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ABSTRACT 

A 2D Frequency Domain Finite Element Method (FD FEM) 
code for cylindrically symmetric ca\'itics is presented. Third 
order approximation of the field function and the approxi­
mation of a domain with both straight and curyilinear trian­
gles, allow high accuracy, even for a very sparse mesh. A test 
of the program and a practical example of rf structure 
computation are given. 

DESCRIPTION OF THE METHOD 

For the TMOxx type resonant modes of any cylindrically sym­
metric structure one can formulate the field problem in a form 
of the Helmholtz equation. This equation for the angular 
magnetic field component H", (the only component of the 
magnetic field) is as follows: , , 

(V~H)-ql)HcpOOO (1) 

where V~ is the Laplacian "ith axial symmetryl . Boundary 

conditions "hich should be usually fulfilled are: n'H'I'=() 
and/or ~=O. Using the field function u= rH<p equation (1) and 
the boundary conditions can be written in the new form: 

C[Ir:ul r:[laul u - -- +- -- +)--0 
Or rer (+,. r(+" 'r-

(Z.l) 

1 
Cu = 0 electric short 
On 
u = 0 magnetic short 

(Z.Z) 

where 1.=W:'CIl. 

All field components can be fmmd when u is known: 
I IE'll I 1i:1I u 

E =-,-- E =--,-- H =-
r io)c r Cz' Z iOlc r Or' cp r . 

We will look for the solution to the eigenvalue problem (2.1) 
in SobolC\' space Hl(~ll/r): 

I {2 C... (\ } H (~2.lIr)= \'EL (~2.l/r):-;-,~EL2(Ql/r) 
cr Cz 

(3) 

The domain n is the axial cross section of the structure, and 

L '(iU") i, 1h'I;::~ :J :'~~d'dz <~} (4) 

1 G r 

"ith the inner product: 

2 f YI"2 
\7'vl' v 2 E L (!:2.11 r):< "I' "2 >I'r= --drdz (5) 

n r 
Multipl~ing (2.1) with a function "EHI(OJ/r) and integra­
ting by parts, one obtains a weak formulation of the problem. 
For c.1ch solution {A,u} the weak formulation is: 

A(u,u)-J.<u,u>I'r=O (6) 

Due to the symmetl)' system of the cylindrical coordinates 
{r.'l'.z} will be used. 

where A is the bilinear form: 

f I i)\' I i)v 2 av I (\. 2 
A(YI' V2) = -(-;)--;::-+-;-;;:-)drdz (7) 

,~r cr 01 cz cz 

To define the finite dimensional subspace Vh c HI(n,lIr) in 
which we \\ill look for the numerical solution to (6) one has 
to divide domain n into parts as it is shown in Fig. I. The 
triangulation results in two triangle types: SI,with one cuni­
linear side and TJ with straight sides: 

n=UTuUS j . J . 
J I 

Each triangle is assumed to be a transformation of the stand-

r 
Q 

z 
Fig.1 Triangulation oflhc domain n. 

Fig.2 lsoparanlctric mapping from T~ 'Jj (Si) 

ard triangle To (Fig.2). The mapping 'l.{ To~TJ or XI: To~Si 
is defined as proposed by M.Zlamal [\]: 

{ 
r = rk I +(rk2 - rkl X; + (rk3 - rkl)ll+(I-1;; -rj}<I\ 

Xk = Z = zkl + (zk2 - zk\)1;; +(zk3 - Zkl)ll +(1-1;; -rj}'Pk (8) 

Here, k is either i or j depending on the triangle type, (rknJkn) 
are coordinates of the nodes Q.." n=1..3, and C;;,llE[O)). The 
cUf\ilinear side of each SI triangle is approximated by a 3rd

_ 

order Hermite pol)l1omial. This simplifies <l>k and 'Pk: 

<l\ (11) = ak 11 + bk 112 (9.1) 

'Pdll) = ck 11 + d k 112 (9.2) 

The coefficients: ax, ~, Ck. c4 are given by the parametric 
description of a cuf\ilinear side: r=<p(s), z=\jf(s) for SE[SI,S3] : 

dq>k 
ak=(S3-SJl~(SI)-rk3+rkl (10.1) 

dq>k dq>k 
b k =2(rk3-rkl)-(s3-SI)(~(SI)+~(S3)) (10.2) 
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d\l'k 
Ck = (S3 - S')Ts(S,) - Lk3 + Zk, (lO,3) 

d'l'k d'l'k 
d k = 2(1.1..3 -ZI..,)-(S3 -S')(-d~(S')+ds(SJ» (10.4) 

