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Abstract

A theoretical description of the time-evolution of
a bunched beam subjected to stochastic cooling is pro-
vided.

1. Introduction

Bunched beam stochastic cooling differs non-trivially
from continuous coasting beam coolingl’z’s. A primary
manifestation of the differences is a qualitatively
distinctive frequency-space structure of the spectrum
of incoherent and collectively modulated Schottky sig-
nals derived from, and experienced by the particles in
a bunch. We start then with a study of the bunched
beam Schottky signal. In the following, Xy = Aj
cos(Qugt + ¢j°) represents the linear betatron oscilla-
tion and

ej = wgt + a sin[ws(aj)t + ij] = mo[t - rj(t)J

represents the quasilinear synchrotron oscillation, with
the usual meaning of the symbols. The particle index j
in the argument of a function £(j) will denote a part

or the whole of the complete set oﬁ actiop-angle varia-
bles of particle i (Iysuy) = (IX >1, 3,135 b sd,d5ud)
with L,z = 2)Ax and J7= (a2, The dependence of
svnchrotron osc111at10n frequency on amplitude for non-
linear oscillations is expressed by the function ms(a

2. Spectral properties of bunched beam Schottky signals

Schottky signals derived from a distribution of
particles in a bunch on repeated traversals through a
localized PU at azimuth 6 = ep, have the following
spectral repressentat:ions1’2

N, (+)

d(e) = qf, 2: (Aj/2) JU[(m +

Q)aj - Q(E/n)aj]
3=1,(m, ) =(-=), ()

(%) 0 0 w
y elﬂm’u(J)til¢j*luwj—lmep
for the transverse dipole moment signal and
N, (+@)
2

N
€o) = afe Y] U (e i -imdp
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Ju(maj) et

for the 1ongitudinal current signal. The relevant fre-
quenc% 3 are Qg u(i) = mwy + uwglay) for longitudinal
and Qp ( = (m f Qwe + Hwg(as ) for transverse signal.
Here q 15 the charge and wo = Z%fo the central angular
frequency of the particles, & and n the chromaticity and
the off-energy function respectively (AQ/Qo = £(Ap/pg) =
= (E/n)(Af/fy)) and Ju(x) an ordinary Bessel function of
order U. The spectrum analyzer records two betatron
bands centered around (m + Q)f, and (m - Q)fy per revolu-
tion band in real positive frequency.

For initial betatron phases %% randomly distributed
between 0 and 27, one easily verifies' that the trans—
verse dipole moment 51gna1 satisfies <d(m+ )> = 0 and
< d(m+g)i> = (N/2)q*£3<A?>, same as for a coastlng beam,
where <> denotes average over the distribution of par-
ticles. The spread in th betatron and longitudinal
sidebands are given by Al * * Qo(E/n)Aw and
My 1 = Hbwg respectlvely g Slnce Jp(ma) has significant
magnltudes only for 4 < ma, the synchrotron side-band
spectrum extends up to umms(O) v magwg(0) = mAw(ag) where
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ap is the maximum synchrotron amplitude in the bunch.
The total spread ir revolution harmonic band m thus ap—
proaches the value for a coagting beam with frequency
Spread Aw: & = wdw and AP(-) = mdw * Qo(&/Miw =

(mn = Qog)wo(Ap/po The profile of the Schottky band
at a given harmonic mfo duplicates the longitudinal
velocity distribution of the bunch. For low revolution
harmonics m, the noise density of synchrotron side-bands
is enhanced by Iy = wg/(nbw,) compared to a coasting
beam, until the side-bands overlap, i.e. [} £ 1, for
large m. 1In this overlapped region, different particles
with different oscillation amplitudes generate the same
frequency & through dlrferent S}nchrotron harmonics
Q= mwo + Lwgla) = mwy + U lugla’) = etc.
For still hlgher harmonics m, even the revolution bands
start to overlap, i.e. & = Mg + pwg(a) = nwg + u'us(a')
= ... withm#n, p#u', a# a'. For the longitudinal

signal, an essential difference .in the distribution of

power is that <I > = qfyN # O, and more importantly
(12]) = o8 }: Jy(ma) 3
\ m'/ M

Thus the u = 0 central bands add up coherently (D(Nz))
as opposed to the u # 0 bands which add up incoherently
(Schottky noise power = N) in the mean square. It is
implicit in any bunched beam cooling scheme that the
central coherent longitudinal lines, undesirable for
purposes of cooling incoherent motion, be removed by
suitable techniques, which is a non-trivial task. The
electric field at the kicker, Fourier transformed to
frequency domain, is given by [from Eq. (1)]

N, (+=)

E'() = qf, z: (Aj/Z) JU[(W * Q)aj - Q(g/ﬂ)aj]
j=1, (m,)=(~=),(£)

x T [Q;fi(j)] o THVELRS- lmepe[n - 0! )(J>}

(&)

and similarly for lomgitudinal Voltage SLgnal1 from
Eq. (2). The transfer function G above includes the
amplifier gain as well as PU and kicker transverse
impedances.

