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The Problem: A Beam-Driven 
Plasma Wakefield Accelerator

M. Litos, et al., “High-efficiency acceleration of an electron beam in a plasma 
wakefield accelerator”, Nature 515, 92-95 (2014).



A Model for Beam-Driven Wakes
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Solving the Vlasov Equation
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Phase space filamentation makes 
derivatives large after long times



The Vlasov Equation & 
Hamiltonian Flows
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Hamiltonian Flows & 
Symplectic Maps
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Split Operator Hamiltonian 
Perturbation Theory

H = H0 + εH1
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Hill’s Equation: A Quick Example
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Hill’s Equation: A Quick Example



Application to the 
Nonlinear Vlasov Equation
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S. Webb, “A Hamiltonian perturbation theory for the 
nonlinear Vlasov equation”, J. Math. Phys. 57, 042905 (2016)
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Short Drive Beam Approximation

f(p0, r0, ξ = 0) = δ (p0 − P (r0))

beam parameter

short beam transverse 
momentum kick

non-relativistic limit

initial distribution
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Zeroth Order Theory Predicts Wake Shape



Zeroth Order Theory Predicts Wake Shape



Analytic Estimate for the 
Decoherence Time
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Numerical Validation —  
A Symplectic Particle-in-Mode Algorithm

L =

∫
dx0dv0

{
−mc

√
1− ṙ2 − ż2 − r2θ̇2

+
q

c
ṙAr +

q

c
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Eigenmodes of a 
Cylindrical Cavity
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Particle Shape 
Functions
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The Spatially Discretized 
Relativistic Lagrangian
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(ȧm,n)
2
Cm,n − 1

Lm,n
(am,n)

2.



The Spatially Discretized 
Relativistic Hamiltonian

H =
∑
j

√√√√(pj − 2π
q

c

∑
m,n

Qm,n

√
2c

Cm,n
Fm,n(qj)

)2

+
�2j

mcr2j
+m2c2

︸ ︷︷ ︸
Hp−c

+

1

2

∑
m,n

(Pm,n)
2 +

1

c2
1

Cm,nLm,n
(Qm,n)

2

︸ ︷︷ ︸
Hf



Numerical Map

N = e− :Hf : h/2e− :Hp−c :he− :Hf : h/2



Field Map
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Particle-Coupling Map
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Proper Time vs. 
Lab Time Tracking
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Y.K. Wu, É. Forest, and D. S. Robin, “Explicit symplectic integrator for s-dependent 
static magnetic fields”, Phys. Rev. E 68, 046502 (2003).
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Proper Time vs. 
Lab Time Tracking
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Similarity 
Transform on the 
Magnetic Map
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Y.K. Wu, É. Forest, and D. S. Robin, “Explicit symplectic integrator for s-dependent 
static magnetic fields”, Phys. Rev. E 68, 046502 (2003).



The Full Integrator

13 map operations 
6 distinct maps
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a few unusual 
properties…
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