The approximation of curvilinear sides eauses S-type 
triangles to be approximated by triangles S· having a new 
cunilinear side and thus the whole domain n is approxima­
ted ~' the new domain n -, Subspace Vh c HI (n.l/r) will be 
made of functions Vh defined in the following way: 

, _ , _ {"j(r.z) for (r.z) E Tj 
, h (r. z) = , I.. (r.z) -

vdr.z) for (r.z)ESj 
(11.1 ) 

where: 

Vk (r.z) =' (w 0 ZJ.:' )(r. I.) (11.2) 

and w is the 3rd-order polynomial over the triangle To: 

.., .., 3 
\\\:::,T])= b 1 +b2:::+b3T]+b4l;~ +bs ST]+b6 T]- +h7L: + 

,...2 y : 3 
+hs'" T]+ h9~T] + hlOT] (113) 

Nodes (sec Fig,2) and node parameters at To ha,e been cho­
sen for determination of the polynomial w(l;;.T]): 

for trianRles with one side on axis: 
nodes: WI=(O.O). Wc=(J.O). W1(O.l). W~(l/2,() 

(!IV 
parameters: w(Wn ) and a:-(Wn ) for n=1,2.3 

.., 

for n=1.2,3,4 

fur uther trianR/es: 
nodes: WI=(O.O). W,=(J.O). W,(O.I). W o(l/U/3) 
parameters: w( W n ) for n=0.1.2.3 

for n=1.2.3 

GENERAL EIGENVALUE PROBLEM 

The triangulation yields new expressions for both integrals in 
(6): 

I (-:\, (;\' I Cv ' Cv J -«-' _h )2 +(~h)2 )drdz = L J _«_J)2 +(~)2 )drdz+ 
• r Dr (7. ' r Dr CL 

~2 J lj 

Y J I (:1, j 2 (:1' j 2 
+ L. - «-) + (-) )drdz (12.1 ) 

j s·r i:T C7. 
" 

f ~(v~)drdz=Lf!(vr)drdz+LJ!(Vf)drdz (12,2) 
Q- r j T/ j s;r 

The way we choose node parameters and the transformation X 
detemlines for each triangle of the domain n vector l'h and 
matrices A, and ~ such that: 

f 1 (;\' k 2 C\' k 2 T 
- «----;;:-) + (--;:-) )drdi: = (l'h) A k l'h (13.1) 

S'ofT r c. LZ 

J I 2 T 
-('ddnlz=(l'h) Bk"h (H2) 

S'''fT r 
Vector "h contains both values of the function Vh and values of 
its derivatives: (;\'JDr and CVJC7~ at points Qn=X(Wn) (sec 

Fig,2). The dimension of the vector, depending on the posi­
tion of the triangle. is: 

\0 if triangle does not touch axis, 
7 if there is one node on the axis, 
3 if triangle has one side on the axis, 

The set of linear equations relating "h to the coefficients 
b=(bl. b2" .. ) is: 

where: 

rl 0 0 0 

\ 

Or ilz 
o -(WI) -(WI) ° 

i7; 0:; 

l Or'" 
o -(WI) -(WI) 0 

1 

i1rl i1rl 
o () 0 

o 

o 

(14) 

q T =(',S,Tj.s2 ,STj,Tj2 ,s3 'S2T),STj2 ,Tj3) 

q~[ =(O,I,O,2S,Tj,0,3l;2 ,2STj,Tj2 ,0) .., 

o o o ol 
o o o o 01 

o o <) o 0\ 

o 
OrO ilz° 0 ° ° 01 

o -tWo) -CWo) 0 0 0 01 
0:; - 0:; -

o ~ (IV ) ilz (Wo) 0 ° 0 0 1 A, =1: : o 
Or] 2 Vtl -

o 0 0 1 0 0 01 
Or ilz 

o 0 0 -(IV3 ) -(IV,) 0

1 

0:; 0:;' 

Or ilz 

10 0 

1 0 0 

o 

° 
o -(IV3 ) -(IV3 ) OJ 

Or] Or] 

o 0 ° ° 1 l: : o o o 

° o o 

Matrices Ak and Bk arc given by the formulae: 
T -T -I Ak = Ak ,S ,DI,S ,Ak (15.1) 

