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Abstract 

In this study, the dipole instability of the positron beam 
in a linac-on-ring collider is investigated as a multi-collision 
process. An integral equation for the vertical displacement 
of the positron beam in a beam-beam interaction is derived 
based on the cold fluid equations using the ribbon beam 
model[l, 2], where the force on the centroid of the elec­
tion or positron bunch is approximated to be linear with 
their mutual offset. The integral equation is solved to the 
first order of iteration, assuming the phase shift for the 
positron bunch during each collision is small. Including 
only the linear betatron oscillation for the ring dynamics, 
the theory shows that in collisions with non-zero offset, 
the kink instability will cause a coherent growth of the 
transverse displacement of the positron beam. Simulation 
confirms this conclusion with good agreement. 

Introduction 

In a linac-on-ring B-factory, the high disruption of the 
electron beam affects the dynamics of the positron beam, 
making the stability of the positron beam in the ring an 
important issue for such a colliding scheme. In this study 
we have derived an integral equation for the vertical dis­
placement of the positron beam in a linac-on-ring beam­
beam interaction. The integral equation is based on the 
ribbon beam model and is solved to the first order of it­
eration, where we assume the phase shift for the positron 
bunch during collision is small (wp le /2 ~ 1). This analy­
sis reveals the coherent instability for the positron beam in 
a multi-collision process, which agrees well with the sim­
ulation results. Here only a linear matrix for betatron 
oscillation is considered in the ring. 

Further studies showed that the transverse growth of 
the positron beam due to kink instability discussed in this 
paper can be suppressed when synchrotron motion is taken 
into account; the results will be presented in later works. 

Equation of Motion for the Vertical Displacement 
of the Colliding Beams 

For a charged beam, the dynamics of beam-beam inter­
action is governed by the cold fluid equations. Usually a 
beam is Gaussian in both transverse directions. We here 
study the case of a ribbon beam (O"x ~ O"y), where the 
beams are assumed to be uniform in the x direction so 
that the transverse degree of freedom is reduced to one. 
This model can serve to manifest the coherent beam-beam 
effect with relatively simpler analysis. 

Let Np be the total number of positrons in the positron 
bunch, and O"px, O"py and O"pz be the rms bunch sizes in 
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the x, y and Z directions for the positron beam respec­
tively. Also we denote YP as the vertical displacement of 
the positron bunch at given Z and t, and pp as the line 
density function of the positron beam. The oscillation fre­
quency for a single paraxial electron passing through the 
positron beam is WeO 

(1) 

where Dey is the electron disruption parameter 

D 
_ 2Np roO"pz 

ey -
leO"py(O"px + O"py) 

(2) 

with ro, the classical electron radius; and Ie, the energy 
Lorentz factor for the electron beam. A set of analogous 
definition can be applied to the electron bunch by simply 
changing the subscript p to e. 

In order to follow the dynamics of each beam, we trans­
form the longitudinal coordinate Z to the coordinate sys­
tem Ze comoving with the electron bunch, and zp comoving 
with the positron bunch. The vertical displacements of the 
two bunches are then 

Ye(Ze,t) = Ye(z,t) and Yp(zp,t) = Yp(z,t) (3) 

for Ze = t-z and zp = t+z . Here we set c = 1, so that the 
longitudinal velocity of the electron bunch is U ez = 1, and 
the longitudinal velocity of the positron bunch is upz = -l. 

Let Ie and Ip be the bunch lengths for the electron and 
positron bunch respectively. To the first order approxi­
mation, we assume that the average force on each bunch 
is linear with the offset of the two beams. As the conse­
quence, we obtain a set of coupled differential equations of 
motion for the vertical displacement of the longitudinally 
uniform beams: 

82Ye(ze, t) 2 2 
8t 2 +WeYe(Ze,t) = weYp(2t - ze,t) 

( Ze < t < Ze + Ip ) 
2 - - 2 

82Ye(ze, t) = 0 
8t 2 

(0 < t < Ze Ip + Ze Ie + Ip) and --- < t < --- -2 2 - - 2 

(4) 
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for 0 ~ Zp ~ Ip, with 

Here Ie and Ip are correction factors related to both the 
electron and positron distributions, which are taken to be 
constants in this study. Equations (4) and (5) are the 
fundamental tools for solving the behavior of the positron 
bunch in the beam-beam interaction. 

