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Abstract
A previous paper has presented to calcu-
late not only the fundamental and longitudical
but alsc the transverse higher modes of
But with this methoé higher modes

are calculated one by cne.

modes
RF cavity.

In this paper we present a finite element
method using triangulated elements, six points
for improvement. At

quadratic interpolaticn

first, we obtain a tridiagonal coefficient

matrix with the Householder method,then calcu-
late its eigenvalues using half-divided method.
With this

eigenvalues(and resonant frequency values) and

method we can calculate any order
the responding eigenvectors {and field distri-
bution) of a mode group simultaneously at one

time. This method is convenient, accurate and

economical for computing time.
Introduction

To calculate the

finite differentiation succesive

higher order modes with
over relaxa-

tion method, the higher order elgenvalues are

solved with high accuracy, but the computing
time is not economical Dbeczuse the higher
modes are calculated one by one. Superfish

method is popular, but it can evaluate longi-
tudinal modes only and takes lots of computing
time alsoc.

This paper a finite element
method

and the field distribution

represents
to calculate the resonant frequencies
of 2 symmetric RF
cavity. The Householder method is used to form
a tridiagonal matrix and then evaluate the
with half-divided method.The es-

of this method is that any

eigenvalues

sential advantage

eigenvalues can be obtained simultaneously. It

makes calculation convenient and economical
for computing time. But,if we simply make lin-
ear interpolation on each triangular element,

the accuracy is lower. In this paper the quad-

ratic interpoclation methed 1is proposed. With
this method the accuracy is improved obviously
and the

cal computation

computing time is shortened. Practi-

proves that this method is

worth being adopted.

The Solution of The Generalized Algebra

Bigenvalue Problem

In this element

method in which the basic principle,fundamen-

paper we use the finite

tal equations and notations are the same as

the previous paper (1).
vector

To derive from the Hertz wave

equation and the Dboundary condition, the

equivalent variation problem can be obtained:

2

F(U):J [0 -
3
—.LKgUzrdrdz = min.

(22 +(3)?

U]rf 0 (for nx0 )
(for " not perpendicular to 2
UL: 0 axis (TM mode), for I' not para-

1lel to Z axis (TE mode))
where I represents the surface of perfect con-
ductor. Then the basic finite element eguation

can be obtained:

AU =ABU

A and B
tive definite coeffieient matrix.U is a column

ho*h are n order, symmetric and pesi -

matrix consisted of the potential functions of

Ais the eigenvalue of the matrix, and

A = 52,

n nodes.
relates with K:
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Beczuse matrix B is symmetric and posi-
tive definite, it can be resolved by a product
of a lower triangle matrix L and its transposed
matrix LT by the square root method.

B = LL"
Then L'AL'LTU =aAL7U
where LT= (L™,
Let P=L"21" and X =L7U .
Then PX=aAX .

By means of this transformation,the problem of
the generalized is then

transferred to finding the general eigenvalue.

finding elgenvalue

to the

matrix A, the eigenvalues of P are the same as

Since the matrix P is analogous

the eigenvalues of A,

After orthogonal analogous transformation
(F"=F )by n-2 times with the Householder meth-
od. Matrix P can be transferred to a symmetric
tridiagonal matrix:

Q = FPF".

And then the equation can be changed to:

FPF'FPX = AFX .

Let Y:FX,

then QY=AY ,

The half-divided method can be used to

solve the eigenvalues of this tridiagonal ma-
After an eigenvalue A} has

teen obtained,

trix. approximate
the

the corresponding eigenvector can be

accurate eigenvalue Ajand
obtained
with the inverse power method.Under the circum-

s

stances of the N

value being known, the con-

vergence rate of this method is high, and any
eigenvalues can be calculated according to the

requirement.

Using the eigenvalue got above, the cor-
respording resonant frequency:
f = CK/ZTT
The field distribution can be obtained

after transformating the eigenvector inversely

for several times.

Improving Accuracy With Triancsular Element
Six Points Yuadratic Interpolation
The linear interpolation on a triangular

element is simple and convenient but the accu-
racy is not satisfied. For improving the accu-
racy the number of nodes may be increased but
the computing time will be increased greatly.
In this paper, six points quadratic interpola-
tion on triangular element is adopted.

Taking six interpolation nodes on a tri-

anzular el ement, three snd three ms

allglklal C.Liele ii

points, the following multinomial function can

armevaa
ANTATS

be used;

Ulr,z)= a,+a,r+ajz+a,,r2+a5rz+a.z2

The surface integral can be obtained by numer-
With
this improving method, the accuracy will Ybe

ical integration with area coordinates.
increased obviously even fewer elements.

The Results of Calculation

For checking the accuracy of calculation,
we calculate an empty cylindrical cavity which
can be calculated analytically in theory. For
the sake of the

time, the field region is cut sparely,

economization of computing

and the
number of the nodes is not over 42. The calcu-
lating results with the quadratic interpola-
tion method is still accordant with analytic

solution fairly well.

In table 1,
variety of modes are presented, such as trans-
nodes

the resonant frequencies of
verse modes and longitudinal modes, TE
and 7M modes, and modes of odd symmetry and of
even .symmetry. To compare the twc methods, it
interpolation

is obvious that the guadratic

method i1s more accurate.

With the
it takes no more than twenty minutes to calcu-

quadratic i1nterpolation method

late four modes at one time on a minicomputer

Cromenco IT .

From the calculating resuls, it proves
that the guadratic interpolation method is ef-

fective and feasible.



r(mm)

He
He

Hy /H,

Tahle 1.

The Resonant Frequency of Cylindrical Cavity

Analytic

Mode solution(MHz ) Linear Quadratic Linear
interpolation interpolation interpolation
a0 3019.424 2850.104 3061.439 5.61x107
Mgy  3738.828 3506.399 3790.028 6.22x107
TMgrz 5343.153 5057.562 5424 .80% 5.35x107%
TH gy 7270.095 6948.157 7393.156 4.43%107
TE o1y 5291.820 4861.295 5366.387 8.14%x107%
TE o3 B8178.47%6 7594.82% 834€.247 7.13x10™
TE o4 9851.260 8663.227 9851.260 1.21x10°
T 10 4810.990 4813.887
T 444 5292.577 5298.638
TM 2 7812.009 7851.206
TM 513 9237.134 9328.819
TE 414 97115.625 9215.642
TH 2  9502.539 9617.918
TE 143 7004.592 7030.134
Table 2. The Field Digtritution of TMoe1e iMode

(D=76mm , L = 68 m )

Calculating value (MHz)
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Calculating error

(D=

Calculated with linear interpolation

Uos

0.633 1.267 1.900 2.533 3.167 3.800
0.196 0.367 0.498 0.576 0.576 0.520
0.155 0.495 0.733 0.866 0.866 0.797
0.800 1.34C 1.470 1,500 1.540 1.530

He:oe J('r), Analytic solution.

H¢:

r

a = 3.8 mm.

Calculating value.

Distance from the axis 4.

r(mm) 0.700 1.400 2.100
He  0.216 0.402 0.529
Hy  0.299 0.578 0.761

Hy/H, 1.384 1.438 1.439

76 mm, L = 68 nm )

Quadratic

interpolation

1.39x107
1.57x10°?
1.51x107?
1,67x107
1.41%1072
2.05x107
2.68x107%
6.02x10™
1.15x1072
5.02x107
9.93x10™
1.09x107%
1.21%107
3.73x10°2

Calculated with quadratic interpolation

2.800 3.300 3.800
0.583 0.569 0.511
0.839 0.823 0.750
1.439 1.447 1.468
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