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Abstract 

We examine the effect of various density distributions 
in four-dimensional phase space and their projections 
in real and velocity space on the stability of con- 
tinuous beams in alternating-gradient transport lines 
using particle-following computer simulations. We dis- 
cuss the susce tibility 

P 
of three different distributions 

(Kapchinskii-V adimirskii, bicylinder, and therma+lJek 
third- and higher-order mode instabilities. 
distributions are all uniform in real space. but their 
velocity distributions are different; they ‘also react 
differently to structure resonances. Velocity distributions 
of high-current beams tend to evolve to a peaked 
Gaussian-like form. Is there a specific velocity 
distribution that is stable and. therefore. the nreferred 
injection distribution for minimizing emittance- growth? 
Forced smoothness or uniformity in real space is necessary 
for setting up particle simulations of high-current beams 
so that spurious charge-redistribution emittance growth 
can be avoided. Is forced smoothness also desirable in four 
dimensions for continuous beams and possibly in six 
dimensions for bunched beams? We consider these and 
related questions. 

Introduction 

Regions of instability, including structure resonances, 
have been mapped by Hofmann,’ et al., for a Kapchinskii- 
Vladimirskii (K-V) beam in a periodic transport system. 
Struckmeyer, Klabunde, and Reiser2F3 (SKR) found that 
these instabilities also affect, to varying extent, some 
beams with other initial distnbutions. In this pa er, we 
extend the work of SKR to the bicylinder distrl *!I ution, 
which has uniform but uncorrelated spatial and velocity 
distributions. This gives us three cases (K-V, thermal or 
semi-Gaussian., and bicylinder) with initially uniform 
charge distribution but with different velocity 
distributions and with different susceptibilities to the 
third-order mode structure resonance. Analysis of these 
three cases leads to synthesis of a beam that appears to be 
stable to the third-order mode at u =90” and (I = 41”, 
where u 
neriod o the transverse motion, and a: is the initial phase P 

is the zero-current phase a If Vance per focusing 

gdvance with current. Extension df the technique to 
beams within the ston band of other instabilitv modes 
indicates that K-V-tyie structure-resonance instabilities 
can be damped by proper selection of transverse velocity 
distributions. 

In addition to emittance growth caused by structure 
resonances, beams are sub’ect to emittance change caused 
by charge redistribution&4-6 An intense beam with 
uniform spatial distribution in a linear focusing channel 
will be free of charge-redistribution emittance 

5 
rowth. 

Another aspect of density distribution is sma l-scale 
smoothness of the initial phase-space density in setting up 
a computer run. We have investigated the effect of forcing 
uniformity, smoothing the random density fluctuations 
normally introduced in selecting initial particle 
coordinates. We have found that this smoothing causes 
differences in the evolution of the modeled beam. 

The particle-following computer code used in this stud 
models a continuous, unaccelerated beam in an A ii 
(alternating-gradient) quadrupole FD focusing channel. 
The code uses a point-to-point space-charge calculation 
with no assumed symmetry. Particles are represented by 
charge clouds with radii chosen to minimize artificial 
collisional effects while maintaining spatial resolution of 
approximately the Debye length, A, = (e,,kVne2)1/2. For 
example, a run with o,ioO =O.l used 2000 particles, with a 
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charge radius of 0.004 cm, h,=0.012 cm,and an average 
beam radius of 0.35 cm. In discussing 
refer to a normalized phase space in whlc ii 

hase space, we 
the “flutter” of 

the AG focusing has been removed.1j* We infer the 
presence of a particular mode in phase space by some 
indication of that mode in the phase-space projection 
particle plots, and sometimes 6y the -presence of a 
characteristic unstable excursion (slone first increasing. 
then decreasing as saturation is redche’d) in the emittan& 
or other beam parameters. Computer-generated movies of 
particle plots also have been especially helpful in 
understanding beam behavior. 

