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Summary 

The maximum transportable beam power is a crit- 
ical issue in selecting the most favorable approach to 
generating ignition pulses for inertial fusion with high 
energy accelerators. Maschke and Courantl have put 
forward expressions for the limits on transport power 
for quadrupole and solenoidal channels. We have in- 
cluded in a more general way the self consistent effect 
of space charge defocusing on the power limit. The 
results show that no limits on transmitted power exist 
in principal. In general, quadrupole transport mag- 
nets appear superior to solenoids except for transport 
of very low energy and highly charged particles. 
Longitudinal space charge effects are very significant 
for transport of intense beams. 

Introduction 

Since the prime consideration is constraining the 
beam within a given diameter, it is assumed that the 
focusing system consists of equally spaced elements 
of equal strength. In the case of quadrupole focusing, 
the elements are x or y focusing quadrupole magnets. 
For the solenoid, all elements are focusing. To sim- 
plify the discussion, we use thin lens approximation. 
In the quadrupole focusing, the distance between the. 
focusing and defocusing lens is the half period L. The 
distance between the lenses in the solenoid focusing is 
the period 2L. It is furthermore assumed that the 
emittance in the xx’ plane is equal to the yy’ plane 
emittance (cl. 

Quadrupole Focusing 

In the quadrupole channel, the beam cross section 
is no longer circular but elliptical with semi-axes a 
and b. Neglecting the image forces, the equations of 
motion can be written in the form 

d2x *qeGx 
Nlq2e2x 

dsz 
Amyec - 

Trso a(a t b) Amy3g2c2 
= 0 (la) 

& qeGy 
N1q2e2y 

ds2 
’ Amygc - 

lrao b(b t a) Amy3g2c2 
= 0 (lb) 

where q = charge state of particle 
G = quadrupole gradient 
A = mass number 

m = rest mass/nucleon 

Nl = number of particle/unit length 
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We see from these equations that the space charge 
defocusing in the x direction is a function of the beam 
dimension b in the y direction and vice versa. Start- 
ing the period in the center of an x focusing lens, the 
solutions of Eqs. (1) become 

(Xn) = (M)(xn- 1) 

(yn) = (m)(Yn- 1) 

where 

M11 = mll = M22 = m22 

2 

M12 
= 2L+L 

f2 

2 

ml2 
= 2L-L 

fl 

5 1-L _4---. 
7-+ 

L2 
(24 

1 f2 2flf2 

(2b) 

(2c) 

The quantity cos p = i(Mll +M22) =i(mll + m22) 
determines the focusing property of the system. From 
Eq. (2a), we find 

L2 
cos CL = lk+L-- 

1 f2 2flf2 
(3) 

The beam is diverging for lcos p 1 > 1; for cos ~1 2 1, 
there is no net focusing. For 0 > cos ~1 > - 1, we have 
overfocusing, but the beam is still converging. If 
cos v < -1, the overfocusing results in a diverging 
beam. In principle, one could allow cos p to be nega- 
tive in the absence of space charge. The limit at 
CDS ).L = - 1, however, is very abrupt with small 
changes of focusing. In view of possible magnet er- 
rors and the use of a thin lens approximation, we 
choose here to avoid overfocusing so that 

orcosp = 1++ -- L 
1 2 2flf2 

s 1 

with cos 1 = 0 in the absence of space chargedefocus- 
ing. 
form 

The focal lengths fl and f2 can be written in the 

1 1 K 2A 
- q -_- - 

fl f 
L 1+x 

1 1 K 2X2 
<‘T +T; I+h 

(4a) 

(4b) 
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where 

1 
? 

=qeCL 
AmyBc 

N q2e2L2 
K = 

1 

2neoa2Amy3 B2c2 

(5) 

(6) 

and I is the length of the quadrupole magnet. 

The beam dimensions a and b are given by 

2 M12 
a =- 

sin p 
u and b2 =mlZe 

sin u 

Thus, 

(7) 

In the absence of space charge forces (cos p = 0), 
Eq. (3) reduces to 

L =JZf (8) 

Substituting Eqs. (4a, 4b, and 8) in Eq. (3). it is 
found that K can be written 

K = (1 tx)c(2 -J2) h + 2 +J2l 

4X2 

K 
1t 8.a cos p I/2 

[(2-/2)X f 2 tJ212 ) 1 -1 (9) 

A second expression for K in terms of X is obtained 
from substitution of Eqs. (4) and (8) into (7) 

K = (ltx)[2tJz -X2 (2-J-2)1 

2X2(X - 1) 
(10) 

Simultaneous solution of these two equations gives X 
and K for any given value of cos p. From these val- 
ues, one can obtain fl, f2, a, b, etc. Introducing cy 
= ai L as the fraction of the space occupied by qua- 
drupole magnets, B = Ga as the pole tip field, Nl 
= K7r yB2L2/kn and power P = BcNl(v- 1) Amc2, we 

