
DYNAMICS OF AN ELECTRON IN AN RF GAP’ 

2. D. FAHKAS ASD P. B. WILSON 

S’tclnfwd Llneav Arwlerntor C’fntcr. StnnJord I’nivemity, Slnnfod ChliJorrr~cl S./YU!) 

ABSTRACT 

‘1 tlc* *>,~q~os~ of tllis calcul,rt iou is to u~l(lvrstanrl t,llv lirilit+ 
1 ioil on tllc, c~lwgy l,r~nsEf~r c4fic imlcy of all electron I~wn to tllc 
It 1.‘ ontl)t~l t.avilv of ii klyslloli or a lascrtron. An output cavit,v 
\vil II (Ii-ift t lll~(5 i, rliotlelctl ill t Iris c-alclllnt ion by a tc$oll of cow 
+tili~t ;~~r~l)lilr~tl~~ l{F lic*ld with esp0~~mtially decreasing cntrancc 

i111c1 mit I’ri~rgirlg fii,lds. Tt I(% rsit. !.t~lc)city of an elcct,ron trilvcrh- 
iilg 511c.l. it gal) is csii~lli~~vsl as a filnct ion of c-nt rancc ptjaw for 
\cl~.iol~:, \al.~cas of 111(x ratio of’ tll<, i)f’illi JtP’ cavity volt;~gc~ to CI<V 
t 11J11 ?I111 illli’0 VlJli a<?. Dt~lx~nal~iig 011 t !lis ratio, tll? tlylliilnic~~ 01 
tllc. 13leC: roll ItiOt.iOll c:*Ii l,CTOlllC~ qllit,cl COInpl~X. b’Or il g;l*’ \Vit II 
fi iti!,<. iii>lcl5 it is fuurrtl tllnt, vvt311 if tllv gap voltage alit1 ])llaw 
a~(’ o~):.illiizcd, tllc, masinriln~ v11crgy that can lx cxt~actd fmlri 
ii 5llu1.t l,r:llcll is alway significanl,ly l<w t.lran 100%. ‘I‘llc, cilw 
ill \ilkicli tlLc> cl~~ct,rur~ is cwatd with zero velocity ill tllc, r;alj, 
ii*),1 hilbsc~c~~~~xtly ICaves tllc g,r;, having extracted vn(‘rgy froili 
tile ItI: ficsltl, is also treatetl. 

1. INTRODUCTION 

.I. \\~lcl1 has I)rwiotlsly f~~rlti(l,’ using tlLc% 1IASK si11~1112\- 
lion cdc. that a sllort drctron l>illicll cannot clrlivw Ir1ow t,!larr 
al)c,llt SO’% its er,ergy to ati ItI: gap of tlw typ IIFCd ill 111v SI,/\(’ 
I,;is(~:tl.(ill r~s;wrilrlc~nt aritl ill llloit liI~Si1’0n5. II? fllrthrr fhlllld 
tl~ill tllih Iiillil 011 cificicllcy is I)wwltt using cveu a crutlr one- 
clitik’l15iolictl Illodvl of t,llc gal, in wllic-11 tlic I,unch is ret)I;Lccd 1,) 
<I iiilkl<’ (~I<~ctrolk ilitclactillg \vitll t II<’ 11F fioltl. In the prchmt 
liotc tlhis l)rol)lcl11 is pursue’! frlrtlir~t~. ‘l’lle clcctrorl ~uot ion is 
cxdlllillml ill some dvt,;~il in iwIlls of nurndizecl gap paramdtw, 
hut II fur rc,Iativistic alld uotrrcIati\~istic exalllplrs. \\‘c first, wvl,it(, 
(IO\VII lllr- 4lilfc~rvllw cquat,iolls for tllc ~lvctron nmt,ion. and ap])I!. 
t t11bi1k to t IIC~ c-aw of ;L ~~I;~~I(~-~~~~I~~~II~~I gap \vit!l no fringing fic.1~1. 
