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Summary 

Longitudinal space charge effects in R F  
buckets have been studied by means of an IBM 
704 computer program. 
the motion of the particles in a beam under the 
influences of space charge forces and R F  fields. 
Initially, the beam is given a small perturbation 
to excite a particular mode. Stable and unstable 
beams with energy spreads much greater than, 
approximately equal to, and much l e s s  than the 
energy spread of an R F  bucket in the absence of 
space charge forces have been studied. Dupli- 
cate runs a r e  made with and without space 
charge forces and the results are compared. 
After a transitional period of time, with space 
charge forces acting, the stable phase region as- 
sumes a characteristic diamond shape which per- 
sists for more than five synchrotron periods. 
This stable phase region contains more particles 
than the corresponding RF bucket in the absence 
of space charge forces. When the initial distri- 
bution of particles in phase space is independent 
of phase angle and has an energy spread much 
l e s s  than the energy spread necessary to stabi- 
lize the beam against the "negative mass" insta- 
bility, large clumps of particles form immedi- 
ately. These clumps of particles execute phase 
oscillations and may coagulate with the particles 
in the stable phase region. If particles far from 
the stable phase region do not interact with par- 
ticles in the stable phase region, the bucket as- 
sumes an elliptical shape, very narrow in phase 
angle, large in energy spread, with a lifetime of 
more than five synchrotron periods. 

This program simulates 

Introduction 

Theoretical analyses of longitudinal instabil- 
ities in coasting beams invariably involve differ- 
ential equations for which exact, nontrivial solu- 
tions cannot easily be ound. Solutions to the 
linearized equations" ' have been accepted and 
shown to be good approximations. This approach 
fails to yield answers to two important questions: 
(1) How does a coasting beam develop when beam 
perturbations a re  no longer "small", and (2) How 
is the answer to the first question changed by the 
presence of RF fields ? 

"Work performed under the auspices of the 
U .  S. Atomic Energy Commission. 

The first question has been extensively stud- 
ied by means of computer experiments. Briefly, 
Dory's results indicate that any evenly distrib- 
uted coasting beam above transition whose initial 
energy spread is one-half the ''negative mass" 
instability limit, as  given by Nielsen &. , 
immediately forms large clumps of particles 
which are very stable and which have a new ener- 
gy spread given by (to 25 percent): 

where: AEF is the final energy spread, A E1 is 
the initial energy spread, and AQM is the en- 
ergy spread just necessary to stabilize the beam. 
In the worst case, for a monoenergetic beam, 
Dory found that the final energy spread is never 
more than three times the stable energy spread. 

This paper is concerned with a qualitative 
Part I gives a answer to the second question. 

brief development of the theory leading to the 
working equations of the computer program. 
Dory's technique and computer program with 
minor changes)'' ' was  used to study RF capture 
of initially stable and unstable coasting beams. 
Essentially this IBM 704 computer program com- 
putes the change in position and momentum of a 
large number of particles due to the space charge 
forces and RF fields. The space charge electric 
field is computed from the particle configuration 
at  the previous time step. The particles a r e  then 
moved in accordance with the changes in momen- 
tum and position. 
configuration is used to determine the space 
charge field for the next time step. 
field acting on the particles is taken as the sum 
of an RF field term and the space charge electric 
field. 
itored for long periods of time, far into the non- 
linear region. 

T1-e resulting new particle 

The total 

In this way the particle motion can be mon- 

The computer experiments that were per- 
formed a re  presented in Part 11. The form of 
the initial particle distributions is given. 
rial results o.f some of the characteristic runs 
a re  presented. These results a r e  mainly phase 
plots of the particles taken directly from the 
computer program output. A table of the results 
from all the experimental runs is given. 
computer results show that the space charge 
forces tend to compress more particles into the 

Picto- 

The 
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RF stable phase region if the initial energy 
spread is stable. 
t ia l ly  unstable beams lead to no stable phase mo- 
tion. 

