kicks are correlated, hence only 
tlir noise harmonics at  the betatron frequency plus multiples of the 
revolution frequency contribute to  the emittance growth. 

An experiment was performed at  the Fermilab Tevatron, where the 
rffrrt of RF phase noise on transverse emittance growth was measured. 
Tlir RF system was chosen because it was quantitatively understood, 
thus cnabling an absolute calibration between the emittance growth 
ratr  and the injrrted phase noise amplitude. It also had the advantage 
lliat the kicks to  the beam were localized a t  one point in the ring, and 
werr of sufficient magnitude to dominate over other sources of dipole 
kicks, thus simplifying the analysis. Applying the above theory to this 
experiment, it was found that the predicted and measured emittance 
growth rates were in agreement. 
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