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1 Su!T1n1nry 

Tn ordrr t.o ovcrcomr t.hc linrita!.ions of Itlr: broad banrt rrwnnl.or 

itnprrlnnce f~dd, t~0 dirrrrrrd 1t10tlcts ax prq~~tl ttm: which 

havr nlorr rralis(.ic: pmprrt irs a1 bol,tt wry high antI vr’r!’ tcw 

frrqucnrirs. t:clr M~I 1~100d WC sp’.dJp I.WO lytw, ~vltic% i~r( 

proporlir)nat (0 rilhrr w-‘/’ or w--n/7 at high Irrrprflr-ic3. Al 

tw Irqw7dr.y f.hr rcnl purl, ol tmhr first irt~pfdnrlc~r n~~~t~.~t risc.9 

qun~tra~.i~~atty or - r0r R sprvial clloiw (,r (tlr parnntrl.ris wilh 111~ 

kmri.h powrr (,r Irr(lttrf8ry. III 1.11~ ~XW~IC~ 11100~~t iI, i9 i(tcrllic~ntI) 

7rro up bo a cttosrn ‘l(,t~~ dr rrr~ltm~y”, ar~~l ( IIPI r.1~~. yil,ttls I.tlr 

v,~ls h.4 Itpf:Trasr (4 I tip tosg rat.hr tvil.11 hfft II h~I.t~ wtti(.h i9 

SI~W~J.S f011d by ctirr7.l wl~~l.ion d hlax~ll’s q11~lic~r1.5 IN ICW- 

kss st rurlurcs. Although not. quil,r: a~ siruptr ns ttlc I,ronct-tmnrl 

rrwrrn(nr, IwIII ~nr~drls havr irnprrln.m-rs nrltt <:rwu rrlrldh9 
11 hkh I~I;IJ’ 1~ CX~~~~SSVCI 1)~ i~i~lyti~ Illrdi0,ts ;~f~tl ttf~p~~d WIIJ 

w by parnnirl,crs. ‘l’h~~s ltirp sho~~td Icarl (0 inlproI~rvl rstiiiialcs 

d IW~III 4ir7t)ilif). liirlila~ions iv pnrf.ic,lc nr~dfval~ms ;111d slwagc 

rlrlp. 

2 Introdrlction 

‘I hr slnbitity d chargrd partivlc bcil~~is irl high r~nrra~’ nwc~t- 

rra(ofs or storaty rings tlrprntl.5 c:ril~ir.dty 011 l.hr shop: z~url 

t.hr rlr~cl.ro-trtagnrl ic preprrl,ics of all sl.ruc:l,ilrrs sr~rf~~rlrtttir~g l.lir 

t,rnrn. ‘I’hrir clrccr, can l~r rlrscrit,c~rt c.it.ttrr 1)~ a wakrs ~CIICII- 

~.i;rt, whir,h ici ~~suatty a cllril,r irrrgulnr Illll(:t.i(lrl or stir. rlisfhr~r~c 

twtlirld ltrr rxciliirg parl,ic.lvs. or by all irflprttnrrrr, nhir,tl is gvw 

r*rntly n rafhrr cvinptiwf rtl fundiorl of rrrclllrllt~J~, wil II a taigr 

rlurrlhrr d praks clur 10 u~nny rrsrwnut tr~rdrs iu dl q-nvi~y likra 

d~~fd~. I~OW~VCT, rrlr 1 hr (singlr II,,~) s4.nbiliLg d r7 SIW ( OIIW~, 

our nwrls consirlrr OIIIJ. Ihr wakr polrn~.ial OT’PI- I.IIV Ivng~Ir of 

IIIP l~rrr~c~h. Sur,h a short rnrlgr wakr, is rrl~~i\alvnl lo 0 vr’~ !’ 

tf~w rcsr)tul.iorl in I tir Irrqncncy doinairi, i.r. SIIFII~ p~~k.~ d I.IW 

irrrprtlancr Illncli0rl wilt IX srrtrarctt oul. 

