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Summary 

The analytical approach to space charge effect in 
drift tube linacs has been mainly divoted to estimating 
how the potential well is filled up by some given 
distribution. This paper describes a different analy- 
tical approach to this problem. Eventhough the struc- 
ture of a drift tube linac is not uniform geometically, 
it is considered periodic from the rf point of view. 
Thus the equation of oscillation can be expressed in 
the same way as the AG focusing theory, longitudinally 
as well as transversely. This matrix treatment allows 
closer approximation of the physical gaps and drift 
spaces where the external field to the beam is so 
different. The results so obtained yields somewhat 
higher limits than those obtained by conventional 
method for drift tube linacs. The upper limits of the 
current for KEK proton linac and PIGMI. APF structure 
predicted by this theory are discribed. 

Introduction 

In the conventional ways to treat the space charge 
effect in proton linear accelerators, the equation of 
the longitudinal oscillation 

$[y~~~--&(pq,)l=- ~.~[EZ(r,z,t)-EZ(r.z,ts)l 

(1) 

is rewritten as follows. 

&[y~B~ $-($-$,) l~~~(l-s)sin~s~(~-JIs), (2) 

where the subscript s denotes the synchronous particle. 
Eo is the average electric fi Id in a cell, T is the 
transit time factor. Vlasov 17 expressed the space 
charge term S by 

3n.XIM, -1 
'-4rraxayE.Tsinis (W!J,),~ ' (3) 

P?-?&+ ds s) r’(ai+s) (a;+s) (ai+s) 

~0 = m = 120 rrR, a (u = x, y, z) is the half axis 
of the ellipsoid and I Ps the current. Eq. 2 means the 
~~C~;a~~do~o~~ep~~~~~:,9~~e region by the factor of 

describe the value of S or 
the shift of stale phase due to space charge. 

In the above formalism the space charge term is 
put into a single averaged equation. However, in the 
strong focusing theory it is essential that the perio- 
dical cornfiguration of focusing and defocusing elements 
results in a net focusing over a period. In drift tube 
linacs the effect of external force to the space charge 
is so different in drift tubes and gaps. Eventhough 
the structure is not periodic geometrically, it is 
considered periodic from the rf point of view. Thus 
the equation of longitudinal oscillation can be ex- 
pressed In the same way as the AG focusing theory. 

Longitudinal Space Charge Effect 

In order to treat the longitudinal motion perio- 
dically we define dR to be the number of rf cycles 
needed by the synchronous particle to traverse the 
distance dz, 

dz = vs dts = SsXdR . (5) 

Instead of using a single equation for an averaged 
field in a cell, we use two separate equations, one in 
a gap and the other in a drift tube. 

(‘) 

F and S' are defined as follows 

F = - s sin$ (8) 
mot Y,B, s ' 

,~2cS , (9) 

where &,, is the average field in a gap, x = ($ - q,) 
and the approximation is made that the B- is constant 
in Eq. 2. 

s 

If a linac consists of gaps with rf cylces RI and 
drift tubes with rf cycles 117. the transform matrix M = 
M1~* gives the stability condition as 

- 1 ( l/2 TrM < 1 , (10) 

where Ml and MZ are defined as follows. 

cosa (nl)-lbsina] 
MI(~I) = 

J 
, in a gap 

-n1 
sh sina cosa 

coshB C-2) -UzsinhB 
Mz(h) = 

I 

, ( 11) 
C-m) *sinhB coshB 

in a drift tube 

where a = (nl)vz/2R1 and S = (-n2)Lhtz. (12) 

For a conventional linac (al + RP = 1), t1 changes from 

0.s 

0. 

0, 
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Fig. 1. Stability diagram for 
9. 1 = 0.3 or 0.25. 

OOIS-9499/81/06oo-3501soo.75~1981 IEEE 3501 

© 1981 IEEE. Personal use of this material is permitted. However, permission to reprint/republish this material

for advertising or promotional purposes or for creating new collective works for resale or redistribution to servers

or lists, or to reuse any copyrighted component of this work in other works must be obtained from the IEEE.



0.25 to 0.3. Fig. 1 shows the stable region for R1 = 
0.25 and 0.3. As is known from the figure, there 
exist a lower current limit as well as an upper one. 
In other word a certain amount of space charge is 
necessary to compensate for a too strong field. If we 
take the proton machine excited by 200 MHz and designed 
by $ = 30" and Em = 4 MV/m, then F = 0.501. 
ay =‘5 x 10s3 

If ax = 
m. and ($ - is)max = 60", the maximum 

current would be 349 m.4. 

Application to APF Structure 

In the above argument, the space charge term S' is 
supposed to be constant through a cell. S' may change 
in the gap and the drift tube or there may be damping 
of the oscillation. Or one may say that at the condi- 
tion where this theory is applied there may be other 
instabilities of the beam. 