\\‘t\ nest apple them t,o tile c’ase of a typical lilystron ollt [)lit 
c,r\,itJ. wit II tli’ift, tubw, I~~otl~~ld 1)~ a qion of constant all:plim 
t II,I<’ ItI.‘ iic%ltl \vit,li c~s~mn~~~~tially tlccrcasirlg entrance anti csit 
1’tillky fir,Iils as shown in I’ig. 1. .1.1x1 ~l~owrl in Fig. 1 is tllcs fic.111. 
ul,t~\illcvl Ilsilig Sl~l’~I~I~ISI1, for lli(L outl)ut cavity of tllc, SlOtI 
liikl: po\VC’r .Y-tMll<l Iil~StlWIl llOIV UliclC~ tlC~~~lO[~1~lf’llt at, SI,il(‘.’ 
‘I’I,,, I)ositiuil and vdocity of tllc c~lwtron as functions of tilnv 
~11’1’ Olitilill(‘(l I ’ t 11 111 egratiflg tlrc ql~ations {of niotioir tllruugll tllc? 
:d~,. start irlg in iL Iclgiolr of llc~gligil,le 111: licltl. l’ltc crllhcclk~~7~! 
11101 i(,ll UC 1 Iit’ (‘I(%( tron tIq,cwls st1wgiy Oil tlw phw nf tllf\ I<]‘- 
fi~~lsl (tltv c‘litrallccv pIlaw) at t !lc tiilw the clcctron Ir~;ivm tllk 
VII: riinw I)osit ioIl. Of l)s”.tic.ular iiltesrf’st is the cxil \vlocity cif 
t IIe e~lcct ~011, aftcsr it has ksft, tt!c% Kdi> htlitrr by transiniszion 01’ 
~~~fl~~rt ioIl. ‘I’lrt, exit velocity (a11(1 (‘II~;\.) art’ esaniinctl ilk a 
!‘IIII( t i011 of ultrar~cv ~~llasc~ for (IilTclc~llt values of tllca ratio of tll(> 
;w;11; 1t1- gap vdtilgt’ to ttw ddK>l, cwtra,,w voltagt~. 

2. EQUATIONS OF MOTION 

III ~~ur~luliztvl forlll, 111~ mlllat io11s of Iriotioll ill t II<, no~lwli~- 
I ,\.1.t I(’ CiliC are 

O,lfl = o,, + (\o 

Y,,+1 = I,,, + (M/“‘)F~ cos$5,, 

%,,+I = %,L + (I’,,+1 , 

\\.il(‘l.(. 

I*:- = I lZiiI < o.r, 

I*:- = c-s{’ [-b (I%,, 1 - O..i)] I%,,1 > 0.5 

* \\~Wl< 5,11p~3wi(‘d I,y tlrct hp1rt iill~lll <)f I’m&y, ~~~~ltl’<l<‘t 111’ 
.1(‘0’1 T(~SFOO.~lT,. 

w 
LJ- 1.0 
0 
E 
5 
ti 
d 
0 
FIj 0.1 

2 

i5 
0 
Z 

.2 -1 0 1 2 
* 89 2 6219A1 

Pi!\. 1. ,\Tol~rlltr!ixd ~lccfricfir id tr~iIpl;lcitlc c.4. I/Oi~~Ililli2 ii 

positon. Dnr4rd CYO’UP ,qir’r r,r~lct]icltl from ,5’Ifl’l:lil‘l,Cll. 

lI(wa % = z/g is tl1v Ilorrr;;lliwtl Imsitioll, y is t11c 1<~11gtIk 
of tllr: wgion of uniforlll gap li(~l<l. /:,I> antI i/ = (./f,(, is t,tiv 
1rc~r1r1nli7cvI vc,lor.ity Jvllt~rt~ (‘0 is t llr cnt rancc v(~locil~~. ‘l’llv ~ior- 
inalizcd gap voltage is 0 = I<~g/l~i,. whrrr \,;I is lliv c~lcrtroi1 

r'lltritli('? \oltagc. ‘I’lrc tiriw stclp pi~ril~nvtm is (56 = dt = fq,,. 
wlwrc ds = wg/ty is the gap tramit anglcx. ‘I‘hts fl,ilg;c fic>l(lh 
arc% ~LSSIII[I(Y~ to tIccay wit11 tlistanw it1 tllc drift tlilw as I: - 
I<(] “s*‘[-il/~] (12-I -g/2)]. ‘I-1 iv Ilorrnaliztd qlat ions of nmtioll 
for t,hc rc‘l;lt ivist ic (‘as< iirv givwl in Ilc,f. 11. 