‘Ihis rdttcrd Ircfyicwy rrmlttl,ifw ol a. shot 1, IIIIII~I has Iwv~ 

t,lw ttlnirt jwbihxl ion kv using lhr “Imarl-Imild 7wuiidw” 

r~dd 1 I]: bhr a~~11a1 irt~prdnr~~ rltwtim is r~-pt:~ 4 1)~ t.11~11 

d il 3irlglc rcscvrlan( c,irc:uil wilt1 a low clurdil~~ Fnc l.0r. ‘I IIC \vhr~l~* 

frrqr~rr~r~ lwhaviwr i3 lhcw rlrsr:rilwtt wil.11 only 1 Iirrr p;uau,- 

r(rrs: I tic rrwnarll, frrclilr11c.y, l,hc slirlrrl, iiiipr~t;lfir-r, iliirt I,ti( 

quality rd0r. ttowcr~r, il. a,tso 11a.s a rlululwr ol liirlilal,iclrls: 

in) its rrd part ratiR OF ralltrr strrply as w-’ al. tiigti ~I~IIPII- 

rim, wtlilc lhr asylllpI.rjtir trrhnvir~llr- sh~~l~t~t I)(. c~rll~, w - !I7 C,r a 

siilgb c-amity wi1.h iilfinil~v sirtr l,~ll~~~s[2], or w-3/7 trlr il pr1ir~ctic: 

drwfur~[:1]. ‘t‘tlis md, was only 0I itiinor ii1lp~~rl.ailc.r Iw IIIIII~I 

tr11gl.hs d many c rillirnclrrs, awl iliiprttarrrrs rlw lo ln~gr c wvi 

I im or rrosa-scc( ion vnrinl.inns. Ilowcvcr, ror wry st1011 I~i~rir:lic~s 

and/m for sl.mc-lrirrs wi1.h high rcsrmanl frt’pwrim (r.g. sinitlt 

sl,vp or t1vtt0y1.s) I *, I’tT I if5 c 1 crcncr hr~cvrirs Inow irnp*~~l.a~i~.. 

II) .I(. l0~ Irrqucwirs, lhc real paf (. inr,icsnsc*s as w7, while il. 

st10r1trl rrinain zero up (0 l,tir lowrsl. rcsonaiI( r Cw n I~~ssl~~ss sl 1 II~‘- 

I urr. I;r>r Cat1ssiaii t~ln~hrs I.hr loss lilcfflr SIWIIIII \‘:b:listi r~xp+ 

nri~lirltt~~ wi1.h t,uric.h tr~irglti, twl dw,fTlws rwly ilS 4.- ’ iit I.hr 

Trw>rliil~or rrtrdrl. 

- (:I1 I21 I (:vrlc-!~n 2.7 

3 ‘1’11~ 13roncl-band Resonator Itttpednttce 

‘t‘hr vxprcwirlfl i%r I hr conlptrx i1nprrt:~rtr:r d n parattcl rcsorialor 

is usunll!- wril Icrl 

II. 

x(w) = Njf.J(wfw, - W,/Wj (1) 

W~~:IV II is lirv slrrrnl iii,prdarrr:c, ,f, = w,/Zx lhr rrsonant. t+ 

~p31~~~, Ed c) 111~. rfItatily rnc-fc,r. If. is possibtr lo split, I trr It I IS 

4 t~;q.(l) itllr, IWO invrrsv tirvrar rlIllc~tic,lIs 1)~ partint frm:t&n 

rtr.c:~,rl,(,~,silir,ll 

Z(w) = $ (Jw’,l - & (2) 

wtirw .C 7 Jzyw-l, anit 0 

> 

‘I,? = ?“i; (.i k q aTc ttlr prh d t.tlr 

iivtw(t;rrlc-c rllrlr~tirjrl. IFor Q > I /2, S is i-cat nnrl hrnc:r w2 = -cd;. 

In Illis ror III, lhr rrwrinlor irrlpc~rlnrlcc prrrilits Ihc explicit 

cwtt~nlir~fl ,,r ~II;\~IJ’ irtl.rgrals, cd,rrl by 11.4ftg ihc rcsirluc l,hr0- 

lr~~ll. iIs illl (~~illrlptc, W- hw hrrc ihc mtccllatio~~ d the dc1t.a. 

