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LONGITUDINAL INSTABILITIES OF LONG GAUSSIAN BUNCHES*

§. Krinskyt and

Abstract

We present an overview of the longitudinal insta-
bilities of Gaussian bunches subject to a harmonic RF
potential. Our emphasis is on the behavior of long
bunches having lengths greater than the wavelength of
the perturbing electromagnetic fields. We exhibit the

cragsaver betrween the dominance of the svynehrotron
cressover between tnhe dominance ¢r the syncaretron

modes and the coasting-beam-like distortions of the
bunch distribution, which occurs as the real or imagi-
nary part of the coherent oscillation frequency be-—
comes large compared to the synchrotron oscillation
frequency. For a narrow band impedance the growth
rate of the coasting-beam-like modes is determined by
the average beam current, and for a broad band imped-
ance the growth rate is determined by the peak cur-
rent. We discuss the transition between these two
regimes by considering the growth rate as a function

of the impedance

of the bandwidth of the lmpeadncCe.

Mathematical Formalism

Cur starting point is the treatment of coherent
instabilities developed by Wang and Pellegrini,  and
our notation follows that of Krinsky and Wang2 appear-
ing in these proceedings. We shall confine our atten-

Caussian bunches subiect to a har—
tion to the case of Gaussian bupches subject to a har

monic RF potential, UO(¢) w b /2 where w, is the

angular frequency of the synchrotron oscillations, and
¢ is the azimuthal angular coordinate relative to a
synchronous particle with angular revolution frequency
Wy and energy E,. Our interest is in the condi-

tions required for the line charge density A(¢$,t) to
exhibit a coherent oscillation of frequency 2, i.e.

Fmm VA Y o Lo L F e
Lot A(9$,L) to nave the form:

it

A4,8) = o (¢) + o(¢exp(-1at). @)

Here, po(¢) denotes the line charge density of the
unperturbed bunch and p{¢$)exp(~-ifit) is the coherent
perturbation.

Let us suppose there to be M equally spaced
bunches each containing N/M particles. We assume the
distribution function corresponding to the unperturbed
bunches is

Ne

v (D) = exp(-J/w L%, (2)

2ﬂm L2

where L is the bunch length in radians, e the electriec
charge of a particle, and the action-variable J is re-
lated_to the synchrotron oscillation amplitude r via J

= wgr°/2. Introducing the Fourier transform py of
the nprrnrhzf-u—\n p(4) and using the linearized Vlasov

urb Q using the linearized 1asgoe

equation, the coherent oscillations are found to be
described by the infinte set of linear equations:

IT p_=p, (3)
where the summation is restricted to n = Mj + s, for
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integer j varying from j = - «,...,®, and fixed sym-—
metric multibunch mode number s = 0,1,2,.,.,M~1. Tak-
ing ¢,(J,98) = r cos 8 in Eq. (21) of ref.*, the ma-
trix element Ty, is found to be given by

s o
=______________ f [ —inat
Tmn T=oxp (27109 nm f J d8'exp(-1Qe')

s} -27

* 527 [ d@exp(inr cos(@+8')~imr cos 8), (4)
2

where Z, = Zp(nwy + @) denotes the longitudinal
impedance, and we have defined

Q = 2/u_, (5
3
2MK = equ/ZWEO s (6)

with a being the momentum compaction.

The representation of the matrix element Ty,
given in Eq. (4) can be simplified by employing the
two integrals:

° .
[ dBexp(ia cos(8+8")~ibcosd)=27] (V[Z -2abcos8’),
-2m (N

T2 2 2 2
fr drexp(-ar )Jl(br)=(b/4a Yexp(-b“/4a), (8)

0

where Ji(x) is the k-~th order Bessel function. In
this manner, we find the following representation for
Tpn involving only a single integration:

—iaw;eIaV Zn 22 5
Tmn= ;———;7—§~ E—exp(—(]ml—lnl) L°/2)8(mal",Q), 9)
0 8

with I, = NemD/ZW the average current, and

H(x,Q) = —x exp(—lx‘) A(x,Q) (10)

[1 -exp(2n1Q)]A(x,Q)= f d6sinbexp(~iQB+xcost). (11)

'"

The relationship between this integral representation
and the conventional expansion in synchrotron modes is
estabished by using in Eq. (11) the generating func-
tion for Ty - Bessel functions, yielding

o kI (%)
A/v O = = l N ___._k
AR % L k - Q .