3. GAP \VITIIOLJT FRINGE FIELDS 

111 or+lt’r to tlvlirlc~atc~ the cffccts dll(. siwcifically to t Ii<* fuirl,q 
itlg fic,Itl. \vc‘ first conhid(~r tllc caw of a ciivit. i. wit lrc~lil drift tlllwi 
( f ,!,,, a gritldc<l gap). l‘lli? \vollltI RIX ?!pp%xi”“‘t“ 1 I:(’ (‘il><’ i’i,l 
it I~c):lo\v lwi~m, or for t Iltx cld runs at tilt, ou:cr cdgc~ of a r0111i~l 
I)(‘i~ill ~l<‘iir l!li, \c;ills uf t ll(’ drift tulxs. Silll;)I(’ aualyt i( (‘spr(“s- 
siolls cite) lw writ tvu iI1 illi< ci+h(’ for tlic elm: r011 v~~lii~.ity ;111(1 
lmsit io11 ah ;I 1’11I1(.ti0ll of tills alli vI:t ~iln( (’ p11iks.c’. ‘I‘ll(~ \,alllc% 01 
0 ,juht r<~([liiw(l to l)lilrg ill1 (,lwi 1011 10 xst al tlr(, Olil~)111 c,rlgc. 
(II‘ lilt> %a*~ is 0 = oq/~ili&, . at iill i~llti~;lrlc~c~ pllw ‘,i ,I,. = i; ‘.A, 
\vlwr(~ Qy < T. 

‘1‘11~ Ilolniiiliwcl exit \.cdoc.itJ. db ii llii1<.1 ioll o:‘cilt I ail< (7 ;,II~~<~ 
for tllc Cilit' ciy = 77/Z ix S11~l\7;Il ill IJis. L’ foi, il giLl> \i.it 110111 fl.iilgC- 
ficltls. Nolv t.llat filr (k = T:/:! OI,(’ ~‘l~‘C~~1.1~11 i’ illtlwl ;ui: 11ro11q1rt 
to rest at 1 II<> 0111 [IlIt OI’ 1lw &;I,’ at q, = !W. 1,111 t!lal ttic s:ojw 
01 t I)(’ ct1r\.<‘ is iilfinitv, <\ll(l 11(‘111X’ 1 I)(’ ,~fficlrlKy vv11l~l d?<.IX~~lb( 
rapidly nittl ilicrrasiiig pll4.w \i.icltII of tI1v IJIIII~II. .\l liigll(‘r 0 
tllo I)lot ‘i bcvxmc nior<’ roluplc~s. j\s slio\v~t ill t II<‘ tlvtaih~tl pl1as(‘ 
sl)aw (vc>locity v>. clisl;i~lc.c~) ;)Iuts in Iivf. :<, tilt’ first qillgularit> 
~~c’ai’ q,, = (iSo ii] 111(, plot fur (1 = 2.ii occurs at tllr l)oitlt at wilic.11 
rl~~ctroiis are jllst t,lirluxl lmdi as 1 tlvl. r-~ac~h 111~ cxsit of tllc g;ip. 
I>or slightly higher valurs of &r they nmlw a loop ill>itlc t Ilc gaI> 
hut still exit, ill the positiT-e z tlircction. At still I;rrgc,r vallic~s 
of +f~ tllc, elwtrons c.sit ill thr ii<lgat iv0 3 direct ioll lwfor(l t hq 
can colriplctc thr loop. ‘I’llis acc0111rls for the rcgioir uf wfltdctl 
rlcctroiw in t,lir (vet riincx‘ ~)llasc> lalqy 90’ I?.>‘. 

I’iguw :J SIK~W t lw mwrgy est rilc,tiull cfficiwcy as a flinctivil 
of w111 i,al c*iitrallcc* pltascs for m-t ;rtiguhr IJ~III(.~~ cum’llt rlihtrii,rlm 
tiolls nit11 n 1)haw witill of W. lri tllcs caic of a glrivvll oull)llt 
cavity, tllcx ~)hasc> wo111(1 atlj:lst, it.wlf to triillbf,‘r tllv illasitllulll 
C’IIC‘L~~ fro111 t !I(~ lwalli IO tl1<% I? I’ iic>!<l. lIo\~~~w~.. a~,:; vim tl,ot:s iI1 
tll~s lrrodtl iilitil)ulil.ll rc,::ioil ~vo11lcl t*\-t riic-t a iillbstal~i iill alliorllit 
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Fig. 2. ~2’orw~c1/i~rtl r.rit veloc rfy v.5. rntmncc phase (OS = 

T/2> ,,o j,~ill~f j;(id9). 