Illlldi~)ll n:lkra pol.cr1liat or “Crrcri ~~lncliw”: In front. d l.hr! 

pal lir-lr (T < O), lhr rx~~c~rtri~tint rilcior rrquircs ltinl l.hr in(.c- 

gr:,Ii<rn rwrlt~,llr lw I IIKW~I in lhr towrr hiLtr~lhe. Siricr thcrr arc 

110 pfA~5 I trr,rf-, 1 IIC Itlnc-l.icm mriishvs. tlctiinrl Lhc soumc (T > (I), 

OII(’ IIIIISI iulry;ralr: in 111~ upprr tratr~I~tallr I.0 find 

f’(T) z ;; -- 
J, 

r/w Z(w) c’X,‘($dT) 

‘- ! [WI rxp (,iw,T) - q rxp (JwTT)] 

211 
zz ;~lrf-[wj fxp(jw,T)] (4 

\\-tt~rr~ 111~ I,Is( tiibr. hrlld3 rrlr Q 2 l/2. ‘It Ii.7 cxprrasiun r‘arr also 

h wfil.lr,rt ill ~IIIVI,V wat tLrfr1 

G(r) = 
w, II 
7 rnp(-2) 

[ 
c:os(Sr) - + sia(Sz) 1 Crj) 

fvtirrr~ z = w,r/L?Q. I”or f+? < l/2, OIIC st~oi~tcl rrplacr S IrJ 

S’ = JI -- If)7 nrlrt lhc rirrtllar rlrnrdi~~ns 1)~ tl~prrbotic onr.9. 

t,‘br Q = I /2. hot II rxprc3sir~rl.s t~:c~ornc irldc~,rr11iin;ltc and 1rlusl 

III- rc~plawrl 1)~ 

f;(T) c 2w,/lrx+w,T)[I -l&r]. (“1 

‘I IIC \v;Ik(, t~c~tr,r~l.inl 4 n lm1dl C~II ~IICII IIC kmrd 1’~ cor~w~lu~~ion 

d its lirir ctr.rl<ily A wi1.h l.tlc: Grrcn Iurdi0fl. t;or R Gaussinn 

t,l1rlr.tt willl IthIS trllgltl cT onr grts 

II’(T) - ; ~.~,‘(-~~~)lrr[wls~(z)) w,(T , z=z-s (“1 
wtfrrw tv(:) is lhr- “C~IIII~~CX f*rTor tllndi0ll”[h]. 

I IIP IMS rtlr lrvr (.a,~ IW ~nIf~~lt;~l.~~t rr(m 111~ irll,cgrals 

k(n) -- jl; J’l r/w %(w)h(w) = Jrn dT C( r).q( T) (7) 
,I 
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whrrr h(w) = i2( w is t,hc sprctral power clcnsity, antI A(T) lltr ) 
auto-correlation lnnctior, of 1.11~ linr clrrisity. l:or n Gnussin,, 
hunA in a rrsonal.or, I.lrr loss fact.or Iwcon~c~s 

k(a) = ~/~,~[W,,V(W,“)l. (RI 

A3J~rnpt.olirally, il clrprr~rls 011 h0t.h 1) nnrl Q srpnrnl.c*ly, nrlcl ncvl. 
011ly or! R/Q n3 ill t.11~ l.ransvc:rsr c’n.v [,I], ancl t.hus 1.11~ rvsf~r~;lt.or 
parntnrtrrs cannot I)r tlc:lcrminrrl iiniqtlrly. 

4 The First Improved Impedance Model 

‘1‘11~ rral ant] imaginary I)arls of a c:o1llt~lc~x it1ltvdn1lrr arc rc:- 
lal.ccl 1)~’ rz Ilill,crt. Irnrls~orrr,nt~ion. ‘l‘hcdm lhry arc I.hr rosit,c* 
antI sine t.ransforms da singlr, real “Grrcn” Iuwt.iwl nl,ic~h ~a.w 
inltrs for T < 0. Note marry furlrt.iorln arc known to h;lvc rxplic:il. 
analytic sinr and c:osinr t.ransTorrns, and if onr 111, ~hrrmc~rc~ lot>ks 
kjr a part.icr,lnr asyrnpl.ot.ic. Iwhavior, the choicer in ~rst.:ic:l d t.0 
wry few. 

