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Abstract
We study turn-by-turn fluctuations in the number of emit-

ted photons in an undulator, installed in the IOTA electron
storage ring at Fermilab, with an InGaAs PIN photodiode
and an integrating circuit. In this paper, we present a theoret-
ical model for the experimental data from previous similar
experiments and in our present experiment, we attempt to
verify the model in an independent and a more systematic
way. Moreover, in our experiment we consider the regime
of very small fluctuation when the contribution from the
photon shot noise is significant, whereas we believe it was
negligible in the previous experiments. Accordingly, we
present certain critical improvements in the experimental
setup that let us measure such a small fluctuation.

INTRODUCTION
Reference [1] reports on the results of experimental stud-

ies of statistical properties of wiggler and bending-magnet
radiation in an electron storage ring at BNL. A silicon PIN
photodiode combined with an amplifier and an integrator
were used to obtain a signal (the number of photoelectrons
N ) representing the number of detected synchrotron radia-
tion photons per turn. Then, the average amplitude of this
signal ⟨N⟩ was varied by a set of neutral density (ND) fil-
ters, and the dependence of var(N) on ⟨N⟩ was studied.
Experimental data from this experiment are plotted in Fig. 1.
In this plot, the noise of the apparatus (shown by the red
line) was subtracted. The authors concluded that for the
bending-magnet radiation var(N) ∝ ⟨N⟩, and for the wig-
gler radiation var(N) ∝ ⟨N⟩2. Qualitative explanation of
the results was provided in [1]. Here, we present a theoreti-
cal model for the effect, which can predict the fluctuations
very precisely, and then we repeat the BNL experiment in
IOTA [2] with several major improvements in the setup.

THEORETICAL MODEL
It was shown in [3, 4] that any classical current produces

radiation with Poisson statistics. Since a bunch of electrons
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Figure 1: Experimental data from [1], predictions for wiggler
radiation fluctuations made by our theoretical model, and a
linear fit for the bending-magnet radiation.

in a bending magnet, wiggler, or undulator constitute a clas-
sical current (negligible electron recoil), one may argue that
the turn-by-turn statistics for photoelectron count for any
of these kinds of radiation in a storage ring is Poisson, i.e.,
var(N) = ⟨N⟩, where N is the number of detected photons
(photoelectrons). However, it is not correct, because every
turn relative positions of the electrons in the bunch change
and hence, every turn, it is a new classical current. That
is, the incoherent sum of electromagnetic fields produced
by the electrons is slightly different from turn to turn, pro-
ducing different amounts of emitted power. These effects
result in the following equation for variance of the number
of detected photons

var(N) = ⟨N⟩ +
1
M

⟨N⟩2, (1)

where M can be identified with the number of coherent
modes [5], which depends on the kind of radiation (bending-
magnet, wiggler, undulator, etc.), the bunch parameters, and
the detection configuration. Although the Poisson contri-
bution in Eq. (1) is related to the quantum nature of emit-
ted light, the incoherence contribution (the second term) is
purely classical [6]. The expression for 1/M takes the form
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1/M = ∆/⟨N⟩2, with ⟨N⟩ = NeN
(1)
q.c. and

∆ = Ne (Ne − 1)
√
π

σz

∫
k4dkdΩ1dΩ2

× I(1)
kn1

I(1)
kn2

e−k
2σ2

x (θ1x−θ2x )
2−k2σ2

y (θ1y−θ2y )
2
, (2)

where the direction unit vectors n1 and n2 are defined as
n1 ≈ (θ1x, θ1y,1), n2 ≈ (θ2x, θ2y,1), Ne is the number of
electrons in the bunch, k is the magnitude of the wave-vector,
dΩ1 and dΩ2 are infinitesimal elements of solid angle, σx ,
σy , σz are transverse and longitudinal sizes of the bunch
(Gaussian shapes are assumed), I(1)

k
is the quasi-classical

spectral-angular distribution for the number of detected pho-
tons N (1)

q.c. in the case when there is only one electron in the
ring:

I(1)
k
=

dN (1)
q.c.

dk
, N

(1)
q.c. =

∫
dk I(1)

k
, (3)

with dk = dkxdkydkz = k2dkdΩ. In the above derivations,
we considered only one polarization, the beam divergence
was assumed negligible, and kσz ≫ 1.

