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Abstract

A least-squares algorithm is presented to
calculate the RF amplitudes and cavity spacings for a
series of buncher cavities each resonating at a fre-
quency that is a multiple of a fundamental frequency
of interest. The longitudinal phase-space distribu-
tion, obtained by particle tracing through the bunch-
ing system, is compared to a desired distribution
function of energy and phase. The buncher cavity
parameters are adJusted to minimize the difference
between these two distributions.. Examp]es are given
for zero space charge. We indicate the manner in
which the method cdn be extended to include space
charge using the 3-D space-charge calculation

procedure described separately.”

Introduction
Until the recent advent of the radio frequency
auadriunale {RFNY +wvaditianal lanaitudinal haam materho
quadrupole (RFQ)}, traditional longitudinal beam match
ing into a linear accelerator was accomplished using

one or more RF cavities resonating at the fundamental
Tinac frequency or one of the harmonics. We thought
that by making a judicious choice of buncher-cavity
frequencies, amplitudes, and spacings, we could
produce any longitudinal phase-space distribution
required to match into a linac. We have written a
computer code to do the parameter optimization. The
program requires the desired matched distribution in
energy vs phase at a given point in time, the number

and thadwv dndividiial fura

of buncher RF ﬁ3u1+1nr
inaivituar 1re-

guencies. The computer program then determines the
optimum RF field amplitudes in the individual
cavities plus the cavity spacings.

The rest of the paper is arranged as follows.
We start by showing the results obtained for a series
of equally spaced RF cavities each resonating at one
particular frequency (a multiple of the fundamental).
The RF amplitudes are set to those values determined
by a Fourier expansion representing the desired energy
vs phase distribution aSSUminy a zero spacing between
cavities. (A zero spacing makes the problem linear.)
We show results for this method where the cavity
spacing is smali compared to the longitudinal focal
length. We next derive a solution to the general
nonlinear problem where we have a series of cavities
with arbitrary spacings and RF field amplitudes.
Results are obtained for some specific examples.

Linear Problem

We consider a series of pill-box cavities
operating in the TMgjp-1ike mode and compare this
with a single multiple-frequency buncher. The
single-cavity buncher resonates at 10 frequencies,
with the Fourier coefficients matched to a straight-
line waveform of energy vs phase. The maximum applied
voltage is 12.6 kV, which will bunch a 250-KeV beam
in 30 cm at 440 x 10 Hz. The multiple cavities

have their amplitudes set to the same value as the
ampiitudes set T The same vaiue 3as ine

corresponding frequency amplitude in the single
multiple-frequency buncher. The phases of the
cavities are set such that the synchronous particie

*Work performed under the auspices of the US
Department of Energy.

receives no impulse. The separation between the
cavity centers is 2.5 cm, and the cavities are
ordered such that the highest frequencies occur first
(case 1). We also consider the geometry in which the
order of the cavity frequencies is reversed (case 2).
Figure 1 shows the results. The solid line shows
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Fig. 1. Fourier Fit to Linear B vs ¢ distribu-

tion, 10 frequencies.

the desired linear ramp and the dashed line the
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(X's) correspond to the waveform for the multiple-
cavity buncher at the fundamental frequency buncher
position for case 1. The {0‘s) correspond to the
cavities in reverse order where the beam was drifted
back to the fundamental frequency-buncher position
(case 2). The poor fit near 180° for case 1 occurs
because all the Fourier amplitudes near 180° have the
same sign, and decrease to zero at 180°. The effect
of each cavity is to decrease the magnitude of the
part1c1e S phase such that it sees a Targer amplitude

L”dll CL bllUL‘IU Ill l'_'dL,lI leL,L.UﬁUIIH_.’ L,dVlL_y-

At first it seems remarkable that this series of
cavities, separated by a total distance of 22.5 cm
compared to the 30-cm bunching distance, reproduces
the effect of the single-cavity buncher so well. But
for a linear waveform and case 1, we can show that

the particle's total phase change traveling between
the nth harmonic cavity and the fundamental frequency

cavity that is due to the nth harmonic cavity is at
most (nD/L), where D is the spac1ng between individ-

L P A T N T
ength for bunching.