Tr~~perlnnce Modrl 1 A 

‘I hr firs1 ci,ntlitlat.r[Ci], wit,h an nsyrnpt.ot ic Frrquf~rlc~~ clr~prnclc~llr:r 
of lhv cvnirlr t.rnnsrmIti npproac.king w -‘j7, is thr ~cr~nt~lc~r~r~~~t:~r~ 
rrror Iunc~t.ion of Ihc squarr root d y = WI T. I;‘clr ?, > 0 

C(!/) = rrTc,( fi) 

with l.hr Fourier l,r83nsforms 

(!I) 

J- 
-.. 

I “_ Cl!/ G(y) COS(I!/) = 5’; -L 
I, I I 

J 

--- 

I 
m f/f,G(W)sir,(q,) = i - $ 

2 _--.- 
( 10) 

0 I, -- I 

Ivhrrr 

.c=-c, 1,= &c. (‘1) 
WI 

/\uy rcnlistic irnprdancr mr,ril have a vanishing real p:lrl aI, 
7rrc3 frcqucncy sir,r:c a i,r,ik)rrn, ron.sl.ing Ix*;riri tlom nr)t. Iosr 
vrrrrgy (0 I.ltr V~:II,II~ rhiiml)rr Wnlls. Onr ran Ihus add ill1 
iruprclnncr which just, c:anc:rls thr real part, nt, wro f~rq”clnc’y, hut. 
rdh 0fT fnslcr at high frc:c~w-,,c:irs. ‘Xc rr,;\y t.akr c’.g. rc.s>untc,r 
imprclnnrr, sir,rr it,s red part tlccrraars ;Isyrr’1’l’!l.ic:;~II~ as we7. 

The hii cxprcssio,, T0r lhc irtbprtlanr~r nrltl Grwrl ~III1cdiClll 
arc shown in ‘I’ahlc I. ‘I’hr Irr~wmc.irn w,, ~2, nnrl t hr. ‘shrtnt 
imprclanw !I fcrr,7, thrcr pnrarnrtcrs alrich III;I~ l)r IIICWII I.0 
lit. blw imprclfmcc of any pnrlirrllar slrrrclurr. I’;)r vr,y high Irr- 
ql,cnc.irs, Ihe asytr,plol.ic: bchaviour of lhi3 irritwclnr,rc~ r~,ocl,~l is 
giwn hy 

/lcZ(x) -4 1-3p, !rrlZ(,) CT q (12) 

while* a1 low Irrqucwrirs 071~ obtnin3 l.hr ;It’t”“xirll;lt,i~)llR 

RcX(s) cx ($ - $2. IrnX(r) cc (i - ;, .7 ( 13) 

In order t.0 have a pmil,ivc clclinitc rcnl pait, d t,hr iiirprclanc:v, 
one has Lo takr n2 5 8/5, whic:h also yiclcls a pmit.iw i,,,n.ginnr? 
part (intluc:t,irc) at low frc~qurnrir~. It t~c:o~rt~s nrgnl.iW (c,nlmc:i- 
tier) at. high frequvdrs ,just a.s br thr rcsonntor ilr~prtlanc:c*. Vor 
R’ - 8 5, the real imldancr irrcmascs ,a~ w4 - I al. low frfq,iw,c:ic~s 
a shown in Fig.1, ‘I‘his choiw rcsuIl.s in a rr7st,c:r rlrcmmr d t.lic 

10~s Id.or wit,h bunch 1rngt.h (cx R-‘). 

Model Impedance 1A 

DA kk 

0.3 

0.2 

0.1 

D.0 

1 
\ 

-0.1 . 
.---- ----- 

1 
-0.2 

I’ig:““‘ I: ll~l nr~tl I,,,ngi,,ary 1’arl.s d I~r~pcxlar~c:c 

t - I,,,,I- 
0 2 4 0 0 10 

x (Frequency) 

lmpeclnrm Model 113 

l;or ;)!I invww sctuarc-root. tlrprntl~~r~c~r d 1.1~ real part d I.hr 
i,llprclnr,cT at high rrcclwwiw, il Ruit,aI)Ic! pair d Rmricr t,rnns- 
hlfls C~LII IF ~IIIIIC~ \vil h t IW (:rcrri Ilidi0n 

