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Abstract

We discuss intensity limitations due to ions
trapped in the p-beam and assess antidotes which have
recently been applied i1n the Antiproton Accumulator
(AA) at CERN. We re-examine the theory and analyze:
Landau damping of dipole and quadrupole modes, stabil-
ization by appropriate choice of the working point and
ion clearing by shaking of the p-beanm.

Introduction

Trapped ions continue to limit the stack inten-
sity in the AA!1™3. The present paper aims to provide
some theoretical understanding of the effects observed
and of the cures which have helped to push the stack
intensity above 8.5x1011 p. Ton-p instabilities of any
mode type can be analyzed using_the theory of Koshkarev
and Zenkevich*, except that p-p and ion-ion forces are
neglected in their work. Thesc are included in ref. 5
which, however, treats only dipolar stability. We ex-
tend this calculation to quadrupolar modes, vecently
observed in the AA3, including p-p space-charge forces
which can prevent Landau damping in cooled beams. We

then discuss ways to circumvent the instability by
proper choice of the p working point. Finally we ana-
lyze the 1on dynamics in the presence of driven p 05~

cillations and derive conditions for efficient clearing
by p shaking.

Equations _of Motion

For the motion of an individual p (y) and ion
(yi) we write:
1. 2. 2 . - 2 S -
Yt 05CeY - Q5clscly-y) + Q&Caly-yi) = Felwt
(N
1., - 5 -
o7 ¥i - dhcdsclyiovi) + atgelyiy) = 0.
Here y : transverse (h or v) deviation_ from nominal
orbit, y deviation of heam center, Q p-revolution

frequency, Qg qquare of betatron wave number due to
external focusing, ro = 4NrpR/?na(a+b)BZY3: p-p space-
charge, Qé = 4N; rpRZl/Zwa [alﬂb yB2y ion qpace-charge
on p-s, qéc = 4N rpR(Y JAi)/2nag(a; +b )B
space-charge and qF = ANr RZj /2naa+b)p? Aj : the p

space-charge on the ion; Nj, Zi, Aj are the total
number, charge state and mass number of the 1ons, aj
(in the direction of y) and bj the effective transverse
radii of the icn cloud; N, a, b the corresponding quan-

ion-ion

tities of the p beam; rp = 1.54210718 @; 2wR the orbit
circumference. In the p equation the dot denotes the
totaltd 5 d/fdt = d/dt +RQ(0/ds). Smooth approximation

has been used replacing localised external and space-
charge by ring averaged forces. Space-charge image
forces have been neglected.

The functions G and g express the nonlinearity,
G=g=1 for linear forces; Gp depends on the external,
the others on the space-charge fields. With a parabolic
density distributiont of both p and ions:

Gse = Gly-¥), Ge = 6ly-vi}, 9se = Glyi-¥i), 9¢= Glyi-v)

where
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Glyi-y2)

For more general distributions higher powers in (yz-yz)
and (zy-22) the deviation in the other transverse
plane - appear. On the r.h. of Ey. 1, the integrated
electric field F‘gAseJ“"r of 1hP shaking kicker {assumed
to be a & function in azimuth) enters as

vFoAse‘m* eEgAs *
e e IC S
mpyi n n-

eln(s/R)+iwt

Only the resonant harmonic with
tained, such that

(n+t{w/Q)) = Qg is re-

PEOA;Pln (s/R)

F = e - (2)
mprZ ?nR

Dipole Mode
One solves Eq. 1 (without shaking i.e. F = 0)
assuming constant beam size and small oscillations of
the beam center y = y exp(in(s/R)-ivQpt} for both ions
and p.%*"5 Nonlinearities are neglected except for the
calculation of the frequency spreads. Results are4”S:
instability can occur in a band where the ion bounce
frequency q i5 close to one of the p sideband frequen-

cies (n-Q): la - (n-Q)] < 8Qi 82 * aQc/A0p: Q° = Qf
+ Qé - Qgc; q° = qé - qéc . The fastest growth rate oc-

occurring in the band center is 1/t = (Q/2)5Q.

For realistic frequency distributions TLandau
damping inside this band imposes three necessary condi-
tions on the spreads bp and 4 in the frequencies
(n-Q) @/Qp and g, respectively5:

|0sc/Qf: 2y > |agcra] and a5-8; > |qEQZ/q0f. (4)
The first two are
tions requiring a
modulus of the frequency

the well known! single beam condi-
frequency spread larger than the
shift. The third is the two-
beam condition of ref. 4. When the beam 15 coocled, the
space-charge term Q3. increases and the spread Ap de-
decreases simultaneously, thus preventing (full) Landan
damping as the first condition is violated For typlcal
AA parameters (3-Q mode, ? = 2.25, g = 0.75, 4 = 3 «
1073, 4; = 0.2 vrequiring Q. < 2= 10 3 from the 1851 Eq.