Udl LdVILlEb and L is the

General Nonlinear Problem

Given a set of buncher cavities with fixed
frequency (some multiple of the fundamental frequency
of interest), determine the optimum values for the
cavity spacings and RF amplitudes where the particle

hoam 3¢ vreauived to have 2 agiven dictyibution of
SEaMm 15 required L0 nave a given gisuricuiion OF

energy vs phase with respect to the synchronous
particle at the buncher section's end (see Fig. 2).
Because of symmetry considerations the relative phase
of the RF electric fields in the cavities are fixed
such that the electric field seen by the synchronous
particle passing through a cavity is zero.
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Fig. 2. Multiple cavity buncher system.

The desired particle distribution in energy vs
phase is compared using a least squares procedure
with that obtained by tracing particles through the
buncher system, using some nominal physical parameter
set. (Space-charge forces could be included if space-
charge impulses were given to the particles as they
were transported through the system). The physical
parameters of the RF buncher cavities are varied to
determine their effect on the least squares sum, A
new set of physical buncher parameters is calculated
to minimize the least sgquares sum and the iterative
procedure is repeated until a stable solution is
obtained. Define: f; is the frequency of the
ith buncher cavity, Ag is the wavelength for
the fundamental frequency, V is the velocity of a
particle, ¢ is the velocity of light, B is V/c,

To is the time at which the synchronous particle is
at its initial position, Tp is the time when the
synchronous particle reaches a final position {where
the match is made) downstream of the buncher system.
A subscript s denotes a synchronous particle
parameter. The time of interest is the total time it
takes the synchronous particle to travel from the
initial position to the final position (see Fig. 2)

N-1
* 2

P Di + LF)/VS (n

o}

where Ly is the distance between the initial
position of the synchronous particle and the first
buncher cavit¥ Dj is the distance between the

ith and (i+1)th buncher cavity, Lg is the

distance between the last buncher cavity and the
"match point", and N as the number of buncher cav-
ities. We define Xo as the initial position of a
particle with respect to the synchronous particle at
time Ty, and Xp as the final position of a

particle with respect to the synchronous particle at

time Tp. Then Tg is
L _-X N-1 D. Let+X
- 0 0 s i FF
s T+1=1V:+T @

where Vi is the particle's velocity after the jth
buncher cavity, and Vy is the final particle
velocity.

We determine Xp by combining Egs. (1) and (2)
to obtain

X =V [X°+N}§D.(1 -]>+L (1 -1>J (3)
FRoNV T & i T V) R T Ty

The energy of a particle after the jth cavity is

J
W+ , s
Wj o i§=1 Ai sin g, 5 J< N (4)

where W, is the initial energy, ¢ is the RF

phase when the particle passes through the cavity
and Aj is the maximum electric field amplitude in
the cavity. We obtain the final particle energy for
j = N. The fitting procedure will optimize the

A;'s and Di's. We have

9 = 9oi * 27 i Ty (5)

where ¢oi is the RF phase in the ith cavity at
time Ty, and T4 is the time difference between
T% and the time the particle passes through the
ith puncher cavity.

T, =

L_-X -1
0o 0

+ D./V. (6)
Ve J; RN

We determine go; from the condition that

@i = 0 for the synchronous particle which means
setting Vi = Vg for all j and that Xq = 0 in
Eqs. [(5) and (6)] giving

<|_.

)} (7)
s

The energy vs position (phase) distribution is
required to have a certain functional form W = G (X)
at the time Tr. The particle data consist of a set
of Xo's (XK, k = 1,..., M points). Find the
final particle positions XgX and energy NFk after
transport through the buncher and minimize in the
least square sense the functions (G(XgK) - WgK)
for all k (particles) by varying the buncher ampli-
tudes Aj and distances between the cavities Dj.
Minimize the function

XO i-1 1
¢; = 2 wf, {- V;'+ }g% Dj (VE -

M 2
I = k; (G(x';) - w‘é) (8)

with respect to the Aj's and Dy's.

