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Summary

Finite conductivity of the vacuum cham-
ber wall can cause unstable coherent trans-
verse oscillations of the center of charge and
also oscillations of the transverse cross sec-
tion of a beam of charged particles. The
former case, which can be characterized by a
dipole oscillation, has been studied extensively
by others. 1,2 1n this work, a study has been
conducted of the cross sectional oscillations
of a nearly circular beam centered in a circu-
lar pipe, and a self-consistent solution has
been obtained for both monopole and quadru-
pole oscillations. Dispersion relations for the
oscillation frequencies have been found, and
conditions for stability have been deduced.

For the quadrupole instability the growth rate
and threshold are very close to those obtained
for the dipole instability, I 2 differing only by
a geometrical factor of order unity; whereas,
for the monopole instability, the growth rates
are so small that the oscillations in present
electron accelerators and storage rings will be
suppressed by radiation damping.

Introduction

Laslett, Neil and Sessler! have demon-
strated the possibility for a beam of charged
particles to have unstable coherent transverse
oscillations due to the finite conductivity of the
vacuum chamber walls. In their analysis,
Laslett et al. assumed that the longitudinal
charge density variation was zero; Courant
and Sessler, 2 and Dikanskii and Skrinskii3
found that it is also possible to have unstable
coherent transverse oscillation for the case
where the beam was bunched due to the wake
field of one bunch acting upon another bunch
and upon itself in successive revolutions. In
the above papers the unstable oscillations were
oscillations of the center of the beam. In this
work we treat some casesof the oscillation of

*Work performed under the auspices of the
U. S. Atomic Energy Commission

the transverse size of a longitudinally uniform
or bunched beam which is confined within a
circular pipe, with the center of the beam
fixed along the pipe axis.

In Sec. II we characterize the monopole
and quadrupole oscillations of a beam, uniform
or bunched, by some assumed charge densities
and present the equations of motion for the
particles.

Section III contains the body of the
analysis in which we solve the Vlasov equation
combined with the equations of motion given
in Sec. II for a self-consistent charge distri-
bution and obtain a dispersion relation for the
oscillation frequencies. The dispersion
relation is analyzed in Sec. IV, culminating in
the determination of the growth times and the
stability criteria for the oscillations.

Some numerical illustrations of the
results and experimental observations are
given in Sec., V. The effects of Landau
damping, resulting from a spread in the ampli-
tude of oscillations, is considered in Sec. VI.

II. Monopole and Quadrupole
Charge Oscillations

In this section we characterize by some
simple models the monopole and gquadrupocle
oscillations of a uniform or bunched beam
inside a metallic vacuum chamber. As the
major curvature of the vacuum chamber has
little influence on the calculation of the fields,
the chamber is taken to be a straight pipe
of radius b, The particles in the beam are
assumed to be moving longitudinally in the
z-direction, along the axis of the pipe, with a
constant velocity, v.

The unperturbed beam is taken as uni-
form in the transverse cross section over a
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circle of radius a, with the center of the beam
fixed along the pipe axis. Thus, for the charge
density of the unperturbed beam

Sl (e 2.1

where H(x) is the Heaviside unit function. For
the uniform beam e A is the charge per unit
length, while for the bunched beam e = eXN

f (z-zp- v{) with the function f(x) normalized
such that eN is the charge in the bunch

(Lw/’(’l)dx = /).

In the perturbed beam, we assume the
radius varies as (a + §) for monopole oscil-
lation and (a + § cos 20) for quadrupole oscil-
lation with the perturbation amplitude § given

5 L(j w )

g = -(I.Jt
£, ¢ (2. 2b)

(2. 239)

As a consequence of the perturbation, to first
order in % the charge density can be written
as

Lt gﬁ , (2.3)
where
%,_[é(d"”)"c%“(“‘a] {monopole beam) (2. 4a)

ﬁ_ e ) Cose (quadrupole beam) (2, 4b)

S(e-v)

