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Abstract 

Analytical solutions to thr rquations of motion of a rhnrgrd particle 
through thr extrnded fringing firld of a dipole magnet are obtained 
in the formalism of the computer code TR~~NSPORT. Thev are rep- 
resented bv first-. wrond~, and third~ordw transfer matrices which 
contain intrgral form farttrrn of the field. A straight inrlinrtl bollrtdarv 
is considered. 

1 Introduction 
Figure 1: Midplane geometrv. Rrfercnrr p~anr is ncnrnal to the dTsig:n IIR- 
jertorv hnglr B is taken II> be pnsitivr Axis y p”int5 ~,r~t 14 thr paprr 

The opt iral rffwt F nf the field boundary of a dipole magnet have bwn 
described to the scrond order for the sharp-cutoff approximation /I] 
and IO thr first ordrr for the Pxtrndrd fringing Mds 12.31. In the third 
order, the sharp-cutoff approximation produces infinitirs in the nlatrix 
rlrmwts I,&]. To rlbtain the full third-ordu solution, onp must consider 
thr rxtrndrd naturr of thr field. 

a lens is givrn 1)~ a product of t hrrr transformat ions. 

,@“f ,~Z’.j,~l “.uW / 
1’2) 

where 

In this paper WC describe the calculation of the transfer matrices 
for the fringing field nfa straight dipole houndarv. The matrix elements 
are given bv the rcwffiri~nts in the Taylor expansion, 

.Y,r $-R& t ~-&T,&S-, + &-&-&L’&&,Y~ (1) 

where X is the usual 6-vector of the TRANSPORT 151 coordinates, 
x (~,F’,Y,Y’,L~). 

1. 

2. 

3. 

M”’ ” is a transformation from thP wfcrrnrr plane to the lwgirl 
ning of the fringe rrgicm through the pure drift field: 
M”” is the transformation through thr fringe regirjn; 

M’“f is the transformation from the rrtd of the fringe rpgiorl bark 
to the referenre plan? through the pure bend field. 

It is conwnie-nt to rharacterize the extpnt of the transition field 
region with a dinwnsionlpss parameter c d/p, where p is the inside 
bending radius and n is the vertical separation of thr p&s. We as- 
sume that r < I and dwivc thp matrirw H, T, C’ 10 o(r). In this 
approximation, we find that the matrix elements depend on certain 
dimrnsionl~ss line int.egrals. There are two such integrals present in 
the second cl&r and six more in the third order. Also, WP ran idwtify 
the term which leads to a divergence in the sharp-cutoff limit. 

The field in t,he air gap makes a gradual transit ion from t hc* Inn 
gitudinallv uniform interior field DO to the fi4d-free region Pxternal tq1 
the magnet. We assume the midplanr firld depends on thr distance .r 
only, i. c. we neglect the effects connected trj the finite width of I hr 
maenet. W’e define 

(31 

3 Derivation of Matrix Elements 

The procedure to obtain transfer matrices without using the c ex- 
pansion is outlined in -61. It is based on the Lie algebraic approach 
171 and the ronnertinn formulas 81 bet wren the canonical Hamiltonian 
variables and thp TRANSPORT coordinatec. The complete desrrip- 
tion of the problem as well as the explicit list of all thr matrix rlpmwlts 
ran be found in /91. 

3.1 Transformation Variables 

We can write the relationship brlwrrn ~hr two sots of variablrs. 

