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S W R Y  
Among the  aspects of thermonuclear plasma 

research and acce lera tor  technology which have 
common techniques and problems is  the  problem 
of in jec t ion  which i n  the case of accelerators 
i s  guided by l imi ta t ions  imposed by Liouville 
theorem. This l imi ta t ion  i s  being more and more 
f u l l y  appreciated i n  the problem of assembling 
a thermonuclear plasma. There are various ex- 
amples of how t h i s  l imi ta t ion  on in jec t ion  comes 
i n t o  play i n  t h e  case of some plasma devices. 

There i s  an in t e re s t ing  analogy between the  
topology of phase spice fo r  p a r t i c l e  accelerators 
and the topology of coordinate space f o r  l i nes  
of force i n  a plasma containment device such as 
a toro ida l  s t e l l a r a t o r .  
1/2 in t eg ra l ,  1/3 in t eg ra l ,  and 1/4 in t eg ra l ,  e t c .  
resonances which can be stimulated by magnetic 
f i e l d  e r ro r s  i n  plasma confining devices and 
which would cause the f lux  p l o t  topology t o  break 
up i n t o  rings of islands f o r  a case where the 
f lux  p l o t  has shear.  The s i z e  of the islands 
depends upon the  type of t he  multipole f i e l d  
forming the  f lux  p lo t .  Although s t e l l a r a t o r s  
a re  made with twisted o r  he l i ca l  multipole 
windings wound around the major circumferential, 
they can a l so  be made by sectored multipole 
magnets ro ta ted  between focusing and de-focusing 
posit ions as i n  an accelerator.  For the  quadru- 
pole case, the  t r ans fe r  matrices include only 
exponentials with r ea l  expotents and no s ines  
and cosines such as are found i n  the accelerator 
analogy. K. R. Symon has shown tha t  the problem 
of t r a j ec to r i e s  of l ines  of force can be put i n  
Hamiltonian form. 

There are in t eg ra l ,  
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RELATED TECHNIQUES 

Many of t he  techniques i n  the study of plas- 
mas f o r  controlled thermonuclear reactions have a 
c l e a r  association with the  problems of  accelera- 
t o r s .  
mation of magnetic f i e l d s  and the  in jec t ion  of 
p a r t i c l e s  i n t o  these magnetic f i e l d s .  
i l a r i t i e s  of problems can be l e s s  evident and 
sometimes surpr i s ing  -- f o r  example, problems of 
i n s t a b i l i t i e s  i n  beams and i n  plasmas, and the  
formal analogy between the topology of phase t r a -  
j ec to r i e s  i n  c i r cu la r  accelerators and the topology 
of the  t r aces  of magnetic l i nes  of force in  toroid2 
a1 plasma confining systems such as s t e l l a r a t o r s .  
Some of these top ics  of mutual i n t e r e s t  t o  both 
f i e l d s  w i l l  be discussed. 

t i on  of magnetic f i e l d s  i s  the  superconducting 
co i l .  For accelerators it i s  used f o r  space sav- 
ing,  power saving, 
able with hard superconductors. 
i s t i c  thermonuclear reaction by magnetic pressure 
i t  is es sen t i a l  t o  have very high magnetic f i e l d s  
-- above the value eas i ly  available with i ron  
magnets. 
these co i l s .  

superconducting c o i l s  f o r  our present experiments 
with plasmas. This i s  a r e s u l t  of the  f ac t  t ha t  
f o r  t he  first time we have been able t o  produce 
i n  a to ro ida l  device, a qu ie t ,  hardly-fluctuating 
plasma, ap a ren t ly  not l o s t  quickly by anomalous 
diffusion. 3 This containment system, t echni - 
ca l ly  termed a toro ida l  multipole, has hoops SUS- 
pended within the plasma f o r  i ts  field-producing 
conductors. (Figure 1 .) 

In present experiments these hoops a re  sus- 
pended by t h e i r  supports which gradually an ih i l a t e  
the  plasma; but a superconducting hoop with i ts  
pe r s i s t en t  magnetic f i e l d  would need no external 
connections and i n  a properly shaped f i e l d  it 
would be self-supporting against  gravity.  
s i s t e n t  nature of the  f i e l d  w i l l  allow plasma in- 
j ec t ion  and plasma building experiments of the 
type t h a t  require some time. 

