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Abstract 

In order to study the beam dynamics of high cur- 
rent beams in strong focusing fields used in new con- 
cepts of compact recirculating accelerators, we have 
derived a beam envelope equation for beam transport in 
vacuum, in a straight section which has an external 
V. = 2 stcllarator field applied in addition to a long- 
ltudinal magnetic field. We do not assume that the 
helical field is small compared to the longitudinal 
field, nor do we limit our treatment to the lower pow- 
ers in r. 

Introduction 

Iligh-current charged particle accelerators are an 
active area of research because of their various pos- 
sible applications, including national defense. Many 
innovative recirculation concepts have been studied. 
ke are here concerned with schemes tha;-;;ly solely on 
‘:.agnctic fields for beam confinement. lligh- 
current recirculating accelerators in which there is a 
rapid acceleration of charged particles as the beam re- 
peatedly passes through a high-gradient electric field 
produced in a localized region by a convoluted parallel 
transmission line1,2 or a dielectric cavity,3 with the 
beam confined in a toroidal pipe by using (helical) 
torsatron Fields, in addition to a (toroidal) solenoid 
field, combined with vertical magnetic fields in the 
curved sections, have been referred to as “rebatrons.” 
In the “stellatron” accelerator concept,4 there is a 
ytellarator field added to the “modified betatron”6>’ 
so that the beam undergoes a slow and continuous accel- 
eration in the closed toroidal beam line. The race- 
track accelerator concept which has been referred to 
as “RIA II* also relies on the stellarator field (toget- 
her wit; vertical and toroidal fields) for beam con- 
finement in the curved sections but uses ferromagnetic 
or ferrite cores in accelerating modules. All the 
above acceleration schemes can be lumped together under 
the generic name of “strong focused recirculating ac- 
celerators” (SFRA). The advantage of recirculating the 
beam in the same toroidal pipe until the acceleration 
is completed is not only the achievement of compactness 
in size but also compactness in weight of the beam line. 
tiowever , in order to avoid the need for an extraction 
scheme, a strong-focused spiral line induction acceler- 
ator has been studied conceptually and is undergoing 
experimental development. Rather than recirculating 
the beam in a closed loop in a single toroid, this 
scheme envisages recirculation of the beam through a 
ferrite or ferromagnetic induction module in off- 
centered beam line segments of the multiple turns of an 
open-ended spiral. It also relies on a !?. = 2 stellara- 
tor field in addition to vertical fields at the bends. 
Since there is recirculation through an accelerating 
module, although not in a single toroidal pipe, this 
concept can also be included in the generic name SFRA. 
In order to study the beam dynamics in such devices, 
one needs the beam envelope equation without any para- 
meter restrictions. 

Beam Envelope Equation 

Thus, for the analysis and development of strong- 
focused high current accelerators, it is of great in- 
terest to obtain a differential equation of the radial 
beam envelope for vacuum transport of a high current 
charged particle beam in strong focusing (torsatron/ 

stellarator) magnetic fields. We have derived a beam 
envelope equation for beam transport, in vacuum, in a 
straight pipe which has a stellarator field (produced 
by 2~ helically wound wires with currents flowing in 
opposite directions in the neighboring wires) in addi- 
tion to a longitudinal magnetic field, without assum- 
ing that the helical magnetic field is small compared 
to the longitudinal field. 

For a continuously rotating quadrupole field, in 
the approximation when only the lowest power in r of 
the focussing field is included, the radii of an el- 
liptical K-V distribution beam were first analyzed by 
Glucksternll for a straight beam transport line. With 
similar approximation, the k = 2 stellatron type beams 
have also been analyzedgal for weak stellarator 
fields. Our analysis is carried out without any re- 
strictions on r and the stellarator focusing field. 
We keep the exact (8 = 2) field (Bessel function), 
together with a longitudinal field. Our treatment is 
in the spirit of a general formulation for beam enve- 
lope.13 

For simplicity, we here develop the specialized 
beam envelope equation for the laminar flow of a cold 
beam of uniform density. Even without scattering, the 
canonical angular momentum is not conserved because of 
the presence of the non-axially symmetric helical 
field. In cylindrical coordinates, (r, 8, z), the ex- 
ternally applied field, being helically symmetric, can 
be written as a function of r and $ = 3 - z/p, where 
&I = L/211 = l/a, and L is the pitch of the helix: 

B”, = 2 b2 1;(2r/p) sin 2$ (1) 

Bi = f 2 b2 12(2r/p) cos 2$ (2) 

BE = B. - 2b2 12(2r/p) cos 21& (3) 

where Bg is the externally applied longitudinal field, 
b2 is the strength of the 9. = 2 stellarator field and 
12 is the modified Bessel function. 

