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Abstract

A m et hod i s  der i ved for  appl yi ng t he par t ic l e-c ore 
ana l ys is  t o m i sm a tc hed bea m s  i n a per i odic  foc us ing
cha nnel .  B y ca re ful l y choos i ng t he para m et er s t o yi el d a
favorable core frequency, Poincaré surface of section plots
ar  e obt ai ned.  The  pl ot s for  a per i odic  s ol enoi d cha nnel 
exhi bi t  a s t ri ki ng re s em bl anc e wi t h t he cont i nuous 
foc us ing ca s e,  whi l e t hos e for  an F ODO cha nnel  exhi bi t 
s t rong cha  os i ty whi ch i s  not  s ee n i n t he cor re spondi ng
continuous situation. Some typical numerical results and a
way to find adequate parameters are presented.

1 INTRODUCTION
In recent years, halo formation in intense ion beams has

bee n ext e ns ive l y s t udie d i n bot h t heore t ic al  and num er ic al 
ways. In these studies, the so-called particle-core model [1]
has  bee n fr eque ntl y us ed.  In t hi s m odel , we  us ual l y
cons i de r a bea m  propa gat i ng i n a cont i nuous  foc us ing
cha nnel  and as s um e t hat  i t s cor e has  t he Ka pchi ns ki j- 
Vl adi m i rs ki j  (K V) di s tr i buti on.  In t he m ac ro-pa rt i cl e
s i mul a ti on s t udie s  of t he cont i nuous l y foc us ed bea m s ,
features such as the separatrix and fixed point locations are
found t o be i n good agr ee me nt  wi t h t hos e obt ai ned wi t h
the particle-core model [2].

The  hal o prope rt i es  i n per i odic al l y foc us ed ca s es  have 
al s o bee n s t udie d s el f- cons i s t ent l y, and a cl os e 
re s em bl anc e t o t he cont i nuous  foc us ing ca s es  i s  found for 
a per i odic  s ol enoi d cha nnel  unl es s  i ns ta bi li t i es  due t o
s t ruct ur e-dr ive n re s onanc es  occ ur [3] . Though t he rol e of
t he par t ic l e-c ore  re s onanc e i n per i odic  foc us ing s i tua t ions 
ca n be di re ct l y i nves t i gat ed by appl yi ng t he par t ic l e-c ore 
model, it has never been done in mismatched cases mainly
due t o t he di ffi c ult y i n fi ndi ng t he funda m ent al  fr eque ncy
of the system. In the particle-core model, Poincaré mapping
t ec hnique  i s  an es s e nti a l t ool  t o exa m ine  t he s t abi l it y
prope rt i es  of t es t  par t ic l es , but  we  nee d t o know t he
fundamental frequency of the system to use this technique.
It is generally difficult to know the fundamental frequency
in periodic focusing cases because there are two sources of
periodicity, namely; the external focusing field periodicity
and that due to initial beam-size mismatch. As the envelope
i s  known t o be s t abl e wi t h a re as ona ble  choi c e of
par  am et e  rs , we  t ry t o obt ai n t he funda m ent al  cor e
fr eque ncy re s tr i ct i ng our i nt ere s t t o t he ca s es  whe re cor e
oscillation is stable.