Ta®

For a particle in the beam, the equations
of motion are

i

.sz_(w:-* SK)'X ; x = P (2. 5a)

2 v
{; :"(Nof‘gK)j b} "j :P(g (2, 5b)
El .

p,= @ and 3=V (2. 5¢)
W%ere Py, Py and P, are the conjugate
momenta, and the upper and lower signs cor-
respond to the monopole and quadrupole oscil-
lations. The contribution of both the external
fields and the elec&romagnetic fields due to R
are included inlJo , while the contribution of
the electromagnetic fields produced by /21 are
contained in the constant K. The values of K
are determined from Maxwell's equations and
the results are presented in Appendix A.

The transverse position of each particle
in the beam can be found by solving the equa-
tions of motion with some known initial condi-
tions. Knowing the position of every particle
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in the beam, in principle, we can construct
the charge density of the beam. A self-con-
sistent solution is obtained if the charge densi-
ty we constructed is the same as the one we
assumed ( /© in eq. 2.3). A convenient method
by which to obtain this self-consistent solution
is to find the particle distribution function in
phase space.

III. Self-consistent Distribution
Functions in Phase Space

In this section we proceed to find the self-
consistent particle distribution functions in
phase space, VY (x,y, 2, Py, Py, Py, t}, which
give rise to the charge densities assumed in
Section II. In analogy to Eq. (2. 3) we write

=[5 B2 o880 9.5 PSR-, (5. 1)

where Y o and Y, are the particle distribu-
tion functions corresponding to the charge
densities P, and Ay, i.e.,

f:"'efqng(?g,-%o)d“}v (3.2)

and

- ejmsm-%o)d’}; (5.9

In general, the particle distribution
function satisfies the Vlasov equation

coy oY 72F 5o¥
SErim Iy T Ron
(3. 4)
ot .28 -0,
+/§? afg+/§a/§

When we substitute egs. (2. 5) for the
time derivatives of the coordinates and momenta
and eq. (3.1) for ¢ into the Vlasov equation,
we obtain to first order in §

2% o 2 F 9%
Rix * 55 - msp iy = 6o

and
g po¥_nok
(i)W RS B3y iR

2 9%; 9%’1 ) % (3.6)
-5 =- k(257 ° 7&@)’

with the upper and low signs for the monopole
and quadrupole oscillations, and k = 0 for the
bunched beam.

When a self-consistent solution (/)o that
satisfies eqs. (3.2) and (3. 5) is inserted into
eq. (3.6), a self-consistent solution 1 that
satisfies eqs. (3. 3) and (3. 6) is found with the
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oscillation frequency, &/, obeying the disper-
sion relation

2 ) 2
> —(éy_ w):/{a . (3.7

The consequences of this dispersion relation
are explored in the next section.

IV. Consequences of the Dispersion Relation

In this section the dispersion relation,
eq. (3.7), is analyzed., The values of k are
restricted to kv = ns, with s» the revolution
frequency, n a positive integer for the uni-
form beam, and n equal to zero for the
bunched beam. It is convenient to write
W, =Ty with 2ZJ, the unperturbed number
of betatron oscillations per revolution, so that
we obtain for the dispersion relation:

z/‘i)ozfl_l- (I"ISI - w)z:
a[K @) + < Ki(w)], (4. 1)

where K, and Kj denote the real and imag-

inar arts of K. In practice
a K2 + K9 <<<7)057)" so that two of the roots

of eq. (4 1) for ‘w are:

w=(nT 27.)5

#ﬂ o [Kr(hil 'f'l”\)oq-)f L -(I"DTL ‘!‘27)051)]

For the case of the uniform beam the
sign of the imaginary part of K (e9) is
determined by the sign of e , so that

a Ke(lnst 2% )

(4.2)