We are now in position to compare experimental data
from [1] with our model’s predictions, see Fig. 1. We will
disregard the bending-magnet data (green triangle points
with a linear fit in Fig. 1), since the authors of [1] suspect
that the data actually represent the statistics of secondary
photons produced in the Pyrex vacuum chamber window
rather than the statistics of the original bending-magnet radi-
ation. As to the wiggler radiation data, we used the values of
parameters from [1] and performed the integration in Eq. (2)
numerically with expressions for I(1)

k
for wiggler radiation

from [7]. Our model’s predictions are plotted in Fig. 1 along
with the experimental data. It is noteworthy, that in this
experiment the quantum Poisson contribution (the first term
in Eq. (1)) was negligible. In general, the agreement is good.
However, the details of the experimental conditions are not
available anymore. In particular, it is difficult to analyze the
reasons for the small systematic discrepancy for the “loosely
focused beam” data. These considerations, combined with
the fact that fluctuations of the same nature are present in
SASE FELs [5,6, 8–10], motivated us to carry out an inde-
pendent experiment and to study the fluctuations in a more
detailed and systematic way.

MEASUREMENTS
Our studies were performed in the IOTA ring and only

concerned undulator radiation for now. Main parameters of
the experiment are given in Table 1. We used an InGaAs
PIN photodiode (Hamamatsu G11193-10R) connected to
an op-amp based transimpedance amplifier with a regular
RC low-pass filter (Rf = 10 kΩ, Cf = 2 pF, τ = 20 ns) in the
feedback. Thus, the number of photoelectrons generated in
the photodiodeN can be extracted from the signal amplitude
A by N = Cf A/e. To considerably improve signal-to-noise
ratio, we used a comb filter with a delay equal to exactly

Table 1: Experiment Parameters

IOTA circumference 40 m (133 ns)
Beam energy 100 MeV
Max average current 4.0 mA
σx , σy @1.3 mA 815 µm, 75 µm
σz @1.3 mA 38 cm
Undulator parameter K 1.0
Undulator period 55 mm
Number of periods 10
First harmonic wavelength 1077 nm
Photodiode diameter 1 mm
Quantum efficiency @1077 nm 80 %

one revolution in IOTA (133 ns). That is, we used a signal
splitter to obtain two copies of the initial signal from the
photodetector, then one of the copies was delayed by one
IOTA revolution, and then the two copies went to a hybrid,
which yielded their sum and difference, which, in their turn,
went to two channels of a Rohde&Schwarz RTO 1044 scope
@20 GSa/s. We will refer to them as Σ- and ∆-channels,
respectively. One experimental dataset constituted a scope
waveform of about 11000 IOTA revolutions.

We will denote the signal from the photodetector av-
eraged over many revolutions by S(t) (where t is within
one turn). Consider two consecutive revolutions with rel-
ative amplitude deviations δ1 and δ2, so that the signals
going to the comb filter are given by S1 = (1 + δ1)S(t) and
S2 = (1 + δ2)S(t). Irrelevant pre-factors due to attenuation
in the comb filter and the hybrid will be omitted hereinafter.
Then the two outputs of the hybrid are Σ = S1 + S2 ≈ 2S(t)
and ∆ = S1 − S2 = (δ1 − δ2)S(t). Basically, our goal was to
measure the turn-by-turn variance of the amplitude of the
signal from the photodetector A = (1 + δ)S(tmax), where δ
is different for each revolution, and tmax corresponds to the
maximum of S(t). Since var(a − b) = var(a) + var(b) for
independent a and b, it follows that var(δ1 − δ2) = 2var(δ).
Hence, var(A) can be found as var(A) = var(∆(tmax))/2;
var(N) can be determined by using N = Cf A/e.

The above formula for var(A) can be used when noise
is negligible. However, in the actual experiment with the
undulator, in ∆-channel, signal/noise ⪅1. Therefore, we had
to develop a special algorithm to subtract noise. Its idea is
that if we take the equation for ∆-channel at a fixed time t

∆(t) = (δ1 − δ2)S(t) + noise, (4)

and compute variance over many IOTA turns, then we get

var(∆(t)) = var(δ1 − δ2)S2(t) + var(noise), (5)

where variance of noise is just a constant. On top of this
constant level there is a peak ∝ S2(t), and one can deduce
var(A) from the height of this peak.