~
—

o
~r

The synchrotron mode expansion of Eq. (12) is useful
when one synchrotron mode dominates, however, when
many synchrotron modes contribute, then the integral
representation of Eq. (11) 1is more appropriate.
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Short Wavelength Limit

Let us consider the case when the wavelengths of
the perturbing electromagnetic fields are short com-
pared to the bunch length. Using the integral repre-
sentation of Zgqs. (9) - (l11), we derive an asymptotic
expression for Tyy valid when mL and aulL are large
compared to unity. This representation explicitly
shows the cross—over behavior between synchrotron mode
oscillations and coasting beam like perturbations of
the line charge density.

To proceed we rewrite Eq. (11) defining A(x,Q) in
the form:

m
Q f d€ cosQ(m=8) exp(xcosB).(13)

xA(x,Q)= ~exp(x)+ 3Ta7q .

We restrict our attention to the case when
la]<<]x| and |maj<< Vix| as)

and we find for 'xl*w:

H(x,Q)=1-(QeotmQ)e(x,Q)~Qs(x,Q), x>o, (15a)
e 22 (-

H(x,Q) STang c(-x%,Q) , x<o, (15b)
where we have defined
c(x,Q)+is(x,Q) = f a8 exp(—x62/2 + 1Q8) . (16)

[

Now we note that

e(x,Q) = Vn/2x exp(—QZ/Zx) an
and

1+ iQe(x,Q) = Qs(x,Q) = h(Q/¥x) , (18)

where the dispersion integral h(x) is defined by1

h(x) = [ 640 exp (-6%/2 + ix6) (19)
o .
@, . 2
- . f dz exp(-5°/2) . 20)

- /TT (g - )2

Employing Eqs. (17) and (18) in Eqs. (15a, b), we find

|

Hx,Q) = (/YD) - [Flideotna)zR exp(-0?/2x) x50, (21a)

M 2
Hx,Q) ~ = |2 ——= Q exp(-Q7/2[x|) , x<o . (21b)
A Vtx] sin wQ
The desired asymptotic representation of Tyn
follows from using Eqs. (2la,b) with x = mnlL® in Eq.
(9). The poles at Q = integer of the function cot 7mQ
in Eq. (21a), correspond to the synchraotron oscilla-
tion modes which dominate for slow blowup. When
ImQ >>1 or Rte >> VX, the second term in Eq. {(21a)
becomea negligible, due to the factors (i + cotmQ) and
exp(-Q°/2x), respectively, leaving the coasting beam
tvpe of behavior exhibited by h(Q/¥x).

In the case of a coasting beam different revolu-
tion modes m and n are not coupled. On the other
hand, these modes are coupled for a bunched beam by

the matrix Tyn» When ol and nL are large in mag-
nitude, and the growth rate is fast, ImQ >> 1, then
Eq. (21b) gshows that the coupling between modes with
mn < o becomes negligible. Hence, there is no cou-
pling between the slow and fast waves. It is also
seen from Eq. (21b) that for wL and nL large in
magnitude and |ReQl >> v mn‘ L, the slow and fast
waves decouple, even when the growth rate is slow.

It therefore foliows that when ’mn‘ L2 >>1 and
either !REQ‘ >> /lmn L or ImQ >>1, one has

-iamg eIav Z Q
T = 55 T B(m—n)h |, mn>o, (22a)
T onE WL L/mn
[o -]
Tmn = 0 , mn<o , (22b)

where B(n) = exp(—nsz/Z) is the Fourier traunsform of
the unperturbed bunch density, p,(d¢)= exp(—¢2/2L2).

Narrow Band Impedance

As an example we consider a resonant impedance
with bandwidth sc narrow that it may be approximated
by

*
Zn = Zn dn,n + Zno 6n,-—no ’ (23)

where én,n is the Kronecker delta function.