The above analysis assumes mno correlations between
particle trajectories. The cooling feedback loop itself
introduces correlations between particles, which are
propagated by the beam back to the pick-up which thus
sees the Schottky signal distorted away from the un-
correlated form. A Vlasov analy51sl 3 describes the
actual collectively modulated signal E(Q) at the kicker

as follows:

(+)
z: Dk(Q}E(Q + kwo) + E2(SD)

k=0

(5)

where Dk(p) is a compllcated kernell»3, In the situa-
tion of no synchrotron band overlap, the effect can be
approximately described by a local signal suppression

factor e, (¥)(a) for each synchrotron mode u separately
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where
(= - [ (%) 8
(a) = J * - = 1aby
a Z [<n Qa - Q a]ﬁan’u( )}
n
and
;(ﬂ(a) =1+ (qzmo/?.(ZTr)zQ>( - )
+00 )
< Lol )w) J;[<m t Qa - Q(g/n>a]
m:—m

(7

and a similar factor g, (a) for the longitudinal signal
suppression1»3. A general inversion of the coupled

mode Eq. (5) in the situation of synchrotron band over-
lap for high frequencies has not been obtained yet.
However, except for the coherent y = 0 central longitu-
dinal lines, the spectral properties of bunched beam
Schottky signal at high frequencies become indistin-
guishable from a coasting beam signal. Information
about the bunched nature of the beam is however retained
by the correlated Schottky harmonic structure, expressed
by summation over m in Eq. (7), of the overall gain
experienced by a particle. Same synchrotron mode n in
neighbouring revolution bands m remain correlated owing
to the same phase exp (iu¢%) and similar strengths

J, (La) [see Eq. (2)] until %a > n. This correlation
thus dominates over a range in £ of w/a which is the
bunching factor!»?s3, Equivalently, we may interpret
this as an enhanced effective number of particles

Nogg = N(Tg/t;) = Nu/a, where t; is the bunch duration.

We thus expect a coasting beam like suppression factor"
~ _ [\leffc‘:[(nrQ)w:I flw’)
gfln 2 Qu| =1+
: Vel In £ q Nt ilw-w')
w0+
N epCl(ntQuw]
—— (8)
4a(n Q|

to be valid for a bunched beam with total longitudinal
frequency spread of 2A.

3. The Fokker-Planck description of cooling
in action-angle variables

The equation of motion for any degree of freedom
£; e{x;{,2j,8;) with corresponding oscillation frequency
wi euyi,wyi,ug3) of particle i that samples the signal
E(t) at the kicker periodically is

+00
¢}
gi + wziEi = q Z E(t) (S(t - Ti(t) - Jlof + nTo] = s(t)
== (9

where s(t) has a self-action contribution of particle i

sampling the amplified version of its own signal at the

PU and a Schottky noise contribution of sampling signals
from all the other particles:
= c(i,1) + s(ij;t). 1In the adiabatic approx1mat10n of

slow cooling, s{t) is a small quantity and one can use
a multiple time-scale perturbation analysis! to obtain
the following equations of motion for action-angle:

t.= ¢%i,1) +6lis
: (10) _
Vfﬁ:_ 3 27

1
i

(1/2m f dv; sin b (i, i) +sin y;s(ise)
0

s(t) = c(i,1) + Ijguis(i,i(e)

b= ey B0GLD Y B =y -
1 2m
(1/2m fdz};i cos y; c(i,i)+cos ys(izt) [(1D)
0
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Using Eqs. (4), (9), (10), (11) and Fourier series ex-
panding in the periodic angle variables Y, ome can in
general write the cooling equations of motion in canoni-
cal action-angle variables in all three dimensions as!

ii Gn ~n(£ ’I )+ z: 2: E: ~n n k(I )

n ¥t n, n

x ei(E'fi+E"%j) eikwot

(12)

\-"Hi = Z ~n,—-n ~1 I ) * Z Z Z ~, n 3k EL’EJ)

#ia, n k

5=

3 .y . ‘, ;
x el(g vito %j) elkwot + Wy .