I 

Under similar conditions ini- 

The Hamiltonian* for a single particle sub- 
j e c t  to space charge forces as given by Nielsen 
and Sessler4 is 

H (W,@) = B h f s f i  W2 + eV (t) cos @+is 0 
- 2 f e h  U (0, t) (1) 

with the following usual definitions: 
W, 0 a re  canonical variables; W E w - ws and 

E 
w =  dE' ; and 0 = he in a coordinate sys- 

t e m  at res t  relative to a synchronous particle. 
8 is the aximuth of a particle in the laboratory 
system (positive in the direction of particle rev- 
olution ); h is the harmonic number; f, is the 
frequency of a synchronous particle; f; is the 
rate of change of the frequency of a synchronous 
particle with respect to its energy; V(t) is the 
amplitude of the applied R F  voltage; e is the 
electronic charge; and U (0, t)  is the space 
charge potential. The equations of motion a re  

d@ = = 2 A h f s f L W  
X aw 

and 

_ -  dW aH 
dt - --z= 

with 

h a U ( 0  t 
&(0, t) = - - ~a + 

and 2 T R is the distance traveled by a synchro- 
nous particle in one revolution. Let 

(5) 

and 

Differentiate (2)  with respect to time t and sub- 
stitute into (3) along with the definitions (5), (6), 
and (7). Finally 

"The above discussion is very brief. 
ences should be consulted for further details. 

The refer- 

Equation ( 8 )  is the working equation of the 
computer program. " For each particle F-513 
integrates Eq. ( 8 )  twice using the old momenta 
and positions of the particles to satisfy the 
boundary conditions. The evolution of the sys- 
tem with time is then a series of infinitesimal 
linear transformations. 

The space charge fields, &, (0, tc), must 
be normalized to give the proper contribution to 
the total field. If U (0, t) = go 
), (0, t i i s  the azimuthal charge per unit length 

and go is the reciprocal of the capacitance pe r  
unit length of a tube of charge of radius a placed 
halfway between and parallel to two infinite con- 
ducting planes separted by a distance G1, then 

(8 ,  t), ** where 

3 C J A(@', t) K (0 - 0') d0' (9) 
-r 

where the partial differentiation operator is now 
taken as a convolution with a kernel, K (0 - @ I ) ,  

and the constant C is yet to be determined. 
Equation (9) must be true for all possible dis- 
tributions of h (0, t). 

ing into (9), and evaluating at (6 = 0 yields, 

In particular, suppose 
A(@, t)  = 6 8 ( 8  is a constant) then, * substitut- 

Letp,  (0, t)  be the number density of F-51 
particles per unit angle 0. Then 

(1 2)  

where N is the total number of particles in the 
real system and n is the number of particles 
used by F-51. Substituting Eqs. (41, (5), (l l) ,  
and (12) into (9) yields: 

For the sake of brevity the computer program 
w i l l  be referred to as F-51 from now on. 

" 

""This approximation is appropriate for the long 4 wave length beam modes to be studied. 

+go = 1 + 2 In (2 G/fla). See reference 4 for a 
derivation of this formula. 

+Many thanks to K. R. Symon for this procedure 
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E ,  (a, t) = 

The space charge field can also be written a s  a 
convolution with an F-51 kernel, Kc (0 - 0'): 

& ,  (I, t) = syc ( @ I ,  t) KC (0 - 0') d0' . 
Equating (13) and (141, along with the condition 
that K (0 - 0') = &Kc (0 - 0') for d constant, 
yields the following condition for the integral of 
the F-51 kernel: 

T 

(14) 
-T 

This expression is used to normalize KC (I - 0') 
in F-51. 
solve the linearized Maxwell's equations in the 
tank, Dory shows that the space charge kernel 
is approximately of the form 

Using a Fourier-analysis method to 

I -P0 
101 

K 4-  e 

where ,U is a large positive constant. 2 ~ 1  For 
computer experiments the kernel is broadened 
to suppress high harmonic beam modes. 
1 shows the F-51 kernel. 

Figure 

11. F-51 Experimental Procedure 

The computer experiments were carried 
A space charge out i n  the following manner. 

kernel was  computed on the basis of the number 
of real particles to be used and Eq. (15). Ap- 
proximately 2000 computer particles were used 
for each run. This number of particles is small 
enough so that a run of 200 time steps (2.5 syn- 
chrotron periods) takes about 40 minutes of com- 
puter time and large enough so that the statisti- 
cal fluctuations in the azimuthal charge density 
were small. 
particle phase space was always of the form 

The initial distribution in W - 0 

YCW, 0, 0) = U (IWl - I W I I ) ~  (0, 0) (16) 

where 
1, x >  0 

u (XI = { 0, x <  0. 

