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summary 

RHIC is the Relativistic Heavy Ion Collider which is 
being studied at Brookhaven National Laboratory. Unlike 
the linear aperture of the Tevatron or the SSC forwhich 
the random sextupole component of dipoles is an inpor- 
tant factor in limiting its value, the RHIC linear ap- 
erture is affected most by the random normal and skew 
quadrupole components since they introduce large errors 
in betatron amplitude functions and in dispersion func- 
tions. It will be shown that, with eight or twelve di- 
poles covering four or six regular cells sorted as a 
group, one can achieve an improvement of factor four to 
five over statistically expected values of quantities 
such as (ADx/By)rms without introducing a large non- 

linear djstsrtion(sometimes called "smear") arising from 
the random sextupole component. 

Introduction 

It is essential to state at the outset that there 
is no unique way of shuffling magnets. Many factors 
are involved in deciding how to do it; for example, one 
may take into account not just the linear machine para- 
meters but other things such as size and distribution 
of magnet errors, magnet installation schedule, allow- 
ance (or non-allowance) of "unusable" magnets, and type 
and scope of diagonostic system and correction systems. 
In addition, one may be influenced, consciously or un- 
consciously, by the past experiences and may be inclined 
to emphnsize some factors over others even when that is 
not entirely justified by technical considerations alone. 
The example given in this note is just that, an example 
of what one can do under certain assumptions. Better 
ways of shuffling magnets should emerge as more data on 
f 1.3‘ L cl11;11 it ies ,zould become available. 

For the Tevatron at Fermilab, the goal of shuffling 
di;)oles was a quite limited one and, because of that, 
the problem was a well-defined one.' We simply tried 
to minimize the magnitude of several isolated resonance- 
driving terns, these resonances arising from sextupole 

Cb2 and a,) and octupole (33 only) components. The di- 
mensionless figure-of-merit was the magnitude of each 
ierm relative to what one should expect from the distri- 
bution of b2, a2 or a3 if the shuffling were not done. 
Since this involves only one particular harmonic compo- 
nent far each resonance, it is the simplest case ofwhat 
one rright call the "global" compensation.* Another es- 
,Impl2 of the global compensation has been discussed re- 
cently in which many harmonic components near the most 
important one are minimized by a particular way ofshuf- 
fling.3 This sort of consideration becomes necessary 
when nr.e is concerned about the loss of linearity inthe 
be.un motion, which may cause a reduction in the effec- 
tive aperture of the machine, even when isolated reso- 
nances are not a direct threat to the beam stability. 

In contrast to the global compensation, the"loca1" 
compensation is more appropriate when the source of field 
errors (or nonlinear elements) is within a relatively 

small area of the ring. One then tries to confine the 
cftect of errors within that area. If the compensation 
is perfect, there will be no effect outside the area 
;~lthou~:h ~11e effect may not be so small inside. This 

*Now :ir tile Kniversity of Houston and the Texas Accele- 
r,ltor Center. 
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scheme has been promoted by Tom Collins in connection 
with a group of special sextupoles in the SSC lattice.4 

Special Considerations for the RHIC 

One obvious difference between the RHIC and the 
Tevatron is in the number of dipoles, 144 in the regular 
arc sections of the RHIC compared with almost 800 for 
the Tevatron. Calculations which we regarded as im- 
practical because of the required computing time for the 
Tevatron may not be so for the RHIC. Another difference 
(which may be more relevant to the shuffling) is that, 
for the Tevatron, the fluctuations in quadrupole compo- 
nents bl and al were reduced down to 0.5~10~~ at 1" 
(rms) by moving the collared coil relative to the sur- 
rounding yoke. Since the effect of bl and aL was neg- 
ligible, we concentrated on minimizing the effect ofnon- 
linear field components. For the RHIC, the situation 
seems to be the other way around; the linear effects 
due to bl and a1 on betatron amplitudes and dispersions 
may reduce the effective aperture of the ring more than 
nonlinear effects arising from higher multipole compo- 
nents such as b2 and a2. Therefore, it is assumed here 
that 

(i) In shuffling dipoles in the regular arc sections, 
only the effect of bl on 3 % and X (horizontal disper- 
sion), and the effect of a;'on Y (vef-tical dispersion) 
are taken into account. The eff:ct of bz is controlled 
only to the extent that it is no more than one would ex- 
?ect from the statistical argument. 

The choice 01 the number of dipoles to be shuffled 
each time will undoubtedly depend on the schedule of 
magnet construction and tunnel preparation. It mayeven 
change during the course of the project as it did For 
the Tevatron. Here we take eight or twelve as a rea- 
sonable choice covering four or six regular cells. 
With less than eight magnets, it will be difficult to 
balance the errors, particularly when some errors are 
abnormal, while more than six cells would cover toomuch 
phase advance. 