Integral Equation for the Positron Beam 
and Its First Order Solution 

We first proceed to solve the equation of motion by shift­
ing the origin of time for any given slice of the electron 
beam to the moment when the positron bunch starts to 
pass through that slice. Define Te = t - ~ , and 

ye(e)(Ze, Te) = Ye(ze, t); Yp(e\zp, Te) = Yp(zp, t). (7) 

Then Eq.(4) for ze/2 ~ t ~ (ze + Ip)/2 can be written as 

82ye(e)(Ze, Te) 2 (e) ) _ 2 (e) Ze 
8 2 +WeYe (Ze,Te -WeYp (2Te,Te+-) (8) 
~ 2 

Ip 
for 0 ~ Te ~ 2' Solving the above eqation by 

Laplace transformation on the Te variable, we can ex­
press Ye( e) (Ze, Te) in terms of its initial conditions and 
Yp( e) (zp , Te). Analogously, we define Tp = t _ zp , and 

2 

Yp(p)(zp, Tp) = Yp(zp, t); ye(p\Ze, Tp) = Ye(ze, t). (9) 

The same scheme of Laplace transform is also applied to 
Eq.(5). This leads to a coupled integral equation, which 
can be combined into one integral equation for the positron 
beam. For a constant initial offset Yo of the electron beam, 
we have ye(e)(Ze, 0) = Yo and Ye(e)1 (ze, 0) = O. The ultimate 
integral equation for Yp(p) (zp, Tp) is then 

(10) 

where Yp(O\zp, Tp) represents the initial condition of the 
positron beam and the effect of initial electron offset on 
the positron beam: 

over T~ is related to the evolution of positrons due to their 
interaction with the electron beam. 

The integral equation can be solved to the first order 
iteration when (wplel2)2 ~ 1, corresponding to the case 
when the phase shift of the positron beam in each collision 
is a small number. This yields 

y,(p\ ) - y,(O)( ) 

'+ ::'(~') t d:;~~:w,(r, -r;) 
x t· dz' sin we(zp - z;)y(O)(z' r') 

Jo p 2 p p' p 

(12) 

(0 ~ zp ~ Ip, 0 ~ Tp ~ le/2). 

Denoting as Xo the vectors for the initial positron state at 
t = 0, and as X, the vectors for the final positron state at 
the end of of first collision at t = t, = (Ie + Ip) /2, 

X - [ Yp(zp,t,) ] d X - [ Yp(zp,O)] (13) ,- y,( t) , an 0 - Y'( 0) . p zp, , p zp, 

We are able to write the final state of the vertical displace­
ment for the positron beam at t = t, in terms of its initial 
state at t = 0 according to Eq.(12): 

X, = M(B) Xo + A + AO(Xo) + AP(A). (14) 

The matrix M(B) represents the linear betatron oscilla­
tion matrix due to beam-beam interaction along with the 
drift before and after the interaction. In the case when 
wp le /2 ~ 1, we have 

(15) 

The vector A is defined to describe the effect of the initial 
electron offset on the positron beam 

( 

wezp [1 wple wp(lp - zp) . wple] ) Yo cos -- - cos -- + sm --
A= 2 2 2 2 

wezp . wple 
YowP cos -2- sm -2-

(16) 
The operators 0 and P are actually matrices with their 
elements being integral operators: 

t,/2 
AO(XO) = Jo dT; wpG(le/2 - T;) 

l
Z

• , We . we(zp - z;) " 
x dzp - sm Ft(zp, Tp), 

o 2 2 
(17) 

t'/2 
AP(A) = J

o 
dT; wpG(le/2 - T;) 

l
z

' d ' We . we(zp - z;) (' ') 
X zp - sm F2 zp, Tp , 

o 2 2 
(18) 