.
w=(nt20e)n o .
7 {sign(n £ 20) “’“‘(Inntzﬁom) ’
’ 4'7)051

with the upper sign representing fast wave, the
lower sign representing a slow wave, and
Ki(4ns. = 2%  si|) > 0. Since the motion is
damped when imaginary part of ¢} is negative,
the fast wave is always damped, while the
slow wave is damped only for n<2 v o- How-
ever for n >2 o the slow wave grows
exponentially with an e-folding time ¢~ given by

= 412‘2 (4. 4)

ak;(lns -2v, )

For the bunched beam Kp(4)) = K.(-4)
and K;8) = -Ki(-@) so that the dispersion
relation is given by

w= * (oo akelitha))

ak; (24, a)
e Y P,

(4, 5)

Hence oscillation is damped if Kj(22 ,2)>0
and grows exponentially for Kij(2 I’OSI»)< 0
with an e folding time, T , given by
o~ - ‘7‘ 'Z/u =
T a4 (24h5) (4. 6)

Unstable monopole oscillations have very
long growth times (many years) and thus im-
pose no practical limitations on the design of
accelerators and storage rings. However, for
unstable quadrupole oscillations the growth
times are short enough to be of practical
importance., Hence, we restrict our attention
to only quadrupole oscillations. We find for a
single bunched beam that quadrupole oscil-
lations are always stable if

m< 24 < (m,hf) (4.7)

with vrman integer. For unstable quadrupole
oscillations the maximum growth rate, 1/71 ,
is related to the maximum growth rate of the
unstable dipole oscillations of Laslett, Neil,
and Sessler, 1 /71, by

= (%) "/ L, (4. 8)
(2 (,

In general, the actual growth rate is less that
(L) calculated from eq. (4.6) because, in the
analysis thus far, all of the particles have been
assumed to have the same unperturbed fre-
quency, W,, i.e., Landau damping has not
been considered. The effects of Landay damp-
ing will be discussed in the next section,

V. Landau Damping of
Quadrupole Oscillations

If there is a sufficiently large spread in
the unperturbed oscillation frequency, &)q, it
is possible to have stability as a consequence
of L.andau damping for cases in which the
stable condition eq. (4.7) is not satisfied. A
spread in&@, may be achieved by a spread in
the betatron oscillation frequency, ¥, due to
a variation in the oscillation amplitudes of the
particles, or a spread in the revolution fre-
quency, SL , due to an energy spread. Under
these conditions, the dispersion relation for
quadrupole oscillations of a uniform beam is

/__ f‘/naa)o /?l(a)/’(f)[u#(/"")v]d‘ldg (5.1)
Js eA[waoz‘(hﬂ_—w)z]
with
Qe Anc(b-a) (/o‘m‘) (5.2)
C‘)o X.gal 2 zbl
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3 2
. AnBle a
T ()
2TwT bﬂu\'o
where f(E) and P,(r) are the energy and

radial distribution functions of the particles,
normalized such that

!/(5)0(52 | and ,2’;7[\"[{, (\f)o{r =

and the other parameters are defined in
Appendix A, This dispersion relation is
similar to the dispersion relation that has been
treated exhaustively by Laslett, Neil, and
Sessler.l For the case where the spread in
the quantity, S, defined by

S=(n-27) 2
is larger than u2 + vZ |, the unstable oscil-
lations are Landau damped. But, if the spread
in S is smaller than Ju2 +v2 and nx2 7,

the oscillations are unstable and the maximum
growth rates are given by

and

(5. 3)

2 3
_ A BAC az
- z - .
Vo L b J.Zﬂﬁ‘(n-:zl)‘,)g_

A similar dispersion relation holds for
the quadrupole oscillations of a tightly bunched
beam ( ¥L /27 R<< 177 ), For this assumption
the oscillations are Landau damped when the
spread in 27 o5 is larger than [ AR + Af

where N
4= - Nrcc(b o) (bzﬂ-\)
r =727, 0 Ly bt \ 2k

V'cy%C L 2]_ Ccs“ilin-ﬁ (5 5)
Y be/mcrc;_[r("' VR Z ]

and

N BVC a

[__'2 Sin 47 n n1) ]
/4 Ju-’,(ngbﬁ‘ﬂa‘cf\’
But if the gpread in 2 7) SL is 1ess than
fArz + Ay and (m-1/2) £ 2 o<, the
quadrupole oscillations are unstable and the
maximum growth rates are given by