2 Mathematical Formulation 

\Ve consider t hr ent rancc of t,hr bending magnet shown in Fig. I The 
rwrdinatr s measures the distance from t Ile I he Pffwtive ticId bound- 
arv. The coordinate svstem (.q, u, y) is rotated clockwise around the 
v-axis with respect to thr rt-frrenrr svstrm (2, T, y), The rotation any 
gle p is taken to be positive. 

u z sin ,fl I I (‘(15 ,? 
3 

i 
f&g r;ytnr, ,/j 

dsldz 1 T’ tan ii (4 1 

!i 
dy?dz y’ SPC /3 

ds!dz I T’tnn R 

where the dot dmotes d/ds and the primr drnu>teq &‘,I:. ,\ntiripatirlg 
future expansions, w’c define a new variable II’ as the deviation frnrn 
the reference trajertorv, 

$;;1 -- Y[:;] ; ;[,;j 

The nrt rffrct of the fringe field of an inrlinrd honndarv can bp 
mat hemat irally rrprcwnt cd I)? a firt itirnls clpt ical elrrnent of zero thick- 
nc55, located at the referrnre plane ’ 1.31. 7’hr t ransfrr matrix for such 

Lrt us next scale the variables as f~~llows. 

‘Work wpportd by the- II S ncpartmmt of Enrrg, unclm rontrart numhpr 
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anti t hr dot tri drnotr thr diffwrntiatic~n with rrsprarl to thr original 
lll1S(.alrd iifriill~lr’ .5. 

‘Tr> oht~iu tlrr matrix t*lrmrnts. wC rnrlcl prrforrn t hr follwving 
I r~~1l~f~lrrrlnliorli, 

3.2 Drift Region Transformation 

lrl thr drift region, R It and the equations of mot ion arc iimplv 

p - y” n (“1 

I sing t.Iq. .T and rxpnding to the third ordw in the initial rnuditicms 
( ro. rh. yn. yC)> we get lhr drift map. 

U‘, (EC, 4 rs, dT;, scr- “) SWp i 
( 

T(& ’ IS, E~2ScT/3 m-:1 tmp 

&i 
JCl T,, ’ y 1 IS, T;:‘wr l? 

) 
srr!~tx11’13 ) 

Ii,, Th if-r7 :3 I r;,’ sr*c2 13 tan R I Tb” WC2 17 tar,” ti (6) 
!/ I (!/(), rsly(, SPC 8) I (T”,y,f, - ‘“1 +J:, WC .j) tan A 

?A 

1 (r,&y;, 4 w, “;,2y;,scc:3 
i 

tar?17 
I2 I y;, SPI- rj t r;y;, ser B tan n i T” y, WC/1 tan* 13 

Tlw rrfprrncr t rnjwtorv’s rnordinates at B s1 arc giwn hv 

41 cs, tan 13 
-11 tart R 

3.3 Fringe Region Transformation 

I’sing r\lnxwrll’s equations and the midplnnr symmetrv WI’ ran expand 
I hr mag!~cl ir field romponrnts around h(s) f$ ( 4 > 11, Y 0) : 

H” I, 11, Y 
i j 

by I .” 
II,, s. u, y 0 

I . (7) 
&/(‘T u, w) = h 

2 
hl/’ I . . 

I‘rr~m t hcs almve Pxpansions, we can writ r thr equal ions uf motion 
il,b follows. 

U.hWP 
T- 1+2,ry: ( ) 

f ---.I 41 + f) h h/?i ;‘;y’ > 
I hiy 

g &i-i 6) 
Wt. obtain the equntion for A by putting 7~ A, y 7j ~~ 6 0 in 
ICI. x: 

3 - a(, + AZ): 

Thr ahovr rquation ran rmdily he solwd hv iteration, 

&i(s) tanii < srr”~ h(s’)ds’ i 0 
0 
r2 (10) 

!VP rxpand Eq. 8 to the third ordrr in w, C-, y, i, and 6. The result 
can hr writ trn in the form of the dimPncionless rquations as follows, 

,!I,~ 

ds 
r lit 

d,i- 

rln 
r h :Ili’l’~r? 