4, the two-beam condition would suggest stability up to
a ring average neutralization of a few 1073 but damping
15 upset as in the cool beam QgL/Q = ?AQLa’lPLf>3 «1073,

This may explain why feedback has to be used in the AA,

even with good clearing, to cure dipolar modes.

Quadrupolar Modes

Both transverse planes (y, z) have now to be
treated jointly due to the coupling by space charge. To
obtain beanm anelopp equations one inserts* y =z = 0,
y = ael¥  yith 8u{1/a2). Linearizing for small devi-
ations(f, n) from a stable solution (ag, bp) one finds,

(5)

' - - _ -
B+ 0%E + w105t + a0den - kiQEE; - k2Qfn = 0 ;
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a similar equation for E; (with Q =+ g, etc.) and a
similar system for the other transverse (n)} envelopes
(with ag - bg in the calculations of Qg., etc.).

The factors k1 = (2ap+bg)/(apthbg) and k2 =
ap/(ap+bg) are 3/, and '/, for equal beam radii ag=by,
to be assumed hereafter for simplicity. Close to the

diagonal Qy = Q, a symmetric and an antisymmetric
mode with E = #tn occur. In this case Egq. 5 may be
written as:
1 - - - -
G EE 40%c  + 4pQl.E - 4pQlEj = 0
(6)

i
[«

1 P - -
R 49%E; + 4padcEy - 4pqlE =

with p = 1/2 in the symmetric, p = 1/4 in the antisym-
metric (E = -n) case. For largely different QY # Q; one
abtains a more complicated set of equations which may
be reduced to the form (6) in other limiting cases,
e.g. that of a ribbon beam (bp » ag) for which one
finds Eq. 6 with p = 1/4.

The system (6) may be treated in full analogy
to the dipole case (Eq. 1). One finds that the worst
case growth rate is smaller by 2p and the Q width of
the unstable band by p compared to the dipole case.
Landau damping conditions (4) hecome

2 2 2 2
Osc 9sc Qcdc
SR b IPRSUR N o IR S SRR L e

where Ap and A are the spreads of ((n/2)-Q)Q/Q¢ and g
{(in the case of Qy = Qz = Q both Q spreads contribute).
Thus the required spreads are smaller by p and the
threshold nentralization (Nj « Q&) is higher by p72.
This is consistent with the observation in the AA that
quadrupole modes occurred at 2 or 3 times higher
intensities.
Influence of Working Point

When the instability is caused by one short ion
stable conditions can be restored by choice of
such that fast and slow wave fre-
quencies coincide. To illustrate this in a simple way
we neglect frequency spreads in Eq. 1 and/or Eq. 6
(i.e. we put y =y, etc.). For an ion pocket we modify
the coupling term

pocket,
the p-working polnt

0l » 02 as 8(s) = Q2 L
n=-

pin(s/R)

with éé the local and Qé = Qg(As/2nR) the ring averaged
coupling. Assuming that the ions oscillate with Yy =
yje 1v@0t the p response (from the first Eq. 1) is a
sum of terms with the usual Q2-(v-n)2 denominator (n =

0, t1...). Retaining the two terms with (v-n;) = Q and
(v-ni) = -Q closest to resonance we have
v~ -y (02/20)(1/{v-(n1-0)) - 1/{v-(n2+Q)}]
Thus if the fregquencies (ny1-Q) and (n;+Q) co-

incide (with a tolerance given by the width of the un-
stable band, 5Q = 1073 in the AA) then the coupling is
strongly reduced by "fast wave/slow wave cancellation".

For dipolar modes this requires half-integer
tunes Q which are excluded. For quadrupolar modes simi-
lar consideration - applied to Egs. 5, 6 - suggest fast
wave/slow wave cancellation for quarter integer tunes
such that (nq1-20) » (n2+2Q). Tuning the AA to Q » 2.25
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- such that 5-20 -+ -4+20Q, 6-2Q » -3+20Q, etc. - quadru-
polar instability was successfully suppressed. This
indicates at the same time that an ion pocket pre-
ponderated. In fact, for an extended cloud or several
pockets the ions follow the pattern exp{i(ns/R-QQt)]
around the ring and coupling of different modes is
impossible or improbable.

Theory of Shaking

The purpose of shaking is to decrease Qé ,  es-
pecially in those places in the ring where the clearing
system cannot influence ions properly. We shake the p
beam with the help of an rf electric field and the p
beam shakes the ions in any place we are concerned
with. This is most efficient if the shaking frequency w
= vQ is close to one of the p frequencies (Q-n)Q and
close to the ilon frequency q.Qop.

A nonlinearity will be taken into account only
for the ion movement. For the case we are interested
in, y; » y and y; » zj; so the frequency of the ion is:

-2

- qg(1 (2AiC/QC))'

A&c/qc

3qc/dy; = 2Mdc/Yi-

For the parabolic distribution « = (2at+b)/16a2(a+b).