Equation (16) restricts all particles to lie in a 
region of phase space bounded by 2 WI at t = 0. 
Initial energy spreads A WI were taken as  

3 ~ A W N M ,  AWNM, and z AWNM. A WNM is 
the energy spread just necessary to stabilize the 
beam against the "negative-mass" instability. 
The value of A WNM used in the computer ex- 
periments was obtained from coasting beam 

studies where an initial particle distribution was 
labeled "stable" if there w a s  l e s s  than 5 percent 
change in the particle distribution after a time 
long compared to a synchrotron period. 

Only systems above transition were studied. 
Two different values for the sine of the stable 
phase angle were used: r = 0 .2  and r = 0.75. 
For comparison several runs were made to study 
the R F  bucket in the absence of space charge 
forces (Figs. 2 and 3). 

Somewhat arbitrarily, particles whose ener- 
gies were too large or too small were considered 
lost to the tank walls and no longer contributed 
to the space charge field. These maximum and 
minimum energy values were chosen so that an 
R F  bucket (no space charge forces) with r = 0.2 
would just  f i l l  one page of computer output (Fig. 
2). 

The beam was given an initial sinusoidal az- 
imuthal density perturbation so that only a single 
longitudinal beam mode could be excited. 

p(0, 0) = 1 + E cos K 0. (1 7) 

The perturbation amplitude was  approximately 
10 percent ( E  = 0.1) and K took the values of 2, 
5, or 10 (p(0 ,  0) appears as the first  frame in 
Figs. 7, 8, 9, 10, 11, and 12  for  K = 5). 

Results 

Resumes of the computer experiments a r e  
given in Figs. 4, 5, and 6. 
number. 
number. 
"RF" indicates that the space charge and/or RF 
fields were present. "%,I is defined as the ratio 

finalnumber of particles inphase stable region 
initial number of particles 

The final energy spread of the stable phase r e -  
gion & WF is also compared to the initial energy 
spread AWI.  

"Run" is the run 
"K" is the initial perturbation wave 
An "X" under "SC" (space charge) or 

x 100%. (18) 

The + sign in Fig. 4 indicates runs for 
which the final phase distribution had a very wide 
spread in energy and only a narrow spread in 
phase angle (Figs. 9 and 10). This elliptically 
shaped distribution occurred only when the initial 
beam was very unstable. Most of the particles 
were lost in less than one-half of a synchrotron 
period. The remaining particles formed one or 
more cigar-shaped bunches. 
charge forces these elliptic bunches were slowly 
squeezed in phase angle and stretched in energy 

Due to the space 
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spread. 
synchrotron periods. 
w a s  observed at that time. 

The runs were discontinued after 3-112  
No stable phase region 

Several runs were made with the same ini- 
tial conditions as the unstable runs mentioned 
above. The only change that was made w a s  the 
doubling of the maximum and minimum energies 
a particle could have before i t  is considered lost  
The particles were captured into a diamond- 
shaped stable phase region similar to that of 
Fig- 12. This seems to indicate that the non- 
stable final phase distributions (Figs. 9 and 10)  
a r e  the result of not only a strongly unstable 
initial distribution, but also a limited available 
space for radial synchrotron oscillations. 

Figures 7 and 8 show respectively the r e -  
su l t s  of initially unstable and stable energy 
spreads for K = 5 and with the R F  turned off. 
In the stable case the initial distribution per-  
sisted for five synchrotron periods before high 
frequency modes began to grow (Fig. 8) .  

Figures 9 and 10 show the results of runs 
having the same initial conditions as  that of 
Fig. 7, but with the RF turned on ( r=  0 . 2  and 
0. 75 respectively). Similarly, Figs. 11 and 12 
correspond to Fig. 8 with RF (I- = 0 . 2  and 0. 75 
respectively). 

In every run where the initial energy spread 
w a s  greater than or approximately equal to the 
stable energy spread, the number of particles 
captured in the stable phase region w a s  greater 
than the number of particles caught in the cor- 
responding RF bucket with no space charge 
forces acting. For example (Fig. 51, comparing 
runs 20080 and 20031 (r = 0.21, 8 5 . 5  percent 
were  captured with space charge present, and 

without space charge forces 6 4 . 0  percent were 
captured. In runs 20081 and 20032, 3 5 . 8  per- 
cent were captured with space charge forces 
acting as compared to 2 0 . 2  percent. 
increase in the number of particles in the stable 
phase region is not without its price. 
cases where space charge forces a re  ,included, 
the shape of the stable phase region is not that 
of the familiar RF bucket (Figs. 2, 3, 11, and 
12). 
diamond shaped, with less  spread in phase angle 
and with a larger energy spread (compare Figs. 
2 and 11; 3 an 12). 