[l‘fl‘? 1 (,i$, #IL) 

+/rl-.{ i 
Lz. :’ 
2!/ 1 2 I 6 Cl’2 

I ri2h 
4 2( rl,;2, l/z~;I‘:I‘z 

( 1 
] ! A2 : IT2 1‘1 A 

(hi’) 
I‘3 (1 ,?A>) I‘ .q:s / 2‘i’ 

(,*A+ 4 (, .j’)3 
) 

The first-order solution IO Lt. I I is WPII kmw.ll I?/. Wr will obtain 
the nonlinear part of the SOI~II~OI~ using I hr l)rdrr~t)v-,,rttc,r mc+hrA 
similar to the Green’s function inlraratirlrl crnplovc~l for thr raw of an 
ideal magnrt [lO,I I 

3.3.1 Second Order Coefficients 

Thr most general scrond-ortlcv \~llrltiorl III l,,q. I I is givrn by 

II’ - Hl,Ul, I H,zC, / R,,$ 

Lit 
t 7;2~ti!f t T,Zgil,E 1 1’,:~3yf : ‘/‘,:3,~/,fj, i TII,,?jf ‘l’166EZ 
R221i’, t R& 
f T222ti:f I Tzzgi~i6 + ‘T23:fyy * ‘7‘2.,.1~/, iI I ‘/‘214.fj: I 7;66h2 

Y R33?/1 t R343jl 
iT72~7i!,yl t T3s,lti~l$l t T~~~y,b I 7~.,,6,tj,l 

(12) 

i ff.tm I R44Y1 

+ 7h23~i’lYl t T424+1til t T436!41~ I 714&h 

Puli ing F:q. 12 into Eq. 11 and eyuatirig ihe sarnr sc*cur~d order trmlls. 
we get the cctuat ions for T*,k’S, 

d 

d/y 

t7;i, 

(1R ;;:I 
3rP I‘. 1 2 h’I’ zi, 1 Jz~, 

*7 
(T4,, (13) 

dn 411 -r:rz 1 (trL,) ’ f4,, 

The funrt ions fi,, aIld J4ij a!Y giwn in ‘I’RhIP I. b:q. I3 ran h SOlV?,l 

Table I: Driving Terms For Srrond-()r&r Mntrlx Elrmrnts 

fvr 
Dch R;,l‘,,‘z 

Bch( t&1,: 1‘2 /I,, 112r31‘3) 
b,/&‘f?$~~~/r i 2dhidnN~;~li~RT‘I rhH1 r,\i2 .., 

h/ds=Rf,T?lr t 2dhldnl:wR.,~r> ;hiZ.i,*J 

2 (M, rz l?zall:>41‘3) I rh( R,.,ly 112 H2flH.1.rl‘n) 

bv iteration to a desired order in c. \2’e gd f he following expansion 
series, 

I‘:(sil’2i)h(.~)7;,;(,~) + 
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3.3.2 Third Order Coefficients 

\\‘r ;lricl lllc third Ilrdrr IPrms wil tl rwfficif~nls l,,l;j (0 the exparlsif,lrs 

irl l.;q. 12. I hrn, it-c 1)111 Eq. 12 inlrl I;q. II and rquaf(~ the aamr 

I Ilidc~rdcr lerms. \\r grl 

; f‘t!Jk cIh,,k 

[‘,I Ik 
tl - 
CF 

%I‘:T‘2h&;,k - gZtJk 

de 
f ‘:3z.,k t[/rqk (15) 

d 

d.Q 
l’h~k r:I’2;q (fpr’3qk) Ql,,k 

l’hr ~IIIICI ions fjzilc nttd q,,,1; dqwnd on I‘rr’s, Il,,‘s and ‘l‘L,k’s. and arc- 

givc~rl in 6) P,lj. IS ran also) I)(* st,lvPd t)y iteration; nlnlrix ~lemc111s 

i ‘r,k! harr 1 hr same iirmtiurl wrirs as do I he clm~rnt 5 7;Jk in 1Sq. 11. 