0 
obtain 

P = F(o, )L) x 10 l5 

where 

F(m,p) = K[&&? t/2 +f$r3reoc3f=f’3 x lo-l5 

Table I gives the value of’X, K, and F(o, p) as a 
function of )L for o = 0. 5 and Q = 1. ’ Also included are 
the ratios R, and Rb, which are the ratios of maxi- 
mum and minimum beam size, a and b, with and with- 
out space charge defocussing. (See Fig. 1. ) The 
growth’of the effective emittance due to space charge 
is approximately 

E 
eff = a ’ (12) 

1 ’ 

Table I 

P loo 30° 45O 60’ 80’ 90’ 

a 2.097 2. 123 2.162 2.220 2.336 2.414 

K 0.269 0.239 0.197 0.141 0.050 0 

F 7.62 3.30 2.12 1.29 0.40 0 cr=o.5 

F 12. 10 5.24 3.37 2.05 0.63 0 
o=l.O 

R 2.65 1.55 1. 29 1.14 1.03. 1 
a 

Rb 3.06 1. 76 1.44 1.24 1.07 1 

ceff/s 2.85 1.65 1.36 1.19 1.05 1 

Solenoidal Focusing 

In a very similar manner, one can calculate the 
power that can be transmitted in a solenoidal transport 
system. In this case, for equal emittances in both 
planes (xx’ and yy’), the beam cross section is circu- 
lar. Neglecting the image forces, the equation of mo- 
tion becomes 

9 + (lack,,,” r - 2 6 “:~~~~B2c2 = O (13) 
‘IT 

0 

where r = x (or y), B = axial field of the solenoid 
and a is the beam radius. We use the thin lens ap- 
proximation in which all elements are focusing and the 
period is 2L. We again avoid overfocusing as in the 
quadrupole transport case so that cos ~1 = 0 in the ab- 
sence of space charge. We introduce cy = J?/~L as the 
fraction of the space occupied by the solenoids where 
L is the length of a solenoid and obtain the following 
result 

P = F(e, 1) x 10 l5 (!)(Y - U(YB)~B~ (14) 

where 

F(w, CL) = /2%(cot p) Trc ( ) 
= x10 

-15 
0 e 

R is the ratio of beam size with and without space 
charge defocusing and represents the growth in effec- 
tive emittance due to space charge. (Fig. 1) It is 
given by R = /‘rmp. Table IL gives F(o, p) and R as 
a function of p. As in the quadrupole case, two values 
of F are given (cu = 0. 5 and o = 1). 
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Table II 

)L loo 30° 45’ 60° 80’ 9o” 

Fa =0.5 
13.2 4.03 2.33 1.34 0.41 0 

F la.7 5.7 3.3 1.90 0.58 0 
o! = 1.0 

R 2.4 1.41 1. 19 1.07 1.008 1 

Longitudinal Space Charge Effect 

In linear approximation, the longitudinal space 
charge force on a particle in a radially restrained 
bunch can be written in the form 

F = 
3Nq2e2gz 

II 2 3 
TSoY L 

where N = number of particles in the bunch 
q = charge state of the particle 
L = bunch length q gcAt 
g = geometrical factor, g = 1 t 2 In b/a for 

a cylindrical beam of radius a in a cir- 
cular pipe of radius b 

To prevent the bunch length from increasing, a 
time dependent external electric field must be applied 
For a linear time dependence, the peak value of this 
field must satisfy the relation 

iEpi , 
7. 

= 8’64; lob9 z2g 

where o is the fraction of the space that is occupied 
by the electric field. 

For N q 1014, q = 3, y= 1.4, g=2, L= lm, 
and o = l/3, the peak value of the electric field would 
be IE 

P 
/ > 2.6 MV/m. 

Conclusion 

One can see from Tables I and II that no real limit 
on transmitted power or current exists. In practice, 
however, the increase in beam size and the effective 
emittance growth provide technical and economic lim- 
its. In addition, these results assume emittance 
matching to the channel acceptance at the beginning of 

the periodic transport structure for any transmitted 
current. The transition structure which can properly 
match the output of a synchrotron to the transport 
lines indicated above for a wide range of currents and 
space charge effects has not been designed. 

Substitution of realistic beam characteristics into 
the power Eqs. (11) and (14) clearly indicates the su- 
periority in transmitted power for the same effective 
emittance growth of a quadrupole transport system 
over a solenoidal transport system. The only excep- 
tion for this conclusion is for transport of very low 
energy and high charge state beams. 

Longitudinal space charge forces are significant in 
the transport of intense beams. Transport lines for 
such beams will require strong electric fields in the 
form of RF cavities or linear induction accelerators 
in order to maintain the longitudinal bunch length. 
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Fig. 1. Matched xx’ phase space ellipses at the cen- 
ter of focusing and defocusing quadrupoles with and 
without space charge 
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