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i’i!~. .j. I::fJicicrlry us. entronc,e phase for a GO0 bundd. 

I:;!/. .j, .I/i/.rimunz riljiric~lc,!j clnd C iitroljcf phrase nt mrr.r- 

ii/l ion r-,!fi’(,icnt y v.u. 0. 

of c~I(‘I’~~J- fro:11 t II<> cavit? ficxltl. r\ rt:lativc>ly few number of Flc(.- 
t LOIIS in 1 his rt>gion could severely degratics thr efficiency. Fig- 
,ii‘t’ L ilio:vs 111t* II~RS~IIIIIIII rlficirncy, and the phase at maxilnlllll 
I%ific’iCI1CJ’, as a i’LlliCtiOJ1 of Ck for bllllCtlCS 20’ and GO” in witltll. 
Soi I% that tllr c+lic,icnr>- r(‘acIl(‘s a rnnxirnuln Ilear cy Z 1.5, tllrll 

4lNI (‘1Lh(‘S at higtlr’r Q. At very large * the c4ficicncy can ill- 
cnww again f’or sllcjrt I~unclles. IIowever. most of the clcct,rons 
j11 t II<. l~~rrrih arr rcfl~~(-tc~d rai her t.han transmitted untlcr tllis 
8.011ditic~ll, wrtairlly an undrsiral)le situation for a l<lystr0ll. 

4. NOiX’RELATIVISTIC GAP WITH 
FRINGE FIELDS 

\\‘<Y uc>st looli at II,<, Illodification in the previous resulk 
~~r0~1~1~~1 liy tllr- atltlit,ion of frillgin, 0 firltls with an csponcntial 
,lW,Ly I’;,, alllc,tc~r b = 2.5 (see I’ig. I). l.‘igurc 3 shows the normal- 
IY,CYI c>ri( \.~~Io( it>- iis a fillii.tiuu (II‘ rtltrancr pllasc: ii‘; 0 incrc;iws 

fro111 0.2 to 2.6 (the entrance phase is taken to be the phase of 
the RF field when the electron is at Z = -2). Note that the dip 
at about -50' corresponds to the singularity near 70” in the case 
of the gap with no fringe field (see Fig. 2), but it is rounded a.ntl 
does not extend to v = 0. Note also that the region of reflected 
clcctrons develops very rapidly over a small range of a. Figure 6 
shows the exit velocity for the case (Y = 3. The region near the 
critical phase between transmission and reflection is magnifieltl 
in the lower curve, where the exit velocity is plotted as a func- 
tion of the log of the phase difference 4d from the critical phase, 
t/d = 40~ - $0. As the critical phase is approached, the exit ve- 
locity oscillates with an exponentially decreasing entrance phase 
~CI iotl. but never falling below v = 0.35. the pattern shows sclf- 
sInClarity, repeating on a scale that decreases by about 10’ 5 
i’rotn o11e cycle to the next. A phase space plot of trajectories 
for tllc case N = 3 is given in Fig. 7 for 20” intervals in entrance 
phasr. 

- -1 I 
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b’ig. 5. Sotwalid ex/l r-~locily vs. entrance phase for n 

gap with fringe fifid5 (f$, = 7r/2, 6 = 2.5). 
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FIN. G. ~Yormalized exit velocity z’s. e~~frunce p1~n.s~ (top) 

and phase druidion jrorif, criticd phase (lroflor71) jar, 

(1 = 3. 

The efficiency as a function of cisntral entrance phase is 
shown in Fig. S for a 60’ bunch Lvith uniform current distri- 
I,ution. Note that for large 01 the cfficicncy is positive only over 
a fairly narrow phase range near 40 = 0’. Again, most electrons 
outside the hunch are strongly accelerated with a conseq~c~nt 
deleterious effect on effkiency. Figure 9 shows the maximum 
efficiency and central bunch phase at maximum efficiency as a 
function of ~2 for 20’ and 60’ bun&s. As in the casr of the gap 
wit11 no fringe fields, the cfflciency can increase again at large N, 
but again t,he bunch electrons arr mostly reflected rather than 
trallsmit.tcd (the region bctwecn t,he “cars” in Fig. 6). 