M
al ) K K| 36 axX
Sy " 2 X (B(XE) - ”F)['si A | LK
i*7i K=1 i x—XF
A
. af\ 57| = 0 (9
(A;05)

Equations (9) comprise a set of nonlinear equations

in the variables A and D. These equations are solved
jteratively using a nonlinear least-squares fitting
package. The partial derivatives 3 Xp,Wr)/3(A3,D4)
can be evaluated numerically using particle transport
through the buncher section. Only the partial deriva-
tive 3G/3X depends on the desired distribution
function.

Injtial Conditions

We assume that the buncher system has a

‘longitudinal focal length equal to the distance

between the final downstream buncher cavity and the
entrance to the linac Lf, and that all cavities
occupy the same position as the most downstream
cavity. Given that the buncher produces a linear
distribution in energy vs phase, we can calculate the
maximum voltage (Vmax) needed to bunch from +180°
in phase at the buncher to 0° in phase at the linac
entrance assuming no space charge. The initial volt-
age amplitudes in the separate cavities are then set
to produce a linear saw-tooth wave with max imum
voltage (Vpax) for overlapping cavities.
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The synchronous particle gains no energy in the
buncher, A particle displaced a distance 1/2 BA
upstream of the synchronous particle should gain
energy eVpayx from the buncher. We have

- 1
Visro? Vi-(vge)?

(Mo is the particles rest mass.) We obtain V
from Eq. (3) where D; = 0 (the cavities are
together), Xp = 0 (for a focus),

Xo = VsM2¢c, and Vg = Vy

L
i F oA
Ve “LF/(V * 20

S

Given that J = (cavity frequency/fundamental fre-
quency), the initial starting voltages are set to

Aj = ('])Ji Vmax/J4
Results

Figure 3 shows the results for a multiple cavity
bunching system where the distance between each
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Fig. 3. Least-squares fit for cavity RF amplitudes

with 2.5 cm cavity spacing.

cavity was fixed at 2.5 cm. We assume a 30-cm
bunching length (distance between the final, down-
stream buncher cavity and the linac), a 440 x 10%-Hz
Tinac freguency and a 250-KeV proton energy. The
number of cavities were varied from 1 to 9 with the
highest frequency cavity occuring first to the beam.
Figure 3 shows the phase-space distribution that
ideally should be linear. The distance between each
point in the figure corresponds to 10° of dc phase.
The 9-cavity buncher result shown in Fig., 3 should be
compared to Fig. 1 (b). Notice the Targe deviation
near $180° in Fig. 1 (b) has been eliminated in

Fig. 3 by the fitting procedure.

Figure 4 shows results obtained with two cav-
ities both resonating at the fundamental frequency of
440 x 10° Hz. The longitudinal focal length was
again set at 30 cm: The RF amplitudes were obtained
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by fitting to a linear phase-space distribution in
energy vs phase. Figure 4 shows results for a fixed-
cavity separation (L) of 10, 50, 60, and 80 cm.

There is a radically different solution obtained
between 50 cm and 60 cm. The relative cavity ampli-
tudes are given below the figure.

We can operate the program in a mode where the
program tries to place particles inside an upright
ellipse at the buncher focus (see Fig. 5). The
program minimizes the sum of squares (raised to a
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Fig. 5. Two cavity Buncher systems.

given power) of the distances in phase space from the
origin for the set of particles. The distances in
phase and energy are weighted by the semimajor and
semiminor axis of the desired phase ellipse.

Results for a 2-cavity buncher system are shown
in Fig. 5. A 250-KeV proton beam was required to
bunch in 30 cm. We assumed an initial beam of 361
particles spaced uniformly over 360° in phase with no
energy spread. We show cases where both cavities
resonate at the fundamental frequency, where the
first cavity resonates at the fundamental and the
second at the second harmonic, and where the fre-
quency order is reversed. The phase space distri-
bution is given at the end of the buncher section and
at the longitudinal focus (linac entrance). The
buncher-cavity separation was fixed both at 2.5 cm
and also was allowed to vary,
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