(11) where the vector G(Tp) in the above integrands is 

In Eq.(10) the integral over z; is related to the evolution of 
electrons due to the passage of positrons, and the integral 

(19) 
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(20) 

(21) 

Equation (14) makes it possible for us to study the 
positron beam instability in a multi-collision process. Ap­
plying Eq.(14) N times, and keeping only the first order of 
A, we obtain a general expression of XN for the positron 
state before the (N + 1 )-th collision in terms of the initial 
pre-collision state X o, which describes how the positron 
bunch evolves with the number of revolutions in the ring. 

As a simple example, the linear matrix in the ring is 
chosen to be a unit matrix. Also we set the average ini­
tial vertical displacement and momentum for the positron 
beam to be zero; i.e., Xo = O. A detailed calculation shows 

. [wple (N 3)]. wezp x sm -- - - sm --. 
2 2 2 

(22) 

This equation exhibits the character of the motion for the 
vertical displacement of the positron beam, which performs 
sinusoidal oscillations in both space and time, with the 
amplitude proportional to both the number of collisions N 
and the longitudinal distance from the head of the beam 
zp. 

Comparison with Simulation Results 

The simulation code SWARM[3] is used here for compar­
ison of analytical and numerical results. The recirculation 
of the positron beam through the ring by a linear beta­
tron matrix is implemented in the code. The parameters 
for the two beams used in the simulation are listed in Ta­
ble 1, where the disruption parameters are calculated by 
approximately writing (J'ez ~ le/4 and (J'pz ~ Ip/4. 

In the code each bunch, simulated by 2000 macroparti­
des in SO slices, has a Gaussian distribution in the trans­
verse plane and a uniform distribution longitudinally along 
the bunch length. For the 30th slice from the head of the 
positron bunch(i.e., zp/lp = 0.6), the plot for Yp vs. the 
number of collisions N is shown as the dotted curve in 
Fig.I. At the pre-collision state of the IS0th collision, we 
also plot Yp against zP' as shown with the dotted curve 
in Fig.2. By properly choosing the parameters in Eq.(6) 
to be Ie = 0.9 and Ip = 0.47, we get welp/2 = 17 and 
wp le /2 = 0.1. Eq.(22) can then be used to calculate the 
analytic solution of Yp(0.6Ip, iN) as a function of N, which 
gives the solid curve in Fig.I. Similarly, the solid curve in 
Fig.2 was obtained from Eq.(22) with N=IS0. The good 
agreement between the two curves in Fig.l indicates that 
the analytic ribbon beam model indeed reveals the mech­
anism of instability shown in the simulation. 

The analysis in Eq.(22) predicts that the instability will 
keep the vertical displacement for the positron beam grow­
ing in proportion to the collision number. However, in the 
simulation we observed that this growth is saturated af­
ter a certain N. It is believed that nonlinear effects are 
responsible for this phenomenon. 
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TABLE 1 
Parameter List in Simulation 

e - e+ Collision 
Ee = 2 GeV Ep = 10 GeV Dex = 18 
Ne = O.S X 109 Np = 1012 Dey = 180 
Ie = SOO J.lm Ip = SOO J.lm Yo = Yoffset = 0.1 J.lm 
(J'ey = 0.3 J.lm (J'py = 0.3 J.lm 
(J'ex = 3 J.lm (J'px = 3 J.lm 

e ./ :~ 
:: j 

a 40 BO 120 160 200 
N 

Figure 1: Comparison of analytical results (solid curve) 
with numerical results (dotted curve) for Yp vs. collision 
number N with zp/lp = 0.6. 
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Figure 2: Comparison of analytical results (solid curve) 
with numerical results (dotted curve) for Yp vs. the longi­
tudinal distance zp at the pre-collision state for N = ISO. 
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