3.4 Rend Region Transformation 

In lhr p~~rc* lwnfl regi~m, R fjnj~ and 1 hr rquat ions of InnI ion ran br 

\zrillcn ai follr1~v5, 

2 

!I” 

&:+ Ej (I t *“> (I I r’2 I gq: 

p( I / 6) z’ !I’ ( 
, , $2 , y’2 

> 
i 

\YP ran 5olvc 1:q. IG rxnrt1v for T’ anIl y’, 

r’ 
2:(I t a) T(Z 12 ) 

I( I t 6)’ t 2z;(l t +(I 2*) 7yz 2,)*]i, 
(17) 

.v’ 
r/2 

I(1 I q* I 2EL(1 I II)T(i a*) i’(2 ,,)Z]k 

M iirrr 
T J-i ;;i t lu;* 

l’hc nhe~vr tyuat ions can lw intrgrated lo ilblain * and g. \I’e can then 

pII1 z 0 and rxpand to thr third ordrr in (u-2, C-2, y2, &, 6) using Eq. F, 

and l’:q. IO. 

4 Nonlinear Solutions 

4.1 Second Order Matrix Elements 

l‘hr scrorrrl-or&r sillul icw contains t vw inlrgral form factors, 

12 
/ 

-?Lv[I h(.q)lh(s) 

13 ’ 
I 

iau 
d.5 [I h(s)1 P(s) 

m 
(‘Xl 

‘I hr inlfyralld~ in P:q IX go rapidlv lo Icro at l~>t h sidf5 of th9 intrgra- 

Iion limits; thii fart allows III rrmow the unrerfaintv in lhp rxtrnt of 

I hr frirvE!tx rrgir,rl and gives a prarlirat wav for thr inlrgrals evaluation. 

l‘hr IO lilillvzf-rft tc~rms arr given Iwloiv: 

‘1.1 I I 
lW,“/l 

I 
.1 

‘I’, I? 
St-C2 3 

2 
fI2 

sing(5 sin*[i) 

2 ros4 R 
, 

‘I,,, tar,*,9 I .,, 

'12lri tan 0 I 

7'2.3? 
sin /3( I I si n* n) 

2 ms:~ 1 
sin’ D 

c 
l-015 fi 

i 

I*(5 cm ;j) I:3 
ms* B . 

2 

7‘2.! 1 Ian2 A 
1 

<I* 
sin /3(X t ros2 p) t 

CO s’ ij 
./,I 7 tan2 2 

sin@1 t 
cr* ~~ 

sin* R) 
t-05’ ij 

7.1 I 1 Ian2 A t 612 
sin i?( I I <in’;+) , 

rn 5,’ ij 

‘1’12% WC2 R t ‘I* 
sin N(S 1 sin2 ij) 

The ahovr matrix etrmrnts ar? in pcrfrrl a~rcrn~c~~~l iril h I hr kr,<l\vrl 

sharp-rutoff approxima~io~r rrs~lls ‘I ( 6 0 ). 

4.2 Third Order Matrix Elements 

The third-<drr sctlu(ion has six rnr~rr it,teF:rnl f~~rrn fari~m, all xhirll 

ronl ain the squaw of t hr tivlti &rival ire. 

2 

Jl 

J2 

J3 

J4 

J6 

J6 

dh(s) 

ds 
dh(a) 

ds 
dh(s) 

ds 
dh(s) 

ds 
dh(sj 

d@.s) 

ds 

2 

,s* 

2 r- dS’h(S’) 2. E ds’h( ,3’) 2 1. -- r ds’ r dPh( 2’) m = 

(I!,) 

The integrands in lzq. 20 also 8,~ rapicllv tr, zwo al both sides. ‘1’1~ 

intgrral JI is divergent in lhr sharpvlltoff apprcbximation. There i< 

only one term that contains it, 

~‘4333 
J1 sd fi 

I+ 8 
12 cm5 B 

[ sin’k? i I 1 Gcws2 ij ) t 6J 
2 

,121 
-1 1 -“’ 

Spare ronsidemlions do not permit tn inrludp 1 hr rnmplrtr set of I hr 

34 third-order matrix rlrmwlts. 11s a sarnplr. we Rive f he chrwnai i( 

trrms, 

~1116 

U1336 

U2126 

l;zma 

lj23:16 

(~2316 

(i, I :t6 

(J,I,, 

~J42.3, 

(J.mfi 
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