Emittance Growth for Different Initial 
Phase-Space Density Distributions 

We have investigated beams with u,, = 90”, oi= 41:, and 
several initial phase-space distributions. For nonuniform 
initial charge distributions, ui is derived from the 
equivalent uniform beam.4 These values of u0 and uL were 
chosen because, for K-V beams, they are in a reeon of 
rapid growth rate for the third-order mode and zero or slow 
growth rate for higher-order modes, thus sim lifying 
analysis. Also, the same values were used by 8 KR for 
some of their calculations, allowin a corn arison between 

P s our results and those of SKR or K- thermal, and 
Gaussian beams; this comparison sho& our results 
essentially similar to SKR. Differences in detail proba$z 
result from different computational techniques. 
emittance of several beams versus focusing period number 
is shown in Fig. 1. The phase-space plots of the K-V beam, 
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Fig. 1. Comparison of emittance growth of beams with various initial 
distributions: o0 = 90”, o, = 41”. The bicylinder beam saturates at EJc> 
= 2.1, the K-V beam at E/q = 2.5. 

Fig. 2, show that it is unstable to the third-order mode; the 
bicylinder beam is also unstable to this mode. The 
thermal beam exhibits a slight third-order mode 
instability. The Gaussian beam ap ears stable after 
charge redistribution except for a slow mear growth, also f 
seen in the other beams, that may be caused primarll;ti; 
unphysical collisionality in the computer code. 
interpretation is supported by a number of relationships 
observed in our computational results; for instance, the 
slope of emittance versus cell number decreases as the 
number of particles increases. The stabilized beam shows 
no emittance growth other than collisional; this beam will 
be discussed later. 

Emittances of the K-V and bicylinder beams saturate 
at rough1 the same level, after growths of over a factor of 
2; SKR2, Y showed that the parabolic and waterbag beams 
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also saturate at this level. For these beams, u increases to 
a value of 57 to 61” at saturation. The stop band for the 
K-V third-order mode extends to 56” for uc =90”‘; the 
instability causes the mean transverse kinetic energy to 
increase, raising the u until the beam 
band, and the instability is dampe f 

oes out of the stop 
. The K-V and 

bicylinder beams with u = 90” and cr. = 41, 47, and 55” all 
evolve to saturation wit% a u of 57 to 61”. On the other 
hand, the thermal beam shows only a slight unstable 
excursion above collisional background in its emittance 
growth in Fig.1, saturating at about u=500, when started 
with u, = 41”. It shows no excursion with ui of 47 01-55”. 

Velocity Distributions: Suppression of Instabilities 

We observe in our simulations, in agreement with 
SKR, that beams with initially Gaussian transverse 
velocity distributions are more stable to the thrrd-order 
mode instability than those with initially uniform velocity 
distributions. The beams with uniform and nearly 
uniform velocity distributions go through a pronounced 
unstable excursion and during that excursion evolve a 
velocity distribution that can almost be fitted with a 
Gaussian, except that the distribution has a high-energy 
tail in excess of the fitted Gaussian; the excess seems to 
develop in the region of about 1.5 times the rms velocity 
for the cases that we have studied. An example is shown 
in Fig. 3. The thermal beam with its initially Gaussian 
velocity distribution develops a much smaller excess of 
high-energy particles, apparently because its unstable 
excursion is much less pronounced. We took the velocity 
distribution of the thermal beam after saturation and used 
this stabilized distribution (corrected to the proper rms 
velocity) as the initial distribution in a beam we have 
called the stabilized beam. The emittance growth of this 
beam at u =90” and u.=41” is shown in Fig. 1. The 
stabilized team has uniform initial charge distribution, 
thus no charge-redistribution emittance growth, and 
shows no instability. The only emittance change seems to 
be the unphysical collisional growth. Another instance of 
a Gaussian velocity distribution with excess high-energy 
particles appears when an intense Gaussian beam 
undergoes charge redistribution. For instance, the 
Gaussian beam in Fig. 1 ra idly develops a velocity 
distribution that is quite siml ar to the stabilized beam *P 
and gives similar results when used in a calculation. 