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Fig. 7. .Vormaliztd wIncity 2’s. normnfixrd distance j01 

Ck = 3. 
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lq‘ig. 8. EjJciency 2s. , f t-71 lnnce phase for a GOa ~ILIZC/I 
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5. RELATIVISTIC EXAhlPLE 

An example was calculated using the relativistic difference 

qllatiorrs3 for the case ds = x/2, h = 2.5, I/o = 1.0 MV (yO = 

3.0). ‘I’hrsc values correspond approximately corrchpond to tire 

parameters for the out,pilt cavity of the SLAC/LLNI, SL4 relit- 

tivistic klyst,rorr rxpc*rinwnt.4 The maximum energy extraction 
trflic-ic>ncy was found to be siiglrt,iy higher fur the sarw values of 
b anti d, tl~aI for the rroIirc,l;rtivistic. case. Details are giwn in 
Rrf. 3. 

In Ref. 3, the phase space trajectories for the wlativistic and 
1101l:.~lat iviit.ic casts are corn~~~wti. Also disc~~sscd is an csampl~ 

in \vilicll t,lle rffcxts of t,hc fliilgiq ficltl im’ i13orc iinporfallt 
(0 = l.Z.Z), cormponding to tile iilput arid intcwrrcvli:itv ca\,itiri, 
Of tllc YL,l IiiJSt 1’011. 

6. MOTION OF ELECTRONS 
CREATED IN THE GAP 

I~~l~~ct ~011s \vitli zv1’0 velocity can appear at a]~? ItI: p11as~. 
at ally point ii1 lltc gap, (bit livr t,y ionizntio:l or I’lloto-c~lilissic,ll 
from t11e gap wrfaw. Aftrr blending some time iu tlrc gap, 
tlicse elf~trons leave 111c gap citlrc-r ill the> positive or ricgaliv(~ % 
direction with some velocity greater tliau zero. The time spent, 
in ihc gap and the wit velocity depend on tlrc l<F phase at tllr 
time of the particle’s appearance; this is illustrated in F’ig. IO 
Ear rlvctrons crratrd at the center of a gap \vith * = I. b = 2.5. 
iL11d Gig = 7r/2. ‘l’hc avcragc riormaliwti esit rnc’rggr is 0.12 in 
this wa~riI)lr~, with qua1 prol)al,iiity of tile c~c~ctro~~ lea\ring ill 
tile +2 01 -2 direction. Hy spwifying a. fqucllcy and it ga~j 

lt~llglh. f hC actual (‘1lCrgg’ antI m,locity iii'? rcaciily cal~~ulatcd:” 

-200 -100 0 100 200 

2 85 INITAL PHASE (degrees) 625%A11 

I’ig. IO. nhrmnlizcd exit rrclocili~ (,,ol;d) clnd tiu~cll fir~rt 

(dosliril) us. initial phn.qc jor an tic riron crcnfril ut % = 0 

with 1, = 0 ($4, = n-/2, 1) = 2.5, cl = 1). 

7. CONCLUSIOK’ 

7‘11~ beam dyrramics of an elcct,rorr in an RF gap is wlativri) 
con~plex, even for t.lir casr of a gap with uriiform field and 110 
fri,,ging ficalds. l+‘or such a gap it is possit~lv to cxtracl. all of the 
energy fr,orn an electron which has just the right entrance phase 
alid eiicrgy. IIo\ve\w, the c4ficicwcy fa!ls off rapidly with inclras- 

ing please wicltll of tlic buricll. If tli? gap has an esponwitiall) 
tlccaying fringe fkld, tile dynanlic-s l~~onrcs still *r~~rc con~pl~~s. 
Ill t1 ‘: .’ 115 CdW, it is not pOSSihlc fOl itI1 el<Y:troIl to last% iI11 Of its 
cncrgy, even iii principle. In a rcal ltlyst ran Iwaln, the c~ffwt of 
tlic friiigillg ficlti tlc~ml~l~ oil radial position. In atidit,ion, col- 
Icctivc effects and cncrg~ spread in the incihlt beam can also 

rcducc~ tile efficiency. The sinll)lcl sillgk-particle dynamics tlis- 
cusctl hrrc, however, sds a strong uj,pcr limit, on t IIc c~fficimcy 
tlmt can be obtained. 
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