(ii) Two cases are considered, one with eight dipoles 
and the other with twelve in each group to be shuffled. 

Problems associated with magnet errors in the in- 
sertions are rather special. They may be compensated 
for by special shunts or separate power supplies. Even 
if it becomes necessary to shuffle insertion msgnets,it 
should be done independently from the shuffling ofregu- 
lar dipoles. It is expected that the effect of errors 
in regular quadrupoles is much less than that of dipole 
errors. Again any shuffling of quadrupoles should be 
done separately. (The most important error inquadrupoles 
is the fluctuation in the integrated gradient field. It 
may be difficult to shuffle quadrupoles unless one is 
certain of the average over the entire ring. At the 
same time, it does not seem practical to postpone the 
installation of quadrupoles untill all of them are built 
and measured.) 

(iii) 121.1 qundrupoles are assumed to be free of errors. 
Insertions are assumed to be perfect. 

Calculations for Shuffling 

Since the purpose of this note is simply to demon- 
strate how shuffling can be done to minimize various ef- 
fects of magnet errors, a precise quantitative estimate 
of these effects is not an essentiaL requirement. 
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In crder to simplify the compuUtion, all magnets (di- 
pcles and quadrupoles) in the arc sections are treated 
ilb ;i thin lrns. Yoreover, each insertion is represfntcd 
hy :t matrix that matches all linear parameters with the 
phase advance of 6360 in both directions. The cell 
lrni;th is 29.622m and the bend angle is 38.85mr per di- 
pole. Shufflings are done for 0 = 28.8 corresponding 
tp phrlse advance of 91a/cell but the performance is 
checked for v = 28.4 to see that it is not degraded by 
a small change in tune. 

The distribution of hl, al and b2 is all taken tu 
be Gaussian around the mean zero with the rms values 

<bli = 2.1~10-4/25mm, <al> = 4.3~10-~/25mm, 

cb2> = 4.hxi0-4/(25mm) 2 

Using these numbers, one can estimate the expectedvalue 
of various errors due to 144 dipoles: 

cb.fi/ii> x y=(2v'2 sinl2nv~)-l<bl>OB iix y(l44)' = 0.0322 

~c:~,/~~,>=(2~'2 sin1 nvl)-1<hI>UBXp:'x(144) 
!: 

= 0.0109m 
'5 

cYp/fi>y> = (242 sin/au/)-l<a,>OBXpiy(144)" = 0.0224m 
g 

where, on the right hand side of each equation, BB = 
.038P5(bend angle), @,=Uy=22.1m :and Xp=0.99m at each 

dipole (regarded as ii thin lens). As the measure of 
deviations from linearity in betatSon?o~cill~ti~n~, 
we use the distortion functions (B?+Ai) 2, (Bi+As)'Z and 

? 2 *, 
(Bd+Ad) 2 defined by Tom Cvllins. 14 There are two more 
pairs of functions, z and i\, and Bl and Al but their 
expected values are not much different from that of (Bd, 
"d) f Expected values are, for v =28.8, 

~z(B:+A~)~~ >=(16 sinj3nvxl) 2.3&m 
-1 

< (B;+Ay-, >=(16 si~l~(",+2~y/)-1~h2>BB(3x~~/ilo)'(144)~~ 

-1 = 2.34m 

>=(16 sinls(vx-2vy[) -l<b2>~B(~yB~/~o)'L(144)1 

= 3.79m-l 

where the reference value of fi is taken to be 6,=lm. 

One random set of (bl,al,b2) was generated for 144 
dipoles and the calculations were always made for this 
particular set. The comparison is made between the 
unique, optimally shuffled arrangement of this set and 
1,000 randomly arranged rings using the same set of(b1, 
a] ,b2). As the figure of merit, a simple expression 

F.M. : ILalexp(i$y)i2 + iZblexp(Ux)I 
2 

+ lEhlexp(2i+x)/2 + /Zblexp(2ipy)12 

evaluated at dipole locations was initially used with 
the supplementary condition that ( $+ z ?Jx + WY) 

lCb2exp(3i$x)i and j Cb2exp (ii,) 1 

do not exceed the expected rms values. The summations 
here are over eight or twelve dipoles of each group so 
that one is trying to minimize the effect of each group 
outside the four or six (cells under consideration. In 
shuffling magnets in the second group, it mightbcbetter 
to include the predetermined sums over the first group. 
Then for the third shuffling, the sums would include 
the results from the two previous groups, and so on. 
However, this is not necessarily the optimum procedure 
since the "inside" region in which the minimization is 
not done at all covers larger and larger fraction oftlle 
entire ring. For the best overall result, it is not so 

obvious what the largest number of groups slwuld bc in 
the summation. It was then realized that, for a given 
arrangement of all magnets, linear lattice parameters 
(B,,Ry,X ,Y ) can be calculated rapidly a1 all locations 
around t e rln,e so that the figure-of-merit could be R p, 
more directly related to these parameters. Results prc!- 
sented in the next section have been obtained with the 
figure-of-merit 