We have noticed in our simulations that hi 
K 

h space- 
charge beams of any initial distribution eventual y tend to 
develop this type of velocity distribution whether or not 
instabilities are apparent. Beams of high space-charge 
evolve to a charge distribution that provides a field-free 
region in the interior of the beam, which resu!ts in 
minimum field energy. When focusing forces are hnear, 
this charge distribution is uniform. The transition to the 
exterior of the beam is provided by a Debye shielding 
layer. g~lo The potential well corresponding to this charge 
distribution has a flat bottom with steeply sloping sides. 
The uniform interior charge density exists in the flat 
region; the Debye shielding layer exists on the sides. One 
may notice that if a gas of colliding particles were confined 
in such a well, it would develop a thermal velocity 
distribution similar to that which we have observed in our 
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Fig. 2. K-V beam: o0 = 90”, o, = 41”. 
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Fig. 3. Example of velocity distribution after instability. Bicylinder 
beam: o0 = 90”, ox = 41”. 

stable beams, though through completely different 
mechanisms. This shape of velocity distribution seems to 
somehow stabilize beams against structure resonances. 
Figure 2 shows normalized phase-space plots for u,=90” 
and u. =41” with indications of eighth-order and (at a later 
time)‘strong third-order instability modes in a K-V beam. 
Figure 4 shows plots from a stabilized beam with the same 
u and a.; any instabilities are difficult to see, if they exrst 
a ? all. %‘igure 5 shows similar plots from beams with 
higher space charge (u0=900 and oi=9’) and Fig. 6 
compares their emittance growth. We believe the slow 
growth of emittance for the stabilized beam is caused by 
artificial collisionality. A sixth-order mode excitation 
seen in Fig. 5 for the initial K-V distribution is much less 
noticeable in the stabilizedbeam. 

Forcing Smoothness in Phase Space 

Random charge-density fluctuations that cause 
unphysical charge-redistribution emittance growth can be 
impoltant, in a point-to-point space-charge 
treatment sue as we have used for this studv. These 
fluctuations can be minimized in the real-space projec- 
tion of phase space; this is routinely done in our runs 
for most beams. In general! we select char e radii 
deterministicall 

ii 
from the desrred distribution f ormula; 

then we select t e azimuthal angle at random. An angle 
that produces a particle close to an already existing 
particle is discarded, and a new random angle IS selected. 
This method produces a smooth-appearing charge-density 
distribution (Fig. 7) and eliminates artificial initial 
emittance jumpsfrom charge redistribution for nominally 
uniform beams. We have extended the techniaue to full 
four-dimensional phase space for a continuous^ beam by 
selectin a transverse velocity either deterministically or 
random k y, depending on the particular beam distribution, 
and” then testing random velocity angles to reduce 
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Fig. 4. Stabilized beam: o0 = 90”, oI = 41” 
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Fig. 5. The K-V and stabilized beams: o, = 90”, o = 9”. 
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Fig. 6. Ccmparison of beam emittance growth with o0 = 90”. ox = 9”. 
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Fig. ‘7. Example of forced uniformity. 

“clumping” of particles in phase space. This smoothing 
affects simulated beam behavior bv delaving the onset of 
instabilities, sometimes by as m&h as <O%r A 
smoothing reduces initial statistical excitation o F 

parently 
unstable 

modes. 

Conclusions 
We have demonstrated in our beam simulations with 

uniform real-space initial density distributions that 
emittance growth caused by structure resonances can be 
meatly reduced by selection of a particular form of 
&ans<erse velocity- distribution reseibling a Gaussian 
with a slight excess of high-enerw narticles in the tail. 
We have-constructed s&h a &&bution by simply 
allowing a beam to ada t itself to a channel &d tIieh 
using the resulting K s aDe of velocitv distribution. 
corrected to the proper rms Value, in a new‘beam. Perhaps 
further study would provide a more rigorous way to derive 
the shape of a Gaussian-like velocit distribution that can 
suppress structure resonance insta 

g. . . 

