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Summary 

Synchrotron radiation is widely used to measure 
the cross-section of the electron beams. Large photon 
fluxes within a convenient part of the spectrum are 
radiated by the electrons in the bending magnets. To 
obtain sufficient intensities of visible light from 
high energy protons, there are special magnets needed 
which alter the normal spectral distribution of the 
radiation. The resolution of the cross-section 
measurement is limited by diffraction. This limit can 
be improved by working with a short wave length or by 
using the radiation from short magnets. 

1. Introduction 

Synchrotron radiation is a convenient tool to 
measure the cross section of electron and recently also 
of proton beams. For technical reasons this observa- 
tion is done preferably with visible light. In the 
case of electrons this implies the use of the lower 
energy part of the spectrum emitted in the bending mag- 
nets. For protons with energies of a few hundred GeV 
sufficient intensity of visible light can only be ob- 
tained with special magnets. The synchrotron radiation 
represents a rather unusual optical source. It has a 
small natural opening angle and a relatively large ex- 
tension in the direction of emission and the radiaion 
emitted in long bending magnets sweeps along the plane 
of the particle orbit. The optical geometry involved 
in forming an image of the beam cross section is rather 
complicated and has been discussed extensively1B2. 
The present investigation concentrates on the principal 
properties of the radiation emitted in different kinds 
of magnets and the resulting consequences for beam 
observation. 

2. Some general properties of synchrotron radiation 

2.1 Total radiated power 

Electromagnetic radiation is emitted from acceler- 
ated electrical charges. The particular properties of 
synchrotron radiation are caused by the ultra-relativi- 
stic motion of the charged particle. The total instan- 
taneous power P radiated by such a particle with rest 
mass mo, charge e and energy E going through a trans- 
verse magnetic field B is3 

r c3e2B2B2 P 2 0 

where r. = e2/(4ncomoc2) is the classical radius of the 
particle. This expression (1) is generally valid for 
any practical magnet if the particle moves in vacuum 
and the effects of the surroundings on the radiation 
can be ignored. 

2.2 Qualitative properties of the radiation from long 
magnets 

The Lorentz transformation of the approximately 
uniform distribution in a frame F’ moving (for an 
instant) with the electron into the laboratory frame F, 
results in a sharply peaked angular distribution of the 
radiation with a typical opening angle l/y. This has 
some consequences for the observed spectrum. The par- 
ticle can be 'seen' by an observer only while it covers 
a part of the trajectory of approximate length L=~P/Y, 

If the magnet is very short (L<<p/y) the high frequency 
part of the spectrum is enhanced compared to the 
spectrum from long magnets; the total power, however, 
is still given by (1). For practical magnets this 
situation can easily be realized for protons but less 
likely for electrons. If the short magnet radiation is 
observed under an angle 0 with respect to the particle 
motion, the typical frequency becomes 
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Fig. 1 : Estimation of the spectrum of the synchrotron 
radiation from long and short magnets 

where p is the bending radius 4 . The duration At of the 
received radiation pulse is equal to the difference of 
the arrival times of photons emitted from the two 
extreme points of the observed, ,trajectory; Fig.1. 
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This gives a typical frequency of the radiated spectrum 
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2.3 Qualitative properties of the radiation from short 
weak magnets 

If the magnet is short and relatively weak such 
that the occurring bending angle is 
the observed radiation pulse becomes 

At=te-t + 
Y 

smalle-r than l/y , 
shorter, Fig. 1. 
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and the resulting typical frequency 
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A similar spectrum is obtained for the radiation 
emitted in the neighbourhood of a sharp depression of 
the magnetic field which usually occurs between two 
bending magnets; Fig. 1. 

The opening angle of the short magnet radiation is 
increased compared to the normal radiation. Taking (2) 
for 0 < < wtyp one finds for the opening angle 

0%/Z 
L 

This large opening angle can improve the resolution of 
beam observation with synchrotron radiation5. 