Although the approximation of Eq. (23) violates cau-

sality, as embodied in the Kramers-Kronig dispersion

relations, it is useful as an illustration of the for-

malism under study in this note. We take nyL >>1,

and we suppose that either ReQ or ImQ are large so

that Eqs. (22a,b) are valid. It then follows from

Eqs. (3) and (22b) that the coherent frequency Q is

determined by 1 = T, ) which upon using

Eq. (22a) becomes
~tawel Z , N

o "av n /

o Lo '
h D (24)
2wE002 % \Tho[°/

1 =

where 0 = wgl is the spread in revolution frequency
among particles in a bunch. Eq. (24) has the form of
a dispersion relation for a coasting beam with current

Loye

The Fourier transform of the perturbation to the
line charge density is seen from Eq. (3) to be p, =
Tmno' Using Eq. (22a) and performing the inverse
Fourier transform, we find that the perturbation p(¢)
is given up to a multiplicative comnstant by

p(8) = 55 (exp(in8) 0 ($)) - (25)

Broad Band Impedance

Consider a high-frequency broad-band impedance
satisfying Z ~Z_, for 'n—nol<A, where no>> A>>1/L.
o

Since the range of the wake field, 1/4, is short
compared to the bunch length L, and certainly short
compared to the spacing between bunches, we can ignore
interaction between bunches. To ease the notation we
assume one bunch to be in the ring (M = 1). For

ag - A < myn < n + A, we approximate Eq. (22a) by

—iamzel Z
o o n,
Tmn = — 3 h(ﬂ/noo)S(m-n) N (26)
ZHEOO o



where I, is the average current of the single

bunch. To proceed we approximate the infinite set of
linear equations (3) by a finite subset,
X
n_+A
o
o = E qnn Py 'm-no| <4 . (27)
n=nO—A

In this case we make use of the representation for
Tyn 8iven in Eq. (26), and our problem reduces ta
solving the following eigenvalue problem:

B(m=-n) v (28)

The coherent frequency 1s determined in terms of an
eigenvalue A by the dispersion relation:

—1 qwl A o
iows elgh g

1= h(ﬂ/noo) . 29

2 n
27E o o}
o]

Since B(m-n) is sharply peaked about m = n, the
peak width being of order 1/L << A, we expect that the
largest eigenvalues do not depend strongly upon the
cutoff value A, Therefore, they should be closely
approximated by the eigenvalues of the easier problem
which results when A + @, 1In this case the eigen~
functions of Eq. (28) become vu{¢)=exp(-ing) and the
corresponding eigenvalues A®(Z) = If(n) exp(inl),
where o < 5 < 2m parametrizes the different
eigensolutions. When the bunch length is short
compared to the ring circumference, L<{<1, then

- 2 =
Van/L Ipeak/lo,

Ineak 1s the peak current of the bunch. To
iglustrate the rate of convergence as A » ®, we plot

oo
the largest eigenvalue Amax where

in Fig. 1, the ratio AA /AT , as a function of LA.
max’ max

It is seen that when LA > 3, the ratio is greater than
90%. Hence, for LA > 3, it is a good approximation to
replace IgA® by Ipeak in the dispersion relation

of Eq. (29).

To gain some insight into the nature of the
perturbed line charge density, we take as an
approximation to the eigenvectors of Eq. (28),

exp(~ing) ln—nO’ <A

p_ = (30

0 ln—nol > A

The perturbation to the line charge density is

n +A
o}
o(9) = ] exp(in($-5))=exp(in(p=5))E,(4-2) , (3D
a=n -A
Q
where
sinf(&+5) ($-2)]
£,06=2) = STRTCe=D 7] . (32)
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We see that p{¢$) is a plane wave modulated by the
function f,(¢-5), which is sharply peaked about ¢ =

¢ with peak width of order 1/A. The detailed struc-—
ture within the peak depends on the short distance be-
havior of the wake field, which has been ignored in
our approximate treatment, and hence is outside the
scope of our discussion.

Let us close by cgmmenting on the attempt made by
Messerschmid and Month™ to describe the microwave in-
stability. Their approach was based upon the ansatz,
p(9) = exp(ingd) po(¢), where po(¢) is the un-
perturbed bunch density. This has the form of a plane
wave modulated by a shape function, however, the shape
function is always taken to be py(¢) independent of
the bandwidth, A, of the impedance. Our discussion
shows that this is incorrect, and that the shape func-
tion should have a peak width of order 1/4, the range
of the wake field. This local behavior is closely re-
lated to the peak current dependence’ of the coherent
frequency _for A >> 1/L. The ansatz of Messerschmid
and Month™ is more appropriate to the case of a narrow
band resonant impedance with bandwidth A << 1/L. Then
the coherent frequency depends on the average current
[see Eq. (24)] and the perturbed density is approxi=-
mately as given in Eq. (25). ‘
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