However above formalism has another application to 
an APF structure, in which the beam experiences the 
longitudinally focusing and defocusing region alter- 
nately. By the conventional way, it is irrpossible even 
to find the phase stable region. 

Let us take the case where the superperiod consists 
of two gaps and two drift spaces (el + 22 + Ra + Rb = 
Z), with S' = 0. The four indices become as follows. 

nl = F in the first gap (al) 

n(L) = n2 = 0 in the first drift space (aa> 
n3 = GF in the second gap (!?,a) 
n4 = 0 in the second drift space (Lb) 

and 
G= Em3 sinl+s3 

Em1 SW,1 . 

(13) 

(14) 

Fig. 2 shows F vs. (-G) diagram for RI = 0.35, Rs = 
1.05, 9.3 = 0.35 and k4 = 0.25. 

.\ II, = 0.35 4 

Fig.2 Stability diagram for 
F vs. (-G) 

Next we include the space charge term for G = - 1 
(+ 53 = - &l). The indices are 

( nl = (1 - S')F in br 

n(C) = n2 = - S'F in P.2 
na = (- 1 - S')F in 23 (J-5) 
n+ = - S'F in RQ 

Fig. 3 shows F vs. S' stable region for $ = - 30", 
- 60" and - 80'. The upper line of S' givez a limita- 
tion on the space-charge effect. 

If the injection energy is 250 keV, the frequency 
is 450 MHz, and the average electric field is 6 MV/m, 
then F = 0.5794, 1.0036 and 1.1452 for $ = - 30", 
- 60" and - 80" respectively. For $ = 2 80°, a = a 
= 2.5 x 10-s m and Mz = l/3, the uppgr current 13fmit ' 
becomes 77.4 mA 

PIGMI APF 51 structure has seven supperperiod and 
each superperiod consists of four gaps and four drift 
tubes ( C Ri = 4). The synchronous phase of the first 
gap decreases by 2“ in every superperiod (Table I). 
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Table I PIGNI APF struct,,re 

Fig.3 Stable region of 
FODO structure 
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Fig.4 Stable region of 
FODODOFO structure 

Thus the stability region should be located between the 
value of the first and the last superperiod (Fig. 4). 
Compared to a simple FODO structure in Fig. 3, the 
configurations of FODODOFO and a strong electric field 
increases the upper S' limit remarkably. In the last 
cell with F equal to 1.192, S' = 0.039 and the current 
is 220 mA for ($ - $s)max = 2 X 60". 

Transverse Space Charge Effect 



The equation of transverse oscillation is given by 

(1’5) 

If we neglect the magnetic term and make approximation 
for 3Ez/'oz and p by taking their values on the axis, 
Eq. 16 becomes 

aEZ(O,Z,t) 
&Y& -;;:,A az 

P(O,z,t) 
E. 19 (17) 

where p is the charge density and & is the dielectric 
constant. By assuming a constant B, the transverse 
equation corresponding to Eq. 6 is obtained as 

d2r 
m- - - nt(J!)r , 

and 
n,(L) = (Gt - Slt)Ft , 

TE- 
Gt=($ COS$J) /@os$), 

and 

St' CO4J)l l 

(18) 

(19) 

(7-O) 

(21) 

(22) 

In these expressions the field gradient along z is 
replaced by the average value with some effective 
length at the exit and the entrance of the drift tubes. 
The recovering force of the transverse oscillation is 
proportional to the electric field gradient while that 
of the longitudinal oscillation is proportinal to the 
electric field, 

Let us consider a simple APF structure in which a 
superperiod consists of two gaps and two drift tubes in 
two rf lengths ( C Ri = 2). We assume that 3Ez/az is 
symetrical relative to the gap center, the gap 
length R is 0.25 and the effective length of aEr./az is 
0.2 (Fig. 5). For the synchronous phase of - 60' in 
the first gap, Fig. 6 shows the stable phase region 
(Psz vs. St') at various transverse fource Ft. 
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Fig.5 APF structure with two gaps 

i P a* - -600 J Fig.6 
.* F:l - 3.0 Stable phase region 

for -60°synchronous 
phase in the first 
gap 

Conclusion 

When the space charge term is supposed to be 
constant throughout a cell, it can be formulated as a 
longitudinal defocusing element. Eventhough the 
periodicity condition in a linac is not as stringent as 
that in a synchrotron, the above process gives upper 
and sometime lower current limit by stability condition. 
For the transverse motion the electric field drivatives 
at the exit and the entrance of the drift tube causes 
the focusing. It has also the applicability to an APF 
structure. 

The current limit predicted by this theory has still 
higher value than the maximum current attaind in KEK. 
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