F.M. Z :(ABx/Sx)'+ >:(Ary/By)'+ :(LXp/,'e~)'+C(Yp/;Kyi2 

where the summations are at all (6x25) qundrupole loca- 
tions, "inside" as well as "outside" regions. Each 
quantity to he summed is calculated exactly for a given 
arrangement of dipoles with M dipoles, 2M dipoles, 3M 
dipoles, and so on where M = 8 or 12. For shuffling 
the inst group of M dipoles, (144-M) dipolesare already 
determined and the ring is entirely "inside". The I ocal 
nature of balancing is thus shifted gradually to the 
global nature. In order to find the final "optimum"ar- 
rangement, approximately 1,000 random cases were studied. 
Although the figure-of-merit does not include the effect 
of sextupole component b2, quantities such as (B,*+ A32) 
summed at all 150 quadrupole locations were monitored 
to prevent large nonlinear effect in the selectedopti- 
mum arrangement. It is of course possible to add non- 
linear distortion effects from the skew sextupolc com- 
ponent a2 for this monitcring as long as one is not tot 
greedy. 

Results -- 

Seven quantities, four of them linear and three 
nonlinear, are calculated to test the performance of the 
shuffling. 

I. t~(A~x/0x)2~%50, II. tz(;txy/~y)2P:J150, 

III. 1L(aXplJ~~)21~"lr/150. IV. tc(Yp/Jcy)211'l~lso, 

V. {Z(B;+ A; )?%'150, VI. {Z(B; + A,' )+/JlSO, 

VII. {Z(Bj + A; )1%J150. 

(Summations are over 150 quadrupole locations.) 

The shuffled arrangement is compared with 1,000 random- 
ly arranged cases with either eight or twelve dipoles 
as a unit. The tune used to find the optimum arrange- 
ment is 28.8 in both horizontal and vertical directions 
(910 per cell) but the same arrangement is used with the 
tune of 28.4 (890 per cell) to see the tune dependence 
of the performance. In comparing the performance, the 
rank of "0" means the shuffled case is better than any 
of 1,000 cases and 1,000 means worse than any. 

Conclusion 

With the Gaussian distribution which was assumed 
in this study, it seems possible to achieve an improve- 
ment of factor four to five over the statistically ex- 
pected values without too much sacrifice in the lineari- 
ty of the ring. There is little difference in the per- 
formance between M = 8 and M = 12 and the tune depend- 
ence of the perfornance is acceptable when the change 
in tune is less than 0.5 or so. 
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M = total number of dipoles shuffled as a group 

tune = 28.8 (horizontal and vertical) 

expected rms 

I. 0.0322 

II. 0.0322 

III. 0.0109 

IV. 0.0224 

M=8 

average of largest of 
1,000 cases 1,000 cases 

0.0330 0.0742 

0.0319 0.0616 

0.0115 0.0291 

~ 0.0248 0.0619 

v. 2.34 I 2.31 4.59 

VI. 2.34 ' 2.39 5.10 

VII. 3.79 3.48 8.51 

shuffled 
arrangement 

0.0074 

0.0069 

0.0021 

0.0044 

1.69 

1.97 

1.14 

rank 

0 

0 

0 

0 

221 

365 

8 

1 M=12 

average of largest of shuffled rank 
1,000 cases 1,000 cases arrangement 

0.0328 0.0665 0.0087 0 

0.0334 0.0777 0.0070 0 

0.0112 0.0303 0.0025 0 

0.0277 0.0662 0.0057 0 

2.36 5.06 1.26 45 

2.23 5.12 1.14 30 

4.33 11.9 1.19 4 

tune = 28.4 (horizontal and vertical) 

shuffled arrangement ("optimum" for tune = 28.8) 

I. II. III. IV. V. VI. VII. 

M=8 0.0140 0.0063 0.0019 0.0108 3.27 3.22 1.20 

M = 12 0.0097 0.0070 0.0034 0.0165 2.90 3.49 1.16 

expected 
rms 

0.0322 0.0322 0.0109 0.0224 3.79 3.79 2.34 
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