C(!/) = cxp-f/)/h (‘,‘I 
\\‘it.ll II = fl -+ t im I)rf~rr, t,hr t.raidcmls cari 1~ wrill.c*l, 

r A/ C( !/) (.m(xy) = ifthi-n . ,I J 5 -Q-- 
,(.n rlyCY(y)sin(ry) = 

I 

lrff4F-i J- y-y--- (15) 

Agnia <)WV hns t.o add n t.crnt Lo wake lhc rrd par1 or the 
iriiprcI;~r,c~c* ~;lnisl, ~1, zero Irccl,,cric:y. \I’il,lt 3: = wI/w and 
~1 = w~/w, 1 this yinIds thr c:o~npI~x impdnncc antI thr cor- 
rrspc~,,flir,p, (:I,TI, hrllrtif,rI shown in ‘I‘nl~lc: I. At low frrclwnr~irs, 
I,l,c ,,crr,,r;~li~c~cl it,,t~c4nnc:r CRII l,c, apt’,-oxir,,al.ccl by lhr cxprrs- 
sions 

Rr%(r) c-c (,‘g - $2, fnlz(T)m (,! - ;,r (Ifi) 
III orclvr I,, gn;rrnnt.rr a p)sit,iic, rcnl part,, onr now has to taker 
(vp 5 R/:1. I IIV loss fac.t.or br t.his imprclancr riiodcl cilii br 
C~RICIII~IWI ~IWII 111~: ;Icll,o-c.orrrlal,iolt Iud.im. For a Gwssian 
I)ur~rh, onr ol~lains inl rgrals nhich mn l)c: nxprcssctl rxplicil.ly I>y 
111~: “pa,~~lmlic~ cylinclrr Iurdion” I)- t/2. llrlrd.~idd~, llimc 
I,lf,~.t.i0,,s i11r IIC~I. sl ar~clnrcl ron,p,,l.rr library roiitincs. Ilowcvcr, 
w CY)IIICI clc~ri~~c~ a rrlnl,iort I.0 ~r,odifir~l Rrsscl h,ncl.icmn d nrdrr 
I/ I w1,ic.h is t,ot. givc*rl in st.andrllcl tc:xt.books: 

1)_.,,2(5) = 
J- 

;l’t,,($ 

‘Ihis t,,nkrs nur,,c:ric:al rvdnalitrn casicr, nncl simplifies lmhc: 
rlcq iv;rl.i,)rl ,)I ;,t’t)r”xirllal,iol~s lbr llcr: loss rirc:l.or 181. 

5 Second improved Impedance Model 

I;or ~IIIJ' iiitpc~rlar~rc: vhosc real part incrcascs as w 2a at low frc- 
quc*nc.if~s, 1111. IOSS Iwl0r tlrpcr,cls imyrr~plolically as fr-(2m+‘) ori 

1042 

PAC 1989



Model Impedance Zh 

~““l”~‘l”~‘l~“‘I”“~ 
0.4 

0.3 

0.2 

0.1 

0.0 

-+, , ,~~,~~,~~,~-,_,.l:,~--i 
0 2 4 e e 10 

x (Frequency) 
I”igltrr 2: Rri11 arid Inlaginnry I’arl8 of I~rrpf~~lnrrc~ 

rho I,IIIIC~I hgth. Thus no pnwcr law c‘nn htl to IIW fast., C*XI,O- 

nrnl iat Iall-0tT follnd for Gaussian l~~fdlrs wilt1 cmlrll)n(vr HIT 

irllrgral.irie; R1axwrll’s equations 171. I 11 01 drr I.<, C~I,I:Lirl R1IC:ll il rl+ 

~‘rvasf*, it is ncwssary Iha I.hr will pnrl. d 111~ iml~c*~l;~rlc C‘ Iv1lli\iu 

,vrct up If, R “clll.-rm rrrqllrrl~y WI. LYr haw (.rlll!4( ,clC~lrYl lwo 

irri~mlnrlc~r rnfdrln wi1.h this pv~pcrl~y, WIIOR~ rcnl par I4 JPC~CILC* 

as rilhrr w-‘/’ or w- ‘I2 al high Irrqwnrirs. 

