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WEAK-STRONG INSTABILITY AS A DIFFUSION PROCESS* 

Semyon A. Kheifets+ 

Abstract 

The phenomenological analysis of the weak-strong 
instability for an electron storage ring is developed. 
The vertical size of the weak beam is found to depend 
on two machine parameters: 6, which is proportional to 
AQ, and b, which depends on the aspect ratio of the 
strong beam. The model also contains one fitting para- 
meter. 

Experimental consequences of such dependence are 
discussed. 

1. Introduction 
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2. Equation for the Distribution Function 

Let Y and 9 = dY/dt be the excursion from the medi- 
an plane and for corresponding velocity of a particle of 
the weak bunch at the interaction point. It is conven- 
ient to consider particle coordinates in units of the 
vertical size C of the strong bunch 

Y -Y/C , (1) 

; =i/c , (2) 
If the length of the strong bunch is much less than the 
wave length of the vertical oscillations then by one 
passage through the strong bunch the coordinates of the 
particle are changed by 

Ay = 0 , (3) 

A;=F(y) . (4) 

The actual dependence F(y) can be found at least in 
principle for any given particle distribution of the 
strong beam. Taking this change into account we can 
write the following equation for the particle distribu- 
tion function f(t, y, G) of the weak bunch 

’ 6f gt y-- 
6Y 

za?- (;f) - 4Q2 y_6_f 

& 6; 

= q$$zJ(t-tk) fCtk’y,;+F(y)l- f(t,,yJ . 
> 

(5) 
69 k 

The left hand side of this equation describes the change 
of the function f due to particle oscillations with a 
frequency WOQ and a damping rate a. The right hand side 
represents the change of particle density in the phase 
space (y,y) due to all possible reasons but beam-beam 
interaction (the first term) and due to the interaction 
occurring at the times t = t0+2nk/wgn, k=1,2, . . . . 
(the second term, n, is ‘f he number of interactions on 
one revolution). 

If we are not interested in details of the fast 
time variations of the distribution function which are 
of the order of magnitude of one revolution period or 
less) then the sum on the right hand side of (5) can be 
simplified 

c E(t-tk){ 
k 

f[tk’Y,Y+F(y)I - f $$h;) 

*wo 
Y 2n fCt,y,;+W)l- f(t,y,;) . 1 (6) 

We can further expand the difference in (6) into 
series in F(y). We are ready now to use the feature of 
fast particle mixing discussed above. The application 
of this idea means that we can substitute the coeffi- 
cients F(y) and F2(y) by the values obtained from aver- 
aging them over an ensemble of the particles of the 
weak bunch. 

The velocity jumps, of magnitude A;, occur in all 
phases of betatron oscillations. Hence the averaging 
over any distribution symmetric in y makes the first cw 
efficient vanish. 

Let us define the diffusion coefficient due to 
interaction as 

"WO 

qint = 4n ( F*(Y) ’ , (7) 

where brackets stand for averaging the zunction F2(y> 
over the distribution function f(t, y, y), which satis- 
fies the following Focker-Planck equation 

(8) 
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The solution of this equation is well knownq2 In the 
limit as t+a (stationary solutioq) it is a Gaussian 
function in both variables y and y. 

3, The EvaluatFon of the Beam Blow Up 

The dispersion o of the distribution function in y 
for the stationary solution can be found from the 
equation I , 

or 

u2 = (qo+ qintp 
,2 = I2 + Qint I 2a 

(9) 
(10) 

by definition of C. Since qint is an integral over the 
distribution function with the same dispersion u, (10) 
is a transcendental equation for a. 

We solve now this equation assuming that the dis- 
tribution function of the strong bunch is Gaussian in 
all three dimensions. In this case the function F(y) 
from (4) is known to be 3 

where 
F(y) = b#b(Y) , (11) 

5 = 2ncAQ[(~tb)/(ll+b2-b)~4/B 9 (12) 

4b(Y) = Y - o JuTb2 exe (-uY21 8 
/ 

In these expressions 

(13) 

AQ = e2NB / rh 2E( +C>C (14) 

is the Courant parameter giving the linear tune shift 
of the vertical betatron oscillations of the weak beam 
particle due to the electromagnetic interaction with 
the strong bunch containing N particles.4 E is the par- 
ticle energy and B is the value of betafunction at the 
interaction point. Chand C are the dispersions of the 
strong bunch distribdtion in the horizontal and verti- 
cal planes. 