(13)
Since a particle is affected only by those other par-
ticles which are its close neighbours in frequency, two
particles i and j will influence each other provided
the resonance condition (n * Qlug + Uwg(i) =

= (m+ Qug + vw(j) is satisfied. Under the assumption
of non-overlapping betatron and revolution bands, only
the (n + Q) = (m + Q), uwg(i) = vuwg(j) resonances are
of interest,and the higher order overlapping resonances
give rise to rapid fluctuations in time which can be
averaged out (k = 0) for slow time—dependences1
Equations (12) and (13) then describe cooling equatiomns
in terms of particle action and angle variables alone,
with no explicit time-dependence. However, each inter-
action harmonic G,,: will have an intrinsic sum over all
the revolution harmonics mwg inside it reflecting the
bunched structure of the beam!. In general n = = (ny,n,,W)
and representations (12) and (13) allow coupling of
degrees of freedom through the cooling interaction.
Explicit expressionms for the interaction harmonics can
be obtained by using Eqs. (4), (9), (10) and (11) as!

400
o
Z () c[nm,“u')]

m=—0

(qu)ZK

I E em——
Guv(J’J ) ws(J)

X Jp(m/ij)Jv(~mV2J ) eim(eP—ek) (14)
for longitudinal cooling [K = dw(E)/dE, the machine
parameter | and

cii) = (VIVT7/2Que)(qfq) g ( )(J J)
_ 2 — () s
= [(qfo) /2Qw0] vIVIY 2: é(hm,u(J )}
m—-—(XZ'
x [(m £ Q)23 —Qn— ] im(6p=6y)
va[—(m; Q)/EE—Q%«EE:I (15)

for transverse dipole cooling in the betatron non-overlap
region [g,g'] = {(u,+1);(v,-1)} or {(u,-1)s3(v,+D)}.

One also verifies! that the dynamics, without the
dissipative self-action term, satisfies the Hamiltonian
flow condition



(3/51,) -[;i - g(i,i)} ==(3/30,) [?1 - @(i,u:‘ . (16

X

A hierarchy of characteristic time-scales is pro-
vided by the revolution and oscillation time-periods
(To,Tg = 2m/wg, Tg = 2T/wg), the relaxation time T¢gol
of the particle distribution, the phase-space mixing
time Ty;yx and the coherent Schottky signal suppression
time Tcph. From Section 2, we have (Tmix) ™" v pbwg ™
i p;dws/da!am in the situation of no synchrotron band-
overlap and v UW® "~ mAw in the situation of overlap.
With considerable mixing within one synchrotron period,
we have the model of a classical Brownian particle damp-
ing steadily under the 'sure' coherent cooling force G
and diffusing under the Schottky fluctuation force G (e)
with a h%erarchy Te,Tg < Tpix < Ts << Tegol: A classical
fluctuation theory or equivalently canonical kinetic
theory in phase-space, together with Eq. (16), can then
be used to describe the time-evolution of the angle-
averaged onme~particle distribution in the form of the
following Fokker—Planck equationl

& E(E)f(};tﬁ + 22 e -Ef;%;t)
where (17
F(D) = 61,1 = ) 99,—9(5’5) (18)
j
l:)(z;f) =2 /‘m dt (:E;I(E(t),ly(t);t)gl(z(t—T),‘J_:‘(t—T);C—T)\/\

s

fd;‘ f(;’)(gnn,(g,g’)g;n,(l,z’)}
| “nn N3

!

2TN Z; 2:

=]

* 5[n cw(1) + ' 'm(I')] (19)
neglecting the Schottky signal suppression effect. 1In
general F and D are non linear functions of I and sep-
arate equation§ for moments do not exist. However, for
linear transverse dipole cooling only in the regime of
no synchrotron band overlap, one has F(I,J) = a(T,
D(I,J;f) = B(J)I<I> and an exponential type cooling
equation obtains for the first moment <I>(J) =

= (1/2)<a2>(J) =Of°°d1-1-f(1,J) in the form!