Two of these  types of problems are the for- 

Other s i m -  

The most hopeful development i n  the  forma- 

and f o r  t he  high f i e lds  ava i l -  
To contain a rea l -  

Again power i s  an immense problem i n  

There i s ,  however, immediate application f o r  

The per- 
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There has not been much superconducting e f -  
f o r t  i n  controlled thermonuclear work yet,  but the 
pioneer is  Richard Post who has been studying the  
use of cryogenic co i l s  f o r  plasma confinement f o r  
several  years3 and who has used a small supercon- 
ducting quadrupole c o i l  shaped l i ke  a baseball  
seam and made at the  Argonne National Laboratory. 

The creation of a plasma within a magnetic 
f i e l d  has been accomplished in  the e a r l i e s t  plas- 
ma experiments by means of a discharge. 
controllable means were soon used, par t icu lar ly  
a t  Oak Ridge, which made use of plasma building 
by in jec t ion  of pa r t i c l e s .  
t o  accelerator builders f o r  whom Liouville 's  
theorem is gospel, but i t  has not always been the  
guiding pr inc ip le  f o r  plasma accumulating experi- 
ments. One of the  d i f f i c u l t i e s  f o r  plasma crea- 
t i on  by in jec t ion  is tha t  f o r  s t a b i l i t y  the velo- 
c i t y  d is t r ibu t ion  should be as close t o  i so t rop ic  
i n  the  center as possible and there  should be an 
energy spread s imi l a r  t o  the  Maxwellian d is t r ibu-  
t ion .  This i s  qu i t e  the opposite of the require- 
ment f o r  acce lera tors .  Beams c i rcu la t ing  inside 
plasmas and vacant angles i n  the velocity dis- 
tcfbution of pa r t i c l e s  both tend t o  cause plasma 
i n s t a b i l i t i e s .  Consequently f o r  in jec t ion  of 
plasmas phase space should be scanned. 
o f  having a small phase emittance from the in jec-  
t o r ,  a large emittance would a s s i s t  i n  rapid 
scanning but would s a c r i f i c e  p a r t i c l e  density i n  
phase space. 

By in j ec t ing  a spray from an in j ec to r  which 
deposits p a r t i c l e s  i n  the middle of a confinement 
region and which i s  withdrawn s teadi ly  as the 
pa r t i c l e s  begin t o  re turn  t o  the in j ec to r  vicin- 
i t y ,  a volume can be f i l l e d  t o  something l i k e  a 
percent of t he  Liouville l i m i t .  Before the  vol- 
ume is f i l l e d ,  there  would be an incomplete velo- 
c i t y  d is t r ibu t ion  and it may be tha t  i n s t a b i l i t i e s  
w i l l  have e jec ted  many of the  pa r t i c l e s  because 
the i so t rop ic  s t a t e  was never achieved. 

control of the  in jec t ion  process by beams as we 
need. 
a l l  instantaneously shot i n t o  a to ro ida l  multi- 
pole as a cloud, it undergoes a turbulent evolu- 
t i on  and forge ts  i ts  spec ia l ized  d i rec ted  d i s t r i -  
bution becoming a well behaved i so t rop ic  plasma 
with about 10% of the  ions remaining trapped. 
Thus the  i n s t a b i l i t i e s  acting i n  t h i s  evolution 
seem t o  accomplish exactly what i s  d i f f i c u l t  t o  
do by orderly scanning of phase space. 