Lo 4

—~—

m

A -
= (5. 4)

(5. 6)

VI. Numerical Examples and Observations

In most accelerators and storage rings,
such as the Brookhaven AGS, Argonne ZGS
and SLAC Ring (proposed), the cross sections
of the beam and vacuum chamber are not circu-
lar. Therefore, the theory must be extended
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before it can be rigorously applied. However,
for the purpose of illustration, we calculate
the spread in (2 1)052,) necessary to Landau
damp quadrupole oscillations in these machines
and the maximum growth rate, using the
machine and beam parameters given below.

SLAC

AGS ZGS RING
R = 104 3x 103 3x 103 cm
I = 1.3x103 5.9x102 3x10 cm
V,= 8.5 0.8 5.25
¥ = 1.5 3 6 x 103
A= 1.3x108 3.2x108 3.7x109 cml
T = 1016 1016 0.4 x 1018 gec-1
a = 3 7.5 1 cm
b = 6 12.5 5 cm

For these parameters, the local damping
fields restrict the range of unstable oscil-
lations in the AGS to 8. 43< 7} < 8.5 or
8.99< 7} < 9. While a spread in 2 YV R equal

to \/A[.2 + Alz will produce Liandau dampmg
with
Aj = -.816 x 10% + . 93 ReG (2 V),

+.93 ReG (2¥),

oo
z /E'e 1297 nx
n=1 \/B

Ai = 7,04
and

G(x) =

A plot of ReG(x) and ImG(x) is shown in
Fig. 1. The maximum growth rate is
T'l— = - Ay sec’! .

m

Similar calculations are made for the ZGS
and SLAC Ring. For ZGS, oscillations may be

unstable when 0. 86 € 7/o< 1 or 0.36<2 <
0.5, with

Ap = - 0.95 x 103 + 0,55 ReG(2 V)
and

Ay = 0.46 + 0,55 ImG(2 V)
For SLLAC Ring, unstable oscillations may
occur when 5,41 < 7/ < 5.5 or 5. 91<‘l/
£ 6.0, with

AL =0.471 + 0,013 ReG(2 /)

and
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A, =0.0168 + 0.013 ImG(2 2/,).
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Appendix A

The perturbed electromagnetic fields
and hence the perturbed forces on a particle
are calculated from Maxwell's equation. The
value of K determined by the force is

K= —%
Myy §x
For the uniform beam we obtain for the mono-
pole and quadrupole oscillations:

_L

),33

(‘ +A53hw)

(A1)

(monopole)

G A a, w EﬁgI(K'%E)Z(?j)

ane

-+ (quadrupole)
B‘gb"a3 4 e

o HBAB | |7
(I-r;.S-jna) b; lzﬁ-a_w
and for the bunched beam we obtain:
K= Nc GNa B’ [F(ﬂ’) z)LrU v[T(‘?
f—'JaL nba’/q—/jcﬂj TR Y RMe

(A.3)

) 2
#Q&[P( Z) { ) ZL F'Q ) (monopole) (A, 4)
A A
o .
3K Na@c :211 < {57 2%\ iamed
+ ) ( 35~ ——s-\€
647163 [acTRY "(I'Tn)%‘ W) % ()%
h=
‘1YBN(‘°*Q)¢+ ZNGBCQ r( ) U)L ’-; 3)]
72 bR T frpeel
o on nﬂ(quadrupole) (A, 5)
2roNECa 297 Z
7¥ b’ [ipcTR (RTn %
where ro = cla551cal radius of the particles
L. = length of the bunch
R = radius of the machine
2 = “yﬁ.
[l

= conductivity of the pipe
and )_' (x) is the complete gamma function.
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