2 PERIODIC SOLENOID CHANNEL
As s um i ng t he axi a l s ym me t ry of t he foc us ing cha nnel , 

the time evolution of the beam envelope is governed by the
envelope equation,
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whe re R b i s  t he bea m  ra di us,  κ(s )  i s  t he per i odic  func t ion
re pre se nt ing t he ext e rnal  foc us ing fi e ld s t rengt h,  K i s  t he
generalized perveance, ε is the rms emittance of the beam,
and i ndepe ndent  var i abl e s  i s  t he di s ta nce  m ea s ured al ong
t he bea m  l i ne. The n, i n t er ms  of di m ens i onle s s  var i abl es , 
Eq. (1) becomes
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whe  re τ = s S i s  t ake  n as  t he i ndepe nd var i abl e wi t h S 
bei ng t he foc us ing per i od. The  func t ion ϑ τ( ) i s  re l at ed t o
t he ze ro- curr ent  phas e  adva nce  σ0,  and Γ i s  re l at ed t o t he
t une depr es s i on η,  nam e ly,  t he ra t io of t he s pac e- char ge
depr  es s ed phas e  adva nce  t o t he ze ro- curr ent  phas e 
adva nce . The  m at che d s ol uti on R 0 of Eq.  (2)  ca n be
obt ai ned wi t h t he hel p of an opt i mi z at i on code . F or l at er 
reference, we here introduce a mismatch factor defined as
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It  s houl d be not ed t hat  R 0(0)  cor re sponds  t o t he m axi m um 
of t he m at che d bea m  ra di us s i nce  t he ori gi n of t he
coordinate τ is located at the center of a focusing solenoid.
Wi t h us e of t he s m ooth- appr oxim a ti on,  Eq.  (2)  ca n be
written as
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whe re Rs  i s  t he s ca l ed bea m  ra di us i n t he appr oxi ma t ion. 
In we akl y m i sm a t che d ca s es ,  t he phas e  adva nce  of t he
bre  at hi ng m ode os ci l l at i on of t he enve l ope ca n be
approximated by
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whe re we  us e a com bi nat i on of a s i mpl e  per t urbat i on
method and an averaging method.

We  her e as s um e t hat  t he os ci l l at i on of t he cor e ca n be
appr oxi ma t ed by a s i mpl e  com pos i t ion of t wo os ci l l at i on
m odes ,  nam e  ly;  one i s  exc i te d by t he i ni ti a l bea m -s i ze 
m i sm a tc h (mi s mat ch mode ) and t he ot her  i s  exc i te d by t he
per i odic  nat ur e of a foc us ing s t ruct ur e (s t r uct ur e mode ). 
B as ed on t he s m ooth- appr oxim a ti on ana l ys is  above , t he
phase advance of the mismatch mode is expected to be σm.
On t he ot her  hand,  t he funda m ent al  per i od of t he s t ruct ur e
m ode i s  appa re ntl y s ynchr oniz ed wi t h t he foc us ing
s t ruct ur e. Thus , i t  i s  obvi ous  t hat  i f σ πm 2  i s  a ra t iona l 
num ber  n/ m,  t he m i sm a tc hed enve l ope i s  exa ct l y per i odic 
i n τ wi t h t he per i od of m t i me s  a foc us ing per i od. In s uch
ca s es ,  we  ca n ea s i ly obt ai n a P oinc ar é s urf ace  of s ec t ion
pl ot  by pl ot ti ng t es t  par t ic l e l oca ti on eve ry m foc us i ng
per  i ods.  Tha  t i s  our s t rat e gy t o appl y t he par t ic l e-c ore 
method to mismatched beams in a periodic channel.

Finally, we write down the equation of motion for a test
par t ic l e. As s um i ng t hat  t he cor e has  a KV di s tr i buti on and
t es t  par t ic l es  have  no augul ar  m om ent um , t he equa t ion of
motion in terms of the dimensionless variables is given by
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F igur  e 1 s hows  an exa m ple  i n whi ch we  cons i de r a

periodic solenoid channel having σ0=45° and a 50% filling
fa ct or,  and t he bea m  par am et e rs  ar e s et  t o be η= 0.5 and
M = 0.3.  The se  par am et e rs  ar e det e rm i ned t o yi el d
σm = 360/5= 72°  by Eq.  (5)  wi t h t he hel p of an opt i mi z at i on
code . As  s hown i n F ig.  1,  t he funda m ent al  per i od of t he
cor e os ci l l at i on coi nc ide  wi t h fi ve  foc us ing per i ods wi t h a
very good accuracy. We can also see in Fig. 1 that the core
os ci l l at i on i s  al m os t  dom i nat ed by t he m i sm a tc h m ode, 
and t he cont r ibut i on fr om t he s t ruct ur e m ode i s  fa i rl y
s m al l . P lot t i ng t he s i ngle  par t ic l e pos i ti on eve ry fi ve 
foc  us ing per i ods,  we  s ucc es s ful l y obt ai n a P oinc ar é
s urf ace  of s ec t ion s hown i n F ig.  2,  whi ch exhi bi t s  a
striking resemblance with continuous focusing cases.