More 

The problem i s  old 

Instead 

Thus we do not have as much poss ib i l i t y  of 

I t  i s  in t e re s t ing  tha t  i f  the  plasma is 

An in jec t ion  system tha t  seems t o  escape the 
l imi ta t ions  of Liouville 's  theorem is  tha t  of chan- 
ging the charge s t a t e  of a beam of ions o r  of neu- 
t r a l  atoms within the confinement region. For ex- 
ample, i f  a neutral  atomic beam i n  a high s t a t e  of 
quantum exci ta t ion ,  say n = 8, passes through a 
strong magnetic f i e l d ,  the Lorentz forces on the 
charges in  the atom s p l i t  it in to  a trapped ion 
and an electron when it encounters the  magnetic 
f i e l d .  
b u i l t  high density plasmas, although the  equiva- 
l en t  of .OS amperes of neutral  atoms can be made 
by passing an ion beam through a magnesium vapor 
c e l l  f o r  subsequent in jec t ion .  
Liouville 's  theorem might apply t o  neut ra l  beam 
in jec t ion .  
volume nfi3 of phase space, then we f ind  tha t  i n  
the Liouville l i m i t  on density would indeed be 
s o  high t h a t  it is  f a r  higher than t h a t  needed 
f o r  thermonuclear reactions.  Although the  char- 
ged p a r t i c l e s  a re  born within the magnetic f i e l d  
and hence could c rea te  very high density,  t o  
avoid i n s t a b i l i t y  d i rec t ion  and energy scanning 
i s  needed. 

a r i sen  a great concern about the containment of 
the magnetic f i e l d  l i nes  themselves i n  toro ida l  
s t e l l a r a t o r - l i k e  plasma containing devices. Since 
the plasma pa r t i c l e s  tend t o  follow l ines  of force 
we want t o  be sure these l ines  remain within the 
confinement region. For answers t o  t h i s  problem 
we can turn  d i r ec t ly  t o  the  technology of sec- 
to red  strong focusing accelerators,  which t r e a t s  
with the e f f ec t  of e r ro r s  and of sec tors  i n  driv- 
ing in t eg ra l ,  ha l f  i n t eg ra l ,  t h i r d  in t eg ra l ,  e t c .  
resonances i n  p a r t i c l e  beams i n  the presence of 
non- l inear i t ies  i n  focusing forces.  
niques, used t o  t e s t  s t a b i l i t y  l i m i t s  by computer, 
can be taken over f o r  s t e l l a r a t o r  magnetic f i e lds .  
The pea r l s  o r  i s lands  a t  f rac t iona l  resonances i n  
phase space are found as i s lands  o r  i so la ted  
bundles of f lux  l ines  i n  the coordinate space of 
a to ro ida l  confining f i e l d .  The s t e l l a r a t o r  
f i e l d  i s  a multipole f i e l d  transverse t o  the c i r -  
cumference of a t o ro ida l  vacuum tube. 
the  main f i e l d  of the s t e l l a r a t o r  i s  a solenoidal 
o r  circumferential ca l l ed  B . 
conductors are twisted so  t6a t  t h e i r  f i e l d  pa t te rn  
ro t a t e s  about the  cent ra l  circumferential l i n e  as 
a l i n e  of force progresses around the  tube. Thus 
the multipole f i e l d  i s  periodic with a sec tor  
length equal t o  the  distance f o r  the  f i e l d  pa t te rn  
t o  repeat.  I t  i s  a l so  possible t o  have non- 

A s  yet  neutral  beam in jec t ion  has not 

We can ask how 

I f  we say t h a t  each atom brings in  a 

Within the last year there  has suddenly 

These tech- 

In addition, 

The multipole 
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twisted multipoles which are segmented so  t h a t  
successive segments a re  progressively ro ta ted  
within a magnet period having the  sec to r  length 
f o r  f i e l d  pa t t e rn  r epe t i t i on  j u s t  as  they do when 
applied along an acce le ra to r t s  circumference. 

j ec to r i e s  of l i nes  of force  can be put i n t o  
Hamiltonian form,4 and thus t h a t  there  is a 
formal analogy between the  topology of phase 
space f o r  p a r t i c l e s  i n  an acce lera tor  and the  
topology of coordinate space f o r  l i nes  of force 
i n  a s t e l l a r a t o r .  

a s t e l l a r a t o r  the  l i nes  of force c i r cu la t e  
around i n  the minor cross sec t ion  with the same 
p i t ch  fo r  a l l  distances (amplitudes) from the  
center  (equilibrium o rb i t )  i n  the minor cross 
section. What i s  ca l led  the "transform" angle, 
i o t a ,  is thus constant f o r  a l l  l i nes .  I f  sex- 
tupole f i e lds ,  (L = 3) are  used, the  p i tch ,  o r  
the  io t a ,  changes f o r  l ines  of d i f f e ren t  distance 
from the center.  This is  ca l led  a magnetic f i e l d  
with shear - - it is equivalent t o  the tune of 
a betatron osc i l l a t ion  changing with amplitude 
due t o  non- l inear i t ies  of focusing forces.  