Such an 

In all 

The "space charge RF bucket'' is more 

There are  several features of RF capture 
that these qualitative results clearly indicate. 
The space charge effects, per  se, compress the 
beam as it is being trapped in the RF bucket. In 
the initially stable cases, although the shape of 
the stable phase region is somewhat different 
than the usual RF bucket, the areas  a re  approxi- 
mately the same with more particles in the 
space charge bucket. 
beam cases the final distribution is stable or un- 
stable depending on whether or not there is suf- 
ficient room for the radial excursions caused by 
large amplitude synchrotron oscillations. 

In the unstable initial 
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Fig. 1. Space Charge Kernel Used in Computer 
PrOgrZUfl. 
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Fig. 2. R F  Bucket; r = 0.2, No Space Charge. 
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aw, aw,, = 0.5 nw, /AWN, = I .o 

RUN K S C  R F  r % nw,/aw, R U N  K S C  R F  r % nw,/nW, 
2003 I x 0.2 64.2 1.76 
2 0 0 3 2  X 0.75 20.1 0.43 
20103 IO x 95.6 2.31 
20104 IO X X 0.2 32.7 3.00 
20105 I O  X X 0.75 43.6 3.139 
20112 2 x  84.4 3.13 + 
201 I3 2 x x 0.2 15.5 2.63 
201 I4  2 X X 0.75 26.4 3.259 
20130 5 x  85.4 3.25) 
20131 5 x x 0.2 I 7. I 3.25) 
20132 5 X X 0.75 34.4 3.25) 

20031 x 0.2 64.2 1.76 
20032 X 0.75 20.1 0.43 
20079 10 X 100.0 1.62 

83. I 2.37 20080 I O  X X 0.2 
20081 I O  X X 0.75 34.8 1.81 

100.0 1.69 20015 2 x  
20016 2 x x 0.2 78.3 2.63 
20017 2 X X 0.75 28.0 1.69 
20118 5 x  100.0 1.56 
20119 5 x x 0.2 78.5 2.56 
20120 5 X X 0.75 33.3 1.56 

Fig. 4. Runs with AWI = 0.5 A W w .  Fig. 5. Runs with AWI = AWNM. 

PAC 1967



618 IEEE TRANSACTIONS ON NUCLEAR SCIENCE, JUNE 1967 

AW, /AWN, = I. 5 

R UN K SC R F  r % AW/AW, 

20031 x 0.2 64.2 1.76 
200 32 x 0.75 20.1 0.43 
20100 I O  x 100.0 0.94 
20101 I O  x x 0.2 71 .O 2.19 
20102 I O  x x 0.75 2 8 . i  1.19 
20109 2 x  100.0 1.00 

69.5 2.13 2 0  I I O  2 x x 0.2 
20111 2 x x 0.75 22.2 1.19 
20121 5 x  100.0 1.06 
20122 5 x x 0.2 69.2 2.13 
20123 5 X X 0.75 24.7 1.13 

Fig. 6. Runs with AWI = 1.5 AWNM. 

Fig. 7. Growth of Initially Unstable (0.5 AWNM) Beam; No RF. 

PAC 1967



TRZECIAIC LONGITUDINAL SPACE CHARGE EFFECTS IN RF BUCKETS 619 

Fig. 8. Growth of Initially Stable (1.5 AWNM) Beam; No RF. 
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Fig. 9. Space Charge R F  Capture; r = 0.2; AWI = 0.5 AWNM. 
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2U 132 
pI@.01=128 + 13SIN[5@ 

AE,= 0.5AE, 
SPFlCE CHFlRGE ON 

RF ON 

62 1 

Fig. 10. Space Charge RF Capture; I' = 0.75; AWI = 0.5 AWNM. 
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~[@,01=128 + 13SIN(5@) 

Fig. 11. Space Charge RF Capture; I' = 0.2; AWI = 1.5 A W m .  
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Fig. 12. Space Charge RF Capture; I?= 0.75; AWI = 1.5 A W N M  
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