Inipcdnnce Mod~t 2A 

In I his IIIOOPI, ~.hr rral parI of l,llr irrtprr1anr.c \,nrlishvs Iw ] r.] < I, 

whitr for (71 > I it is pr~~por1i0nal I.0 

lfrz(r) = Y!EE 
P2 (18) 

whrrr T = w/w,. ‘I hc rral parI has a rrlaxinillln I0r 3’ z 4/:I, 

arrd clrcrcasrs wi(.h w -‘P al big11 Irr(lllr1drs. ‘I‘lic ~‘01 1mp011di11~ 

irrcnginnry part, can agail br ot~t.ilincd bj, llilhr~rl ~.I;lllsror rnnl.iorl, 

and is 1isl.d i1r ‘l’ahtr I. I;or ton rrc:flurnc-irr;, it is proporlionnl 

zn(r) 

Zl(T) 

(;( ?I) 

I 11 

I 2 

L- -- 

n2 - 
11 II t I I’) t (9 

I 2 - 
11 I-- 

ckr 2 --_--_- 
I, - I T7~trtT .T 

(zrrk( &) - M-““1 

I If 

t/iTT (12 ---. -. -__- 
,,Jz 3.2 -1 (12 

(I.7 __ 6X-i 
3-2 -1 1x2 ?IJz 

C-Y 1, 
J;;i 

,vc 

--. 
.kL 
<I 

>I 

<I 
-.- 
>I 

I.0 2s/:\, an<1 has 3 shnrp peak al x=1. ITor high Ircqucncica, 

it Irnrls lo - I /.v. ‘I‘1 8~ torrrspor~ding riorirlalizctl Green function : 
C = C/w, II is girrn tq 

G(y) = 1 J m rfr -= co9(m/) 1 2 .’ 
whcrr !I - w, T, Imtling (,o i1ilqr8ts over I”rcsncl rllncli0n.s. For 

c~mp~ilrr ~~wlual ion, I.llis is Or no adw111,a~r owr rtircct nni11cr- 

ical itrl raral ifIn, irr part ictllar sir~cr I.hc* intre;rantl convrrgcn ma- 

srmalrly wll. /\Isn thr norwnliactl loss Iid0r 

in = b JI m ,,s iifz? cxp( --rr22) .r’ (20) 
IIIIIS~. II~ ~~lrlaificd 1)~ nilrnrricnl iriI,vgra,lion. ‘t‘hc rc[iutl. slices 

I IIC ns~~111pl.ol icnlly rxpnnrn~ ial tlrfwasc t,ypicaI iijr I~~s~~~ss s(.mc- 

t11r(.s. 

lmprdnrlrr Modrl 2II 

One cittu r~rrrsl I tir.1 n sirriilw riiortrl h nn iinpcctancc whost: rral 

par I. rlwrc~:wr~s asyuIpl,olically as LIIC invrrsc squaw rool d rrc- 
qi~rwy. \\‘r* r;irrtply rcptacr X’ by ]z] in Eq.18. ‘l‘his Iorlcti0n 

teas a rrtnxilllllur WIIIC of Z = l/2 k)r z = 2. ‘I’hc rorrrspontling 

irnaKirrary pai I i9 again rolllId with lhf: Ilitbrrt transr0rrr1alio1~, 

ar~rl SJIOR’II ill ‘I’;lt)lr I. AI. low ~rrqu~wcirs, thr imaginary par1 

is inrlllct i~,r. aurl peaks sh;lrply aI T = I. It, clccrrasrs rapidly, 

( ltarlpr’s sigtl, artid lin:llly approar 11~s zero Ir~garit,hmically at, high 

r icq~ivu~ iv+. ‘I Irr c rbrrc.spo,idircg riorwalizrtl Grccri 11Incii0lr can 

I,r r~~al~~al.wI in (win9 d l”rvsnrl iul.r~raIs S(x) and C(x) and is 

girrri irt ‘I‘:~l)lr~ I. I lowcvcr, t.11~ IOSS lidor d ii Gairssim IICRIII 

IIIIIS~. aRail 19r 0lAainrrl 11~. n~lrricricid inl.rgral.ion. 
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