3 FODO CHANNEL
The   s am e   m et hod i s  al s o appl i ca  bl e t o t he bea m s  i n

cha nnel s  wi t hout  an axi a l s ym me t ry s uch as  F ODO
cha nnel s . As s um i ng t hat  t he ze ro- curr ent  phas e  adva nce 
and em i t t ance  ar e t he s am e  i n t he hori z onta l  and ver t ic al 
di re ct i ons,  t he enve l ope equa t ions  ar e gi ven i n t er ms  of
dimensionless variables as
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F igur e 1:  Ti m e-e vol uti on of t he bea m  enve l ope i n a
per  i odic   s ol enoi d cha  nnel .  S oli d l i ne:  per i odic  s ol enoi d
channel. Broken line: smooth-approximation.
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F igur e 2:  P oinc ar é s urf ace  of s ec t ion pl ot  for  a per i odic 
s ol enoi d cha  nnel .  The   s am e   par  am et e  rs  wi t h F ig.  1 ar e
employed.
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and
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whe re X and Y ar e,  re s pec ti ve ly,  t he s ca l ed bea m  hal f -
width for the horizontal and vertical directions.

Not e her e t hat  not  onl y t he bre at hi ng but  al s o
quadr upol e m ode os ci l l at i on ca n be exc i te d i n an F ODO
cha  nnel .  F or t he quadr upol e m ode os ci l l at i on, t he
frequency of the mismatch mode is given by
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The  equa t ions  of m ot ion for  a t es t  par t ic l e i ni ti a ll y

located on the horizontal plane can be written [4] as
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F ir  s t,  we   wi l l  cons i de  r t he ca s e whe re t he bre at hi ng

m ode os ci l la t ion of the  c ore  is  e xci t ed.  F i gure 3 shows  an
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F igur e 3:  Ti m e-e vol uti on of t he bea m  enve l ope i n an
F ODO cha nnel  (br ea thi ng os ci l l at i on ca s e) . S oli d l i ne: 
horizonral half-width. Broken line: vertical half-width.
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F igur e 4:  P oinc ar é s urf ace  of s ec t ion pl ot  for  an F ODO
cha nnel  (br ea thi ng os ci l l at i on ca s e) . The s am e  par am et e rs 
with Fig. 3 are employed.
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F igur e 5:  P oinc ar é s urf ace  of s ec t ion pl ot  for  an F ODO
channel (quadrupole oscillation case).

 
exa m ple  i n whi ch we  cons i de r an F ODO cha nnel  havi ng
σ0= 45°  and a 50% fi l l ing fa ct or,  and t he bea m  par am et e rs 
ar e s et  t o be η= 0.5,  and M = 0.3.  We  ca n s ee  i n F ig.  3 t hat 
t he m odul at i on of t he cor e os ci l l at i on due t o t he per i odic 
nature of the focusing field is much larger than in periodic
s ol enoi d ca s es .  A P oinc ar é s urf ace  of s ec t ion pl ot  i s 
obtained as shown in Fig. 4.

S econd,  we  cons i de r t he ca s e whe re t he quadr upol e
m ode os ci l l at i on i s  exc i te d. F igur e 5 s hows  t he P oinc ar é
pl ot  for  a cor e exe cut i ng t he quadr upol e m ode os ci l l at i on.
An FODO channel having σ0=52° and a 50% filling factor
is considered, and the beam parameters are set to be η=0.5,
and M = 0.3.  The se  par am et e rs  ar e det e rm i ned aga i n t o
yield σm=72°.

B oth pi ct ure s  s how s t rong cha os i ty whi ch i s  not 
obs er  ved i n s ol enoi d ca  s es .  It  s ugges t s  t hat  t he s t rong
m odul at i on of t he cor e os ci l l at i on due t o an al t er nat i ng-
gra  di ent  foc  us ing fi e  ld af fe ct s  t es t  par t ic l e s t abi l it y,  and
causes an increase of the halo intensity.
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