2E3%37 i% <1>(J3) = ~y(J) = —[a(l) - (1/2)5(1)} (20)
with
Y(J) = qumo/z(zn)zo] Z Z

(£) u
x ‘_gff,iu(J,J) - ﬂN[qzmo/Z(Zﬂ)zQ]

ltg(t) (J,J)lz] (21)

x fo(J)[m\(dws/dJ)] -

Amplifier noise, uncorrelated with particles, causes
extra diffusion with coefficient given by a similar
analysis as Dn ise(I,J) = A(IHI where!

[¢]
A(Ty=(q2/20%) 2: }: zz Ji{}ntQ)VE* - %s/ij]P(é(*z<J>
o,
p ()l n

where P(Q) is the power spectrum of the amplified (22)

amplifier noise at the kicker. Evolution of <I>(J)
then is given by!

(i) = [<15(0,0) - <05 e TTIE L <o (a0 (23)

with asymptotic noise-dominated equilibrium given by

<I>(3,%) = MO /2v(D].

2651

Dynamic signal suppression occurs much before any
significant cooling time, but is expected to be esta-
blished in a synchrotron oscillarion period:

Ty v Tcoh << Tegol- In %h? non-overlapping §ynchrotro?
band region, the effect® is to reduce the first term in

Eq. (21) by s&i)(J) and the second term by e&t)(l)\z.
Amplifier noise also gets suppressed by !aut)(J)l‘.
With symmetries in the expression (7) for g&t)(J), one

obtains after algebraic combinations, the followingl

W) = [dwe2am®e] ) ) {giiZL(J,J)/\Eﬁz)(J)\Z}
() u (24)

and similarly for A(J), thus completing the theory in
the synchrotron band non-overlap region, including sig-
nal suppression. In the synchrotron band-overlap region
a practical evaluation of F, D and the time-evolution
of f, is complicated even with neglect of the signal
suppression owing to the strong non-local coupling in
action space (I,J) <> (I',J") implied by band overlap.
A quick estimate may follow however by appealing to
conjecture (8) and simply using the coasting beam
expression“ for cooling with enhanced effective number
of particles Ngff:

- [

Y= Z Z [ZGL(ntQ)w]/‘ 1+<G[(n.tQ)w]Neff / AAintQO!zJ

(£) n>0 (25)
Use of this equation is equivalent to replacing bunched
beam cooling with an equivalent coasting beam cooling
with bad mixing (no revolution or betatron band overlap).
Synchrotron band overlap as well as the corresponding
signal suppression | see denominator in Eq. (25) | is re-
tained in full strength and the effect of bunching
appears in Nggg. The expression is ideally appropriate
for a bunch in a flat square bucket with perfectly
reflecting wallsls 355,

4. Discussion

We note that in the limit of vanishing synchrotron
frequency spread, dwg/dJ + 0, i.e. no mixing in longi-
tudinal phase-space, there is no synchrotron band over-
lap and from Eqs. (6) and (7) we observe that the signal
suppression factor tends to be large, eventually fully
screening the Schottky signals to zero by coherent feed-
back through the beam. No useful residual Schottky sig-
nal remains and from E9' (24) we find that the cooling
rate goes Lo zero (E&t -~ ®=), The noise concentration
at synchrotron side-bands is infinitely large and from
Eq. (21), this leads to infinitely fast heating or dif-
fusion prior to the full establishment of signal sup-
pression. It 1is thus crucial that one introduces mixing
either by filling the bucket reasonably or by adding
higher harmonic cavities. In addition to the above con-
siderations of mixing, the removal of the u = 0 central
coherent longitudinal lines and need for high frequency
large bandwidth systems (both to prohbe deeper into the
bunch and to handle the enhanced effective number of
particles) form the singularly distinctive features of
pbunched beam cooling.
Acknowledgement - L thank Dr. J.J. Bisognano for his
advice and close collaboration which led to the theory
presented here.

References

1. S. Chattopadhyay, On Stochastic cooling of bunched
beams from fluctuation and kinetic theory, Ph.D.
thesis, U.C. Berkeley, Lawrence Berkeley Lab.

2. H. Herr and D. Mohl, CERN-EP-Note/79-34.

3. S. Chattopadhyay, Vlasov theory of signal suppression
for bunched beams interacting with a stochastic cool-
ing feedback loop, these Proceedings.

4, J., Bisognano and C. Leeman, Stochastic Cooling, AIP
Conference Proceedings No. 87 (1981), pp 612.

5. J. Bisognano and §. Chattopadhyay, IEEE Trans.Nucl.
Sci. Vol.NS-28,No.3, Part 1, pp.2462 (1981).