3. Radiation from long homogeneous magnets 

Usually one observes the synchrotron radiation 
emitted in the long, homogeneous bending magnets. The 
detailed properties of this radiation have been derived 
by D. Ivanenko and A.A. Sokolo@ and by J. Schwinger7 
and can be found in text books488. Since the beam of 
radiation sweeps along the plane of the particle orbit, 
the angular distribution in this direction (angle p in 
Fig. 2) cannot, in most practical cases, be observed. 
It is therefore convenient to average over the hori- 
zontal angle p and give the distribution with respect 
to the angle $ perpendicular to the orbit plane; 
fig. 2. The power radiated per unit solid angle 

Fig. 2 : Geometry of the beam cross section measurement 

(d PddJ,) and frequency interval is d3P - = 
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Here PO is the total radiated power (1) and K2/3(5) 
and K1/3(5) are modified Bessel functions. The first 
term in the parentheses refers to the direction of the 
polarization with the electrical vector being in the 
plane of the orbit, also called o-mode. The second 
term refers to the vertical polarization or T-mode. 
The angular distribution of the two modes is shown in 
Fig. 3 after integration over all frequencies and in 
Fig. 8 for a particular frequency w = 0.01 w c.. The 
typical opening angle of the total distribution is 
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Fig. 3 : Angular distribution of the integrated 
spectrum from long magnets 
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The spectrum of the total radiation is obtained by 
integrating (3) over all angles 

W/WC 

K5,3 ($d(~) (6) 

This spectrum is shown in Fig. 4. 

For electrons the observed frequency is well below 
the critical frequency. In this case, the spectrum can 
conveniently be approximated by9 

S (k) ~1.34 (m/tic>” for 0 << wc 
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Fig. 4 : The function S( E/ E o) describing the total 

synchrotron radiation spectrum. 

4. Radiation from undulators and short weak magnets 

An undulator is a periodic structure designed to 
produce quasi monochromatic radiationlO. In such a 
periodic magnetic field 
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Fig. 5 : Particle trajectory in an undulator 

the particle trajectory is approximately (Fig. 5) 

x= a sin 2Tr ( ) \ 
rz = $Jcl, ‘$ 

2T sin -z 

( > 
x u u 

with h,, = period length, a = amplitude and $o maximum 
angle between the and the z-axis; 

In the following, it 
- . IS assumed that the trans- 

verse mot ion is non-relativistic , therefore JI,<< I,$ and 
K <cl. In a frame F’ moving with the drift velocity of 
the particle, the motion is a simple harmonic oscil- 
lation emitting the well known dipole radiation. Mov- 
ing back into the laboratory frame, one obtains the 
angular distribution of the radiation of a weak field 
undulator of length Lu, (L, >> x u)LO,11,12. 

1) ~~p~(~~yz~2cos~~(rl~ = 3p112(y0)’ sin 22$ (7) 

where PI is the total poder radiated by one particle 
while going through the undulator 

2 

and d R = sin 0 d gd $ is the solid angle accoiding to 
Fig. 2. The frequency radiated at a fixed angle 0 is 
monochromatic for an infinite number of periods 

z p zy2 1 1 
9 = %I (8) 

u 1+y202 1+y2e2 
Integrating over all angles gives the total spectrum 

(9) 
\ 

shown in Fig. 6. The angular distribution of the radi- 
ation is shown in Fig. 7 for C$ = 0 and 4 = K f2; at 
these angles 0 the r -mode vanishes. 
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Fig. 6: 
Total spectrum 
from a weak 
field undulator 
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Fig. 7 : Angular distribution of the integrated 

spectrum from a weak field undulator; 
left: o=O, right: o=r/2. 

According to (8) the undulator spectrum can cover 
rather high frequencies if the period length h, is 
short. This led to the suggestion of usin undulators 
to obtain visible radiation from protons 13,f4. 

It is always assumed here that the undulator is 
weak, that is K < < 1. The spectrum of a strong field 
undulator contains higher harmonics and is much more 
complicated15. 

The radiation from short weak magnets can be 
understood as a generalization of undulator radiation. 
A magnet is considered to be short and weak if the 
maximum deflection angle is small compared to lh such 
that the transverse motion is always non-relativistic. 
In this case, the magnetic field can be Fourier 
analyzed, in other words, decomposed into undulator 
fields of different period length). u. The spectra and 
angular distribution of each component is known and the 
total spectrum can be obtained by summation 16. 

5. Optical resolution of the beam cross section 
measurement 

The optical resolution of the beam cross section 
measurement is limited by diffraction and depth of 
field. Since the horizontal beam dimension is usually 
larger than the vertical one, only the vertical resol- 
ution is of concern. 

The measurement of the beam cross section i-6 
usually done with a set-up similar to the one outlined 
in Fig. 2. A lens forms an image S’ of a source S. To 
observe the radiation from long magnets the horizontal 
aperture of the lens should be ytched to the natural 
opening angle of the radiation . This improves the 
depth of field problems and the definition of the 
source point. 

The small opening angle 0 of the radiation leads 
to a resolution d limited by diffraction analogue to a 
lens with limited aperture d ,A 

0 
For the radiation from lon~7m~~nets one gets from (5) 
and (4) for this resolution 1 

d = fr iy (>)” = fr ($’ % ’ ” (lo) 

with f, being a form factor of -order unity to be dis- 
cussed later. 

The resolution due to the depth of field depends 
on the length L of the observed orbit and the opening 
angle 0 ; d (depth of field) z LD/4. 



For short magnets and undulators L is fixed, the 
resolution due to depth of field gets worse with in- 
creasing angle 0 while the resolution due to diffract- 
ion improves. Assuming no artificial acceptance limit- 
ation of lens, the relevant opening angle @ is related 
through (2) and (8) to the observed wave length,{. The 
resolution can be optimized by choosing the latter 19. 

In the case of the radiation from long magnets the 
observed orbit length depends on the natural horizontal 
opening angle and hence on the observed wave length. 
The resolution due to depth of field is approximately 
proportional but somewhat better than the resolution 
due to diffraction. 

The following part is restricted to the problem of 
diffraction although the effects of the depth of field 
have to be taken into account in many practical cases. 
We consider first the case of a single electron which 
emits in one traversal a coherent wave. The angular 
distribution of the radiation creates an amplitude dis- 
tribution (A(x,y) of the wave in the plane of the lens 
in Fig. 2. This amplitude is defined such that the 
power distribution is proportional to 

lA21e 
According 

to Huygen’s principle, each point at the lens repre- 
sents a source of a secondary wave with amplitude 
A(x,y) which produces a diffraction pattern with ampli- 
tude A’(x’,y’) in the image plane. Since the angle 
is very small the diffraction is of the Frauenhofer 
type where the amplitude A’(x’y’) of the diffraction is 
related to the amplitude A(x,y) at the lens by a two 
dimensional Fourier transformation20. This relation 
holds for both polarization modes independently, and 
the total intensity distribution of the diffraction 
pattern is the sum of the U- and r -mode intensity. A 
detailed description of this procedure and its 
applications to the different cases of synchrotron 
radiation is given in refs 20 and 21. 

As an illustrating example the case of ordinary 
synchrotron radiation from long magnets far below the 
critical energy (c ~0.01 cc) is shown in Fig. 8. For 
this radiation the distribution (3) is averaged over 
the horizontal angles and the two dimensional Fourier 
transformations can in first approximation be replaced 
by a one dimensional one involving only the coordinate 
Y = e.g. On the left of Fig. 8 the unnormalized 
intensity A(y) 2 

6 1 
at the lens is shown for both polar- 

ization mo es. The right hand side shows the intensity 
of the diffraction pattern obtained by Fourier trans- 
format ion. It represents the response function of the 
measurement to a point source (neglecting depth of 
field and other effects). The figure clearly shows 
that a modest improvement of the resolution can be 
obtained by selecting only the u-mode 
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Fig. 10: Set-up for beam 
x-rays; ref.17 

j,,,//, ,‘:-‘:< i ) l-X ,,., ?J:-:,*J 
RoIVWd~ /HE b., r.’ 

Fig. 9 : Intensity of the interference pattern from 2 
point sources separated by d. 

of the polarization. In Fig. 9 the response to two 
points, separated by the distance d is shown. The 
obtainable resolution depends on the contrast necessary 
for separations. Assuming a depression of the dif- 
fraction pattern intensity down to 2/3 between the two 
peaks in Fig. 9 is sufficient, one obtains for the form 
factor in (101 f, - 0.5. 

In the case of many particles, the radiation is 
usually incoherent and the waves emitted by different 
particles do not interfere on average. The intensity 
of the image pattern is the sum of the intensities due 
to individual particles. 

6. Application and examples 

For electrons the radiation from the long bending 
magnets is commonly used and the spectral angular dis- 
tribution is thereby determined. The photon energies 
used for observation is usually far below the critical 
energy. The resolution in the visible region can be 
rather limited for very high energy electrons. The ex- 
pression (10) suggests the use of shorter wave 
lengths. In the exaFple shown in Figs. 10 and 11, 
x-rays with X - 0.5 A were usedl‘l. An image of the 
beam cross section was formed by means of a pinhole of 

POINT Of BEAM 
OBSERVATION, 

SYNCHROTfi 
MAGNETS 

ON 

SHIELO~NC 
WALL 

CASSETTE 

size measurement using 

Fig. 8 : left: angular distribution of the synchrotron + 5mm 
radiation intensity for 0 = 0.010 c 
right: intensity of the corresponding inter- Fig. 11: Beam image formed by x-rays for 2 different 
ference pattern. amounts of coupling; ref.17 
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0.07 mm diameter. The final resolution was about 
0.1 mm determined mainly by the finite pinhole size. 
The use of short magnet 6 for electrons has been 
suggested to improve the resolution in the visible 
region5. It could avoid the technical complications of 
x-rays and UV-opt its . For protons of a few hundred GeV 
energy, short magnets or undulators are necessary to 
obtain sufficient intensities in the visible 
region13,14. The undulator can be designed such that 
the peak of the spectrum lies in the visible region for 
a given proton energy and with filter, the wave length 
giving the best resolution can be selected. The use of 
the radiation emitted in the neighbourhood of a field 
depression is shown in Figs. 
the CERN SPS22~23. 

12 - 14 for the example of 
The field shape B(s) between two 

bending magnets is shown in Fig. 12. ‘Ihe calculated 

I 
I- 

3(5) 

* 
-0.3 - 0.2 -0.1 0 0.1 0.2 m 0.3 s 

Fig. 12: Depression of the magnetic field between two 
SPS magnets; ref.22 

spectrum on the axis (0-O) is shown in Fig. 13. It 
shows peaks due to interference between waves originat- 
ing at the two sharp edges of B(s). 

100 

d?P 
dv.dR 

I-- 

~ k 0 Y 
Fig. 13: Computed power spectrum per unit solid angle 

on the axis 0 =O for a proton beam current of 
100 mA in the SPS; ref -22 

In Fig. 14, the calculated spectrum integrated 
over angles is shown together with ‘normal’ radiation 
from the long bending magnets and the sensitivity of 
the photomul tiplier. Although the total power radiated 
in the visible region is less than 1nW excellent 
pictures of the beam cross section could be obtained23. 

2136 

0.1 
100 THz loo0 y 

Fig. 14: 
Computed power 
spectrum integrated 
over angles and 
photomultiplier 
sensitivity; ref .22 
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