To test the proposed algorithm and find its error we took
measurements for a test light pulse source (laser diode
@1064 nm modulated by a pulse generator) with almost iden-
tical to IOTA’s time structure, but with larger fluctuations,
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Figure 2: Results of measurements with the test light source (a,b) and with the undulator in IOTA (c,d).

determined by errors in the modulating pulse generator (the
laser diode’s own fluctuations were negligible, possibly even
Sub-Poisson [11, 12]). The fluctuations were much larger
than the noise in ∆-channel and could be reliably measured,
they also remained constant with time. Then, we used a
number of different ND filters to reduce ⟨N⟩. In this case,
rms fluctuations of N decreased in proportion with ⟨N⟩,
since ND filters did not change relative fluctuations. Thus,
we had a very accurate measurement of relative fluctuations
at large ⟨N⟩, and a prediction for when we used ND filters
to reduce ⟨N⟩: var(N) = θ⟨N⟩2, where θ is the relative
fluctuation measured at large amplitude. The idea of the
test was that if fluctuations at small ⟨N⟩ (when signal/noise
⪅1) measured by the algorithm with noise subtraction agree
with the expected curve, then we can trust this algorithm. In
Fig. 2a,b, one can see that experimental points indeed follow
the expected curve very well. Figure 2b depicts the region
of fluctuations that were measured in the actual experiment
with the undulator in IOTA. Therefore, three standard devi-
ations from the expected curve in Fig. 2b were used as an
error bar for the plots for the undulator radiation in IOTA
in Fig. 2c (⟨N⟩ varied by ND filters) and in Fig. 2d (⟨N⟩

varied by changing bunch charge).

DISCUSSION
To make a theoretical prediction for M and, consequently,

for var(N), we had to know the dimensions of the electron
bunch in IOTA. It was determined experimentally with a
wall-current monitor that the longitudinal bunch size was
approximately constant for Ibeam > 0.65 mA, σz = 38 cm.
We believe that vertical emittance was determined solely by
multiple scattering in the background gas, and, hence, it was

independent of the beam current as well. We were able to de-
termine the ratio of vertical and horizontal emittances from
pictures of bending-magnet radiation at Ibeam = 1.3 mA. In
addition, we could compute the theoretical radiation damp-
ing rates for all three directions. Thus, the only unknown
parameters at 1.3 mA were horizontal emittance ϵx and mo-
mentum spread σp . We found these unknowns by balancing
the radiation damping rates for ϵx and σp with correspond-
ing simulated [13] intrabeam scattering growth rates. Thus,
at 1.3 mA we knew all parameters of the bunch, including
ϵy . At other values of Ibeam, we used the value of ϵy found
at 1.3 mA, and computed values of ϵx and σp by equating
the radiation damping and intrabeam scattering rates again.
Hence, we fully characterized the bunch dimensions and
predicted var(N) at all values of Ibeam > 0.65 mA, see the
red curves in Fig. 2c,d. However, there is still some uncer-
tainty in a number of parameters of the bunch in IOTA, and
also in the detection configuration. Therefore, the red curves
should be understood as our best guess, rather than a reliable
prediction.

Nonetheless, the agreement between our best guess and
the experimental data is fairly good. We collected data for
different values of bunch charge (see Fig. 2d), which was not
done in [1]. We worked with such bunch parameters, that the
Poisson contribution (dashed green lines in Fig. 2c,d) was
comparable with the incoherence contribution to the fluctua-
tions. Whereas in the BNL experiment, for wiggler light, the
Poisson contribution was negligible. This also implies that
the fluctuations in our experiment were smaller than in [1]
and we had to improve the precision of our measurements
by using the comb filter with one turn delay and the noise
subtraction algorithm. It is noteworthy, that the effect of
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fluctuations in undulator light may find an application in
beam diagnostics. Since these fluctuations depend on the
bunch size (see Eq. (2)), they can assist one in determining
dimensions of the electron bunch [14–17]. This technique
can be especially useful for very small bunches, when other
methods, e.g., camera images, cease to be reliable. However,
it should be understood that for the proposed method to work,
the electron bunch has to radiate incoherently.
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