e r r o r  does t o  f i e l d s  i n  an L = 3 s t e l l a r a t o r  is 
shown i n  Figure 2.  
i.s lands representing a tube of f lux  which circu- 
l a t e s  seven times around the  s t e l l a r a t o r  and then 
re jo ins  i t s e l f .  
not support a plasma pressure gradient across 
i t s e l f .  
by computation t o  e x i s t  f o r  a r ea l  s t e l l a r a t o r  
with cer ta in  loca l  f i e l d  trimming. Figure 3 
shows a case found i n  the Wisconsin toro ida l  oct-  
upole with an added circumferential Bz f i e l d  
which causes a s t e l l a r a t o r - l i k e  h e l i c a l  f i e l d  pat-  
t e rn .  
f o r  a f i e l d  perturbation. 
has a plateau across the i so l a t ed  tube of flux, 
and the tube i s  found t o  assume a poten t ia l  
d i f fe ren t  from the  surrounding plasma, This 

Symon has shown t h a t  the  problem of tra- 

When quadrupole f i e l d s  (L = 2) a re  used on 

An example of what a transverse f i e l d  

There are seven pearls o r  

This i so la ted  tube of f lux  can- 

Such a topology has ac tua l ly  been found 

A permanent magnet i s  brought up close 
The plasma pressure 

tube can be followed as it s p i r a l s  around i n  the 
toro id .  Figure 4 shows a computer t e s t  of an 
L = 3 s t e l l a r a t o r  with a loca l  octupole bump. 
Here we see a one-fourth in t eg ra l  resonance with 
i s lands  small enough tha t  the  l i nes  of force 
do not leave the  aperture.  

I t  is in t e re s t ing  t h a t  f o r  the quadrupole 
(L = 2)  with s t r a i g h t  multipole segments within 
each sec to r ,  the  l i n e a r  d i f f e r e n t i a l  equation 
solved by t r a n s f e r  matrices gives a l l  solutions 
of growing o r  decaying exponentials as the matrix 
elements -- there  a re  no s ines  o r  cosines. Never- 
t he l e s s ,  "focusing" o r  containment of l i nes  of 
force is  possible up t o  the  e s sen t i a l  resonance 
at which a ha l f  of a period f o r  t he  l i n e  of force 
occurs i n  a whole sec tor .  This i s  the  same as 
the  e s sen t i a l  l i m i t  of the  strong focusing accel- 
e r a to r  equations. I t  i s  necessary t o  have a t  
l e a s t  th ree  segments of d i f f e ren t  or ien ta t ion  
per sec tor  t o  achieve confinement. 
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Fig. 1. The toroidal aluminum box wall forms a re- 
turn conductor for the oppositely-directed 
currents in the four hoops forming an octupole 
magnetic field with a deep magnetic well for 
plasma trapping. These hoops are each sup- 
ported by three thin berillium copper sup- 
ports passing through the plasma which 
surrounds the hoops. 

I 

Fig. 2. The transverse field error  applied to a 6- 
pole stellarator causes a separated flux tube 
which circulates 7 times around the stel- 
larator and connects to itself. A similarity 
to phase space maps with quadratic non- 
linearities is evident. 

PAC 1967



1196 IEEE TRANSACTIONS ON NUCLEAR SCIENCE, JUNE 1967 

I FLOATING POTENTIAL 
,,(ap.) 

0 -  I 1  

5 cm lOcm 

0 5cm IO cm 

distance from inner wall -c 

Fig. 3. Particle density in a toroidal octupole to 
which has been added a circumferential mag- 
netic field causing the spiraling of lines of 
force. Where the line of force spirals 11 
times around the minor axis and then con- 
nects with itself, in accelerator language, 
v = 11, an isolated flux tube appears with a 
plateau and particle density showing no pres- 
sure gradient across the tube of flux and a 
potential signature appears which identifies 
the tube of flux. 

“I -9 

Fig. 4. Figure 4 shows an octupole error applied to 
a 6-pole stellarator forming islands at  the 
location of the 1/4 integral resonance. The 
error  destroys confinement of lines of force 
outside the 1/2 integral resonances. 
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