Bk = AI ,S-T ·D2 ,S-I.Ak (15.2) 

where matrices DI and D2 represent integration of products: 
T T T T 

q<;xq<; q<;xqT] qTjxqTj qxq (16) 

over To, resulting from the change ofyariables (r,z) to (s.T]) 
in both integrals (13.1) and (13.2). 
The global numbering of all nodes yields the matrix general 
eigenvalue problem for the global matrices A, B and the 
global ycctor Vh: 

(17) 

The presented method has been programmed in FORTRAN-77 
and equipped ,,,ith a mesh generating subroutine. written 
especially for this code, 
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TEST AND EXAMPLE 

T\\o rf ca,;tics: pill-bo:-. and sphcrical. for \\hich solutions to 
( I) arc gi"en by Bessel functions. hayc been used to cstimate 
com'ergence of the FEM solution YS. mcsh size N (number of 
unknO\\TIs). Fig.3 and 4 present frequency error abs(dUl) \'s. 
N for thc lowest frequcncy modcs. Sincc. the prcsented codc 
allows the mcsh to be sparse. both diagrams contain few 
rcsults for thc manually prepared mesh (FEM MM). Other 
rcsults haye been obtained with a gencrated mesh (FEM MG). 
The quality of thc solution obtained with thc generated mesh 
scems to be. from thc application point of yiew. thc most 
interesting. E:-.pccted eigcm'alue (frequcncy) convcrgence of 
the FEM presented here is O(h'). Since. h:::(N)l '2 • frequency 
should conyergc as O(Nc '). The plotted error is a sum of: a 
FEM appro:-.imation error. an algebraic soh-cr error. a mesh 
generator error and a numerical integration error (only if SI 
triangles are used). In the case of the pill-box ca,;ty com'cr­
gence is better then O(Nc 9) for whole range of N. For the 
spherical ca,;ty conyergence is slowcr due to the numerical 
integration procedure. Ncvcrtheless. in both cases for N-350 
the error is smallcr then Hr'. For comparison. URMEL and 
URMEL-T rcsults are included in both diagrams [2.3]. 

---.------ --- _.- - ---- -----. --- ------- - • 1 

4 rEM N G TEN N N • URN EL .URME~_j 

11-01 • , • 
IF.-O' 

C- 14 i:;:; 

:s 1 E-05 ~ -- ,:- &.:----

'" .0 
~ 1 E-07 

IE-09 
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FIg ~ 1'111-00'\ (r={)()4m. 1=0.1 m) frequency error abs(df/f) vs. N. 
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Fig 4 Spherical cavitv (r={) 1m), frequency error abs(dUf) vs. N. 

In Fig.5 computed parameters of the inner cell of sc TESLA 
cayity are prcsented (4]. All FEM rcsults (a.b,c) show regular 
behayior ys.N. The frequency ofthc fundamental mode prc-

a) b) 
1302 115 

• • 
f 

R/Q 

[MHz] 
[Q) 

105 1300.5 
0 250 500 750 1000 0 2~0 500 750 1 000 

c) d) 

~15 • 2.15 • • 
Ep~ak • E~ak •• 
Eace Eace • • • • •• • 

1~ 1~ 
o 250 500 750 1 000 0 5000 1 0000 15000 20000 

Fig.S Inner cell ofsc 'fl~SLA structure. a) fvsN, h) (RlQ) vs. N, 
c) EpeaklEacc vs. N ( FEM) d) Epeak/Eacc vs. N (URMEL) 

dicted by thc FEM codc f=\300.9MHz was in agreement \\ith 
the measured value on all fivc Cu models of the TESLA 
structure. The prediction of URMEL was f= 1300.1 MHz 
(N=50000/cell) 15). The change of EpcaklEacc ,·S. N 
computcd by thc FEM code (c) is smoother due to the 3rd

_ 

order approximation of the boundary, as compare to the 
values found by URMEL (d). The regular field distribution on 
the metal wall allowed estimation of the frequency changc 
caused by chemical treatment. The computed value of df = 
-13KH7Jflm has been rceently confirmed by the measurement 
on the Nb prototype. Trajectory computation of multipacting 
electrons requires well defined fields on the metal wall. 
Preliminary calculations obtained "ith new dcveloped code 
[61 show that using as the input FEM fields. gives more 
promising rcsults than using as the input fields obtained "ith 
codes based on Finite Differencc Method. 
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