channel. 
llitles in a transport 

Many real beams have transverse velocity 

distributions that resemble a Gaussian or modified- 
Gaussian form. The results presented in this paper 
indicate that for these real beams, the K-V-ty e third- 
order structure instabilities for ao=90” will lea B 
small 

to very 
owth of the rms emittance. As for higher-order 

instabl ItIes, in our simulation studies of A-G transport $5 

lines, we have not seen any significant emittance growth 
caused by structure resonances for (1) any beams with u 
5 80” and initial velocity distributions reasonably close $ 
Gaussian, or (2) from any beams, regardless of initial 
velocity distribution, with u,, < 55”. These conclusions 
appear to be consistent with the experimental studies of 
beam trans ort that have been conducted at Lawrence 
Berkeley La ii oratory.11p12 

Acknowledgements 
We wish to thank R. A. Jameson and J. E. Stovall for 

their encouragement. We appreciate helpful discussions 
with J. Struckmeier and M. Reiser. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

References 

I. Hofmann, L. J. Laslett, L. Smith, and I. Haber, 
“Stability of the Kapchmskij-Vladimirskij (K-V) 
Distribution in Long Periodic Transport Systems,” 
Particle Accelerators 13,145 (1983). 
J. Struckmeier, J. Klabunde, and M. Reiser, “On the 
Stability and Emittance Groyth OF Different 
Particle Phase-Space Distri$;;;;ll ,,m a Long 
Magnetic Quadrupole , Particle 
Accelerators 15,47 (1984). 
J. Struckmeier, J. Klabunde, and M. Reiser, 
“Stability and Emittance Growth of Different 
Particle Phase Space Distributions in Periodic 
Quadrupole Channels,” Proc. 1984 Linear Acceler- 
ator Conf., Gessellschaft fiir Schwerionenforschung, 
Darmstadt report GSI-84-11,1984, 
T. P. Wangler, K. R. Crandall, R. 

p.359-362. 
8. Mills, and M. 

Reiser, “Relationship between Field Energy and 
RMS Emittance in Intense Particle Beams,’ IEEE 
Trans. Nucl. Sci. 32 (5),2196(1985). 
T. P. Wangler, K. R. Crandall, and R. S. Mills, 
“Emittance Growth from Charge Densit Changes 
in High-Current Beams,” resente 
International Symposium on 

R tf at the 
eavy Ion Fusion, 

Washingon, D.C., May 27-29,1986. 
T. P. Wangler, F. W. Guy, and I. Hofmann, “The 
Influence of Equipartitiomng on the Emittance of 
gottese Char ed-Particle Beams,” Proc. 1986 Linac 

Stan ord f Linear Accelerator Center 
Stan&d, California, June 2-6, 1986, to bd 
published. 
E. D. Courant and H. S. Snyder, ‘Theory of the 
Alternating-Gradient Synchrotron,” Annals of 
Physics, 3,1-48(1958). 
W.- Joho, “Representation of Beam Ellipse for 
$r;sport Calculations,” SIN report TM-11-14, 

P. M: Lapostolle, “Density Distributions in Intense 
Beams,” Proc. VII International Conference on 
High Energy Accelerators, Yerevan, CERN 
Divisional report ISR/300/LIN/69.42, 205-212 
(1969). 
I. Hofmann, “Trans ort 
Intensity P- 

and Focusing of High- 

Char 
Unneutra lzed Beams,” in Applied 

(Aca If 
ed Particle Optics, Part C; A. L. Septier, Ed. 
emit Press, Inc., New York, 1983). 

M. G. Tiefenback and D. Keefe, “Measurements of 
Stability Limits for a Space-Charge-Dominated Ion 
Beam in a Long AG Transport Channel,” IEEE 
Trans. Nucl. Sci. 32 (5),2483(1985). 
M. G. Tiefenbeck, “Space-Charge Limits on the 
Transport of Ion Beams in a Long A.G. System,” 
(Ph.D. Thesis), Lawrence Berkeley Laboratory 
report No. LBL-21611. 

1151 

PAC 1987