The frequency 4. depends on the location of the
ions, q. = ge{s), so for a given ion, q. varies in time
because |of its longitudinal movement. If dg./dt =
(3ge/ds)vy = qecvi/A is big enough, the ion crosses the
resonance v = ac(s); N = q./(89./9s). The influence of
the nonlinearity depends on the sign of dg./dt: the
nonlinearity helps to cross the resonance when dq./dt<0
(g decreases along the ion's trajectory) and resists
it in the case of dqc/dt > 0. The average result of
a single passing is

By . 2 dq
ayf = 2 v° e P == §0 (8
4 tacvi/Al * 1{8g-/0y;)(dy/at)l  dt
laevi/Al > 1(3de/dyi) (dyi/3t) [, dy{/dt ~ qeRY.
Quasi-Linear Transverse Oscillations of JTons
In the_conditions dqc/dt = (3qe/88)v; ¢ O and

fqevi/Al « [(dqe/0y1) (3yi/dt)|, i.e. slow ions moving
in the direction of the ¢, decrease, we can consider
the ions as motionless. From Egs. 1 and 7, we have co-
herent oscillatiens y_= y cos(ut+ns/R],

yi = vi cos(wt+ns/R),

yi = Fad/b ; ¢ = F(ad - v¥)/D

D= (vZ - ad)llv + m? -0} -0l -add; (9

i1y = adrtad - V3 = ad/itad - ¥4 - 2ad(sac/ac)]
In the purely linear case, a = 0, the best
regime for the shaking is v = q¢, v = 0, yvj = —F/Qg4 If
a ¢+ 0 and v = q, (a pure resonance for small ion os-
cillations), some stable amplitudes y; y will be estab-
lished after a time t ~ n/QAqe - [2n/(Rdqc/dt)]'/2
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~ 1 ~ 3
. o1 fdag v, 2 (83c\?
y = -2ayy ;Y = — | H ALl S {(10)
Ja \q¢ Ja \q,

(This is the result of a combination of (7) with (9)).
To obtain a large y; in the case of a small F we need
some small D in {9). Since v° - g¢ > O when v° - q¢ =
0, the best regime is when

(v +n)? > (0f + 0% (11)

In the AA v must be higher than (Qp-n), n = 2.

The natural condition IQI « I91| needed during
the shaking coincides with the condition of the quasi-
linearity, 2Aqq/gqs = 2uyi « 1. For a » b and a para-

bolic distribution it gives yji « 2a.

Lock-on _Effect

In the case of slow ions

direction of the g increase,

moving in the

laevi/Al < 1(3de/dyi) (3yi/9t)] . (34c/d8)vi > O,

1.e. (for a parabolic distribution),

vifaeh < 2ay¥)y/yy o (39e/33)V > 0, (12)

the ions are trapped into resonance:

“2 2 qC(S)

de = v ; qel1 - ayf) = v ; 91 ® aans) (13}

The solution for 9i is indepeundent of 9 {in the condi-
tion of (12)).

The General Solution

Thus the fast ions will be heated by shaking
when passing through resonance, according to (8). The
slow ions will provide two different components of the
dipolar response yj = Yqg + ¥i lock.(4%: quasi-linear).
Since ¥i ]gck does not depend on y, it simply changes
the effective electric field in expressions (1) and (9)

F+ For = F £ Q2 Vi lock « (v +m? 2 (QF +00). (19)

qu and y depend now on Fef and can be analyzed from

(9)

We have two types of asymmetry: 4 longitudinal
right-left asymmetry because of (3q./3s)dv; 2 O and an
up-down asymmetry of v with respect to the betatron
sideband (0-n), (v#m)? } (Qi+Q2).

Ion Cooling

It can be deduced from Ref. 8 that for locked-
on ions the shaking creates a greater spectral density
at the frequency q. = v(1-8); & ~ (Y/Yi)1/3(ch/qc)2/3-
The effective width of the spectral density (4) is much
smaller than v8. If (Qp - n) = v(1 - &) we obtain a
resonance between free oscillations of antiprotons and
ions. The dipolar resonant response of the ions will
give Landau damping.

The random dipolar fluctuation of antiprotons
and the response of ions are of the order of

802

3y = ‘/ig ellwt+ns/R)

p

ay; = -i r !.‘/Qz el(wttns/R)
2 A Nl")

It is important that ion frequencies &c do  not wvary
along s in the existence of the lock-on effect: q. = v.

(15)

ion cooling has a
Above

The damping time of the
natural statistical limit t = /W% T Y - w/QA.
this limit

AT YA S AV D IR S §

2 oNg
c= 2 (é) Qlp ¢ 4.
mo\v QéQ 1

where 1y is the mixing time for betatron cooling.

i

b tm <t
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