The relativistic Lagrangian of a particle of charge 
q in an electromagnetic field (Q, x) is 

L=-mcfi-q++, 9 A.$ (41 

where 5 = : . Now, 

aL - p -= 7. = Y m vz *4 
az 

c AZ (51 

and 

aL - 
z- 

- PO= r (vmv, + 2 .40) (6) 

. . 
where vz E z and v = rO. 
where the superscr!pts ‘e’ 

We can write X = R + 1: 
and ‘s’ denote external 
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and self-fields, respectively. The external fields, 
given by Eqs. (l)-(3), possess helical symmetry: They 
depend on r and (e - z/u) only. When the 1 = 2 stella- 
rator field is added to a uniform longitudinal guide 
field, the cross-section of the beam would become el- 
liptical rather than circular. Although the beam does 
not then possess azimuthal symmetry, it is reasonable 
to assume that going along the z-axis the cross- 
section ellipse rotates with the externally applied 
fields, so that the self-fields have the same helical 
symmetry: A" = is (r, 8 - z/p), $' = f$' (r, 8 - z/u). 
Differentiation of Eq. (4) then gives 

aL +aL=, 
p3z at3 

and Lagrange's equation can be combined to give 

1-I pz + pe s K = constant. 

Thus, 

z (0; + =A;) + 2 (!Jg + r.4;) + 

+ vvv z + ymv Or=K 

is a constant of the motion. 

(7) 

(8) 

For the external fields given in Eqs. (l)-(3), one 
finds that 

pAz + rA i = BD $ - urb21; cos 29 . 

Substituting Eq. (9) and the self-fields of the beam 
of rotating elliptical gross-section into Eq. (8). we 
obtain, assuming that Be is the dominant magnetic 
self-field, for a particle at the beam surface 

ve = (yr)-‘[k - 4 r2 + urR21; cos 2J,- !.~ynVs] (101 

where R = qBo/mc and R2 = qb2/mc; 

n=l- (2 - $, up2 = 4nnq2 , 
m and rD is the 

radius of the circular cross-section of the beam when 
only the longitudinal field, BD, is applied. With the 
help of Eq. (lo), the radial component of the trans- 
verse equation of motion 

Ve2 
r + + t - y =$-[Er - + (v3 Bz - Vz Be)1 (11) 

then leads to the radial envelope equation of a cold 
('ow emittance) beam, for the case of no acceleration 
(' = 0), in the paraxial approximation as 

. . 2 
RT(+-$R(~-+~!+$- 

'0 

2 (K/m) 
y2 R [(I2 - ; I;) R* cos 2* + 91 - 

$ G212 cos 211, [Q21; cos 2-b - ;I + 

Applications of this envelope equation, together 
with its generalization for large emittance beams, and 
deductions therefrom, are the subject of another pa- 
per.14 We here note that when the stellarator field is 
turned off (a + 0. u -+ O), then, by Eq. (7), K -+ P 2 9 
and our envelope equation reduces to the familiar en- 
velope equation of a high current beam in a longitu- 
dinal external magnetic field (with the emittance term 
dropped). 

[II 

131 

[41 

[51 

[61 

171 

[81 

[91 

1101 

[Ill 

[I21 

1131 

[141 

References 

C.A. Kapetanakos, P. Sprangle, S.J. Marsh, D. 
Dialetis, C. Agritellis, and A. Prakash, Part. 
Accel., Vol. 18, 73 (1985). 

A. Prakash, S.J. Marsh, D. Dialetis, C. Agritellis, 
P. Sprangle, and C.A. Kapetanakos, IEEE Trans. on 
Nucl. Sci., Vol. NS-32, 3265 (1985). 

A. Prakash, S.J. Marsh, D. Dialetis, C. Agritellis, 
P. Sprangle, and C. Kapetanakos, IEEE Conference 
Record (Catalog No. 85CH2199-S), 46, June 1985. 

C. Roberson, A. Mondelli, and D. Chernin, Phys. 
Rev. Lett. 50, 507 (1983); Part. Accel. Vol. 17, 
79 (1985); Proc. Fifth Intl. Conf. on High-Power 
Particle Beams (Beams ‘83, San Francisco, Cali- 
fornia, 1983). p. 442. 

J. Siambis, IEEE Trans. on Nucl. Sci., Vol. NS-30, 
3195 (1983). 

P. Sprangle and C.A. Kapetanakos, J. Appl. Phys, 
Vol. 49, 1 (1978). 

N. Rostoker, Comments Plasma Phys. Controlled Fus- 
e, Vol. 8, 91 (1980). 

A. Mondelli and C. Roberson, Part. Accel., Vol. 
15, 221 (1984); IEEE Trans. on Nucl. Sci., Vol. 
NS-30, 3212 (1983). 

A. Mondelli, D.P. Chernin, S.D. Putnam, L. 
Schlitt, and V. Bailey, Proc. Beams '86, (inpress). 

S. Humphries, Jr., and D.M. Woodall, Bull. Am. 
Phys.Soc., Vol. 28, 1054 (1983). 

R.L. Gluckstern, Proc. 1979 Linear Accelerator Con- 
ference, 245 (1979). 

D. Chernin, IEEE Trans. on Nucl., Sci., Vol. NS-32, 
2405 (1985). 

E.P. Lee and R.K. Cooper, Part. Accel., Vol. 7, 
83 (1976). 

A. Prakash, BRL Report (1987). 

cos 2$'-+]2 

where 5 = y~c --dR2 (2 -2) . 
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