Parameter b is defined as follows 

b = C/Ch 
/ 

iiyTi$. 

For a small aspect ratio of the beam 

b * C/C, . 

( 

The function $ 
force acting on a p ll 

(y) describes y-dependence of the 
rticle from the side of the strong 

beam. For small values of y 

4;(Y) * 2(Jl+b2- bjy (16) 

gives the linear part of the force. 
Let us describe the blow up of the weak beam by a 

ratio d = a/E. Equation (10) can now be rewritten as 

d2 = l+Mb@) , (17) 

where n and Q are defined by the following expressions 

r~ = 2 (ZnAQ)* , (18) 

@b(d) = dy . (19) 

If AQ+ 0, so that n-+0, then d= 1, i.e., we have an un- 
perturbed beam. 

The function Tb in the integrand of (19) is rela- 
ted to the function $b in (11) by some reduction 
procedure. 

The simplest possible reduction would be a sub- 
traction from 41,(y) of its linear part (16). Such a 
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procedure seems to be unsatisfactory since large values 
of y yield unacceptably large values in (16). The in- 
troduction of a cut-off factor also does not give a 
reasonable description of the beam blow up. 

The only reasonably good results we;e obtained by 
the following reduction, depending on an arbitrary 
constant, h 

, O<h<l n 

This expression does not contain the linear term for 
any value of h. 

Figs. l-3 represent the results of the solution of 
equation (17) for different values of the parameters h 
and b. The value of d is plotted as a function of the 
variable 6 which is proportional to AQ or, in different 
units, to the current of the strong beam. 
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Fig. 1. Beam blow up. The ratio d = o(G) /a(O) 

is plotted versus parameter 6 =,/F AQ , where 

n is the number of interaction points, wg and a 
are the revolution frequency and damping rate of 
vertical oscillations, AQ is the linear tune 
shift due to beam-beam interaction. The curves 
are calculated with different values of fitting 
parameter h. The left one corresponds to h=O.Ol. 
For each subsequent curve, h increments by 0.01. 
The value h for the last one is 0.10. The aspect 
ratio of the strong bunch b= O.O(infM.tely thin 
flat strong Gaussian bunch). 

4. Conclusion 

The analysis suggested here has the major drawback 
of using an arbitrary and poorly understood reduction 
procedure (20). This introduced into the analysis a 
fitting parameter h, the magnitude of which should be 
chosen in such a way that Instability occurs at the 
correct value of the strong beam current, or the 
Courant parameter AQ. 
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Fig. 2. The same as Fig. 1, with the aspect 
ratio of the strong bunch b = 0.1. 
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Fig. 3. The same as Fig. 1, with the aspect 
ratio of the strong bunch b = 0.3. 

Fig. 4 illustrates this b comparing the vertical 
size of the weak beam measured Y on SPEAR with a calcu- 
lated curve fitted with the help of parameter h. The 
actual value of h for this case happens to be 0.04. 

We can also draw some conclusions which can be 
checked by experiment. First of all, we see that the 
beam blow up depends on the variable fi rather than on 
AQ, itself. Further, the model suggests a certain de- 
pendence of the instability threshold both on the num- 
ber of the interaction points and on the energy of the 
particle. Of course one should remember that this 
holds only if the fitting parameter h does not depend 
on either of these variables. And finally, for the 
quantitative description of the beam blow up, one needs 
also to take into account the aspect ratio b of the 
strong bunch. 

The analysis can be extended to the much more com- 
plicated case of the strong- strong interaction. 

b = 0.035 
5 h = 0.04 
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Fig. 4. The comparison of calculated beam 
blow up ‘(the curve) with the measurements5 
of the vertical size of the weak beam (points). 
The strong bunch aspect ratio b = 0.035. The 
value of the fitting parameter h = 0.04. The 
bars represent the measurement errors only